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ABOUT THE BOOK 

This is the first monograph on the geometry of anisotropic spinor spaces and 
its applications in modern physics. The main subjects are the theory of grav¬ 
ity and matter fields in spaces provided with off-diagonal metrics and asso¬ 
ciated anholonomic frames and nonlinear connection structures, the algebra 
and geometry of distinguished anisotropic Clifford and spinor spaces, their 
extension to spaces of higher order anisotropy and the geometry of gravity 
and gauge theories with anisotropic spinor variables. The book summarizes 
the authors’ results and can be also considered as a pedagogical survey on 
the mentioned subjects. 
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0.1 Preface 


0.1.1 Historical remarks on spinor theory 

Spinors and Clifford algebras play a major role in contemporary physics 
and mathematics. In their mathematical form spinors were discovered by 
Elie Cartan in 1913 in his researches on representation group theory |f43| 
where he showed that spinors furnish a linear representation of the groups of 
rotations of a space of arbitrary dimensions. In 1927 Pauli [ [126|| and Dirac |53j] 
(respectively, for the three-dimensional and four-dimensional space-time) 
introduced spinors for the representation of the wave functions. 

The spinors studied by mathematicians and physicists are connected with 
the general theory of Clifford spaces introduced in 1876 |46| . 

In general relativity theory spinors and the Dirac equations on (pseudo) 
Riemannian spaces were defined in 1929 by H. Weyl [ 20911 , V. Fock |j(J and 
E. Schrodinger ||138|| . The book by R. Penrose [|1 2 7f] , and the R. Penrose and 
W. Rindler monograph ||128|, |129|| summarize the spinor and twistor methods 
in space-time geometry (see additional references [^5[ |33], |119| , |9T] , |1 54| . [42 
on Clifford structures and spinor theory). 

Spinor variables were introduced in Finsler geometries by Y. Takano in 
1983 ||152|| where he dismissed anisotropic dependencies not only on vectors 


on the tangent bundle but on some spinor variables in a spinor bundle on 
a space-time manifold. That work was inspired by H. Yukawa’s quantum 
theory of non-local fields [[214[|; it was suggested that non-localization may 


be in Finsler-like space but on spinor variables. There was also a similarity 
with supersymmetric models (see, for instance, references [[207] , j208|| ), where 
spinor variables are also used. The approach of Y. Takano followed standard 
concepts on Finsler geometries and was not concerned with topics related to 
supersymmetries of interactions. 

Generalized Finsler geometries, with spinor variables, were developed by 
T. Ono and Y. Takano in a series of publications during 1990-1993 ||121| , |122| , 
123|, |124||. The next steps were investigations of anisotropic and deformed 


geometries with spinor and vector variables and applications in gauge and 
gravity theories elaborated by P. Stavrinosand his students, S. Koutroubis, P. 
Manouselis, and Professor V. Balan beginning 1994 ||145|, |147|, [148|, |142|, |143 


In those works the authors assumed that some spinor variables may be intro¬ 
duced in a Finsler-like way, they did not relate the Finlser metric to a Clifford 
structure and restricted the spinor-gauge Finsler constructions only for anti¬ 
symmetric spinor metrics on two-spinor fibers with possible generalizations 
to four dimensional Dirac spinors. 

Isotopic spinors, related with SU (2) internal structural groups, were con- 
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sidered in generalized Finsler gravity and gauge theories also by G. Asanov 
and S. Ponomarenko [[HJ in 1988. But in that book and in other papers on 
Finsler geometry with spinor variables, the authors did not investigate the 
possibility of introducing a rigorous mathematical definition of spinors on 
spaces with generic local anisotropy. 

An alternative approach to spinor differential geometry and generalized 
Finsler spaces was elaborated, beginning 1994, in a series of papers and com¬ 


munications by S. Vacaru with participation of S. Ostaf ||189j |192| , |190|, |161 
This direction originates from Clifford algebras and Clifford bundles 
and Penrose’s spinor and twistor space-time geometry 


JHH 

\mm, which 

were re-considered for the case of nearly autoparallel maps (generalized con¬ 
formal transforms) in Refs. ||156| , |1 57| , |158|| . In the works | |162| . |163| , |166|| , 
a rigorous dehnition of spinors for Finsler spaces, and their generalizations, 
was given. It was proven that a Finsler, or Lagrange, metric (in a tangent, 
or, more generally, in a vector bundle) induces naturally a distinguished Clif¬ 
ford (spinor) structure which is locally adapted to the nonlinear connection 
structure. Such spinor spaces could be defined for arbitrary dimensions of 
base and fiber subspaces, their spinor metrics are symmetric, antisymmetric 
or nonsymmetric, depending on the corresponding base and fiber dimensions. 
This work resulted in the formation of spinor differential geometry of gen¬ 
eralized Finsler spaces and developed a number of geometric applications to 
the theory of gravitational and matter field interactions with generic local 
anisotropy. 

Furthermore, the geometry of anisotropic spinors and (distinguished by 
nonlinear connections) Clifford structures was elaborated for higher order 
anisotropic spaces [|165| , |173| , |172|| and, more recently, for Hamilton and La¬ 
grange spaces ||199| . 

Here it is appropriate to emphasize that the theory of anisotropic spinors 
may be related not only to generalized Finsler, Lagrange, Cartan and Hamil¬ 
ton spaces or their higher order generalizations, but also to anholonomic 
frames with associated nonlinear connections which appear naturally even in 
(pseudo) Riemannian geometry if off-diagonal metrics are considered [ |176| , 
11771, 11791 , 11821, |183| . In order to construct exact solutions of the Einstein 
equations in general relativity and extra dimension gravity (for lower dimen¬ 
sions see ||175| . 11971 , |198|| ), it is more convenient to diagonalize space-time 
metrics by using some anholonomic transforms. As a result one induces lo¬ 


cally anisotropic structures on space-time which are related to anholonomic 
(anisotropic) spinor structures. 

The main purpose of the present book is to present a detailed summary 
and new results on spinor differential geometry for generalized Finsler spaces 
and (pseudo) Riemannian space-times provided with anholonomic frame and 
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xv 


associated nonlinear connection structure, to discuss and compare the exist¬ 
ing approaches and to consider applications to modern gravity and gauge 
theories. 


0.1.2 Nonlinear connection geometry and physics 

It was Elie Cartan in the last thirty years of the previous century in addition 
to his first monograph on spinors wrote several fundamental books on the 
geometry of Riemannian, fibred and Finsler spaces, where he developed the 
moving frame method and the formalism of Pfaffian forms for systems of first 
order partial differential equations |42], [IT]. [44|| . The first examples of Finsler 


metrics and original definitions were given by B. Riemann ||135|| in 1854 and in 
P. Finsler’s thesis |59|], written under the supervision of Caratheodory in 1918. 
In these works one could find the origins of the notion of locally trivial fiber 
bundle, which naturally generalize that of the manifold; the theory of these 
bundles was developed, twenty years later, especially by Gh. Ehresmann and 


of the nonlinear connection (appearing as a set of coefficients in the book ||I 
and in a more explicit form in several papers by A. Kawaguchi 


)■ 


The global formulation of nonlinear connection is due to W. Barthel [^5 


detailed investigations of nonlinear connection geometry in vector bundles 
and higher order tangent bundles, with applications to physics and mechan¬ 
ics, are contained in the monographs and works ro m m ® m HH 


summarizing the investigations of the R. Miron school on Finsler and La¬ 
grange geometry and their generalizations. The geometry of nonlinear con¬ 
nections was developed in S. Vacaru’s works and monograph for vector and 



on nonlinear connections and Finsler geometry, for instance in ||136| , 


with generalizations and applications in mechanics, physics and biology which 
can be found in references ]5|, |^. Hj. [L2|, [L4|, [T6|, [19], ^7[ [IT]] . 


Finsler spaces and their generalizations have been also developed with the 
view to applications in classical and higher order mechanics, optics, general¬ 
ized Kaluza-Klein theories and gauge theories. But for a long time Finsler 
geometry was considered to be very complicated and not compatible with 
the standard paradigm of modern physics. The first objection was that on 
spaces with local anisotropy there do not exist local groups of authomor- 
phisrns which made impossible the definition of local conservation laws and 
the development of a theory of anisotropic random and kinetic processes by 
the introduction of spinor fields. The second objection was based on an er- 









































































XVI 


CONTENTS 


roneous view that in Finsler like gravity theories the local Lorentz symmetry 
is broken, a fact which is not compatible with the modern paradigms of par- 

EH 


tide physics and gravity 


Nevertheless, it was proven that there are 


no more conceptual problems with definition of local conservation laws than 
in the usual theory of gravity on pseudo-Riemannian spaces if Finsler like 
theories are formulated with respect to local frames adapted to the nonlinear 
connection structure a variant of the definition of conservation laws for lo¬ 
cally anisotropic gravitational and matter field interactions was proposed by 
using chains of nearly autoparallel maps generalizing conformal transforms 
164 [191 1- |193|| . As to the violations of the local Lorentz symmetries, one 
should mention that in fact some classes of such Finsler like metrics were 
investigated with the aim of revising the special and general theories of rela¬ 
tivity (see, for instance, Refs. jtMUBItoI), but it is also possible to define 
Finsler-like and other types of anisotropic structures, even in the framework 
of general relativity theory. Such structures are described by exact solutions 
of the Einstein equations if off-diagonal frames and anholonomic frames are 

|l76i [177] , [IT 7 ! , IH, [L83|, P~85[ 


taken into consideration 


We conclude that 


there are different classes of generalized Finsler like metrics: some of them 
posses broken Lorentz symmetries and others do not have such properties 
and are compatible with the general relativity. Here, it should be empha¬ 
sized that the violation of Lorentz geometry is not already a subject not 
allowed in modern physics, for instance, the effects induced by Lorentz viola¬ 
tions are analyzed in brane physics [|52| and non-commutative field theories 


118, 40 


The third objection was based on the ’’absence” of a mathematical theory 
of stochastic processes and diffusion on spaces with generic local anisotropy. 
But this problem was also solved in a series of papers. The first results 
on diffusion processes on Finsler manifolds were announced in 1992 by P. 
Antonelli and T. Zastavniak [TO, [TTJ; their formalism was not yet adapted 


to the nonlinear connection structure. In a communication at the Ia§i Aca¬ 
demic Days (1994, Romania) [ |159|| S. Vacaru developed the theory of stochas¬ 
tic differential equations as in the Riemannian spaces but on vector bun¬ 
dles provided with nonlinear connection structures. As a result the the¬ 
ory of anisotropic processes was in parallel developed on vector bundles 
by S. Vacaru ||159| , |160| , |167|| (see Chapter 5 in ||172|| for supersymmetric 


anisotropic stochastic processes) and P. Antonelli, T. Zastavniak and D. 
Hrimiuc 


0, O- 0 II 


( the last three authors provide a number of 
applications in biology and biophysics) following a theory of stochastic dif¬ 
ferential equations formulated on bundles provided with anholnomic frames 
and nonlinear connections. It was also possible to formulate a theory of 
anisotropic kinetic processes and thermodynamics [|175|, |178|, |179|| with ap- 
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plications in modern cosmology and astrophysics. So, the third difficulty 
for anisotropic physics, connected with the definition of random and kinetic 
models on spaces with generic local anisotropy was successfully met. 

A fourth objection for the acceptance by ’’the physics community” of 
Finsler spaces were the arguments like: ”it is not clear how to supersym- 
metrize such theories and how to embed them in a modern string theory 
because at low energies from string theories one applies only (pseudo) Rie¬ 
mannian geometries and their supersymmetric generalizations”. The prob¬ 
lem on the definition of nonlinear connections in superbundles was solved in 
a series of preprints in 1996 ||169| with the results included in the paper ||171| 


and monograph ||172|| where a new Finsler supergeometry with generalizations 
and applications in (super) gravity and string theories [|184|| was formulated. 
The works [|170| . |1 71| contained explicit proofs that we can embed in (super) 
string theories Finsler-like geometries, if we are dealing with anholonomomic 
(super) frame structures, at low energies we obtain anholonomic frames on 
(pseudo) Riemannian space-times or, alternatively, different type of Finsler 
like geometries. 

The monograph 


summarizes the basic results on anisotropic (in gen¬ 
eral, supersymmetric) held interactions, stochastic processes and strings. It 
was the first book where the basic directions in modern physics were recon¬ 
sidered on (super) spaces provided with nonlinear connection structure. It 
was proven that following the E. Cartan geometrical ideas and methods to 
vector bundles, spinors, moving frames, nonlinear connections, Finsler and 
(pseudo) Riemannian spaces the modern physical theories can be formulated 
in a unified manner both on spaces with generic local anisotropy and on 
locally isotropic spaces if local frames adapted to nonlinear connection struc¬ 
tures are taken into consideration. 

The present book covers a more restricted area, compared with the mono¬ 
graph [172],connected in the bulk with the spinor geometry and physics, and 
is intended to provide the reader with a thorough background for the theory 
of anisotropic spinors in generalized Finsler spaces and for the theory of an¬ 
holonomic spinor structures in (pseudo) Riemannian spaces. The reader is 
assumed to be familiar with basic concepts from the theory of bundle spaces, 
spinor geometry, classical held theory and general relativity at a standard 
level for graduate students mathematics and theoretical in physics. The pri¬ 
mary purpose of the book is to introduce the new geometrical ideas in the 
language of standard fiber bundle geometry and establish a working famil¬ 
iarity with the modern applications of spinor geometry, anholonomic frame 
method and nonlinear connections formalism in physics. These techniques 
are subsequently generalized and applied to gravity and gauge theories. The 
secondary purpose is to consider and compare different approaches which 
























CONTENTS 


xviii 


deal with spinors in Finsler like geometries. 

0.1.3 Anholonomic frames and N—connections in Ein¬ 
stein gravity 

Let us consider a (n + m)-dimensional (pseudo) Riemannian spacetime 
R( n+m ), being a paracompact and connected Hausdorff C'°°-manifold, en¬ 
abled with a nonsigular metric 

ds 2 = g a/ 3 du a ® du 13 


with the coefficients 


9a0 


9ij 


f N«N b h ab NJh a 
Nfhbe h ab 


parametrized with respect to a local coordinate basis du a = {dx l , dy a ), 
having its dual d/u a = {d/x l , d/y a ), where the indices of geometrical ob¬ 
jects and local coordinate u a = ( x k ,y a ) run correspondingly the values: (for 
Greek indices) a, (3,... = n + m; for (Latin indices) = 1,2 

and a, 6, c,... = 1,2, Such off-diagonal ansatz for metric were consid¬ 

ered, for instance, in Salam-Strathdee-Percacci-Randjbar-Daemi works on 
Kaluza-Klein theory ||137| , |130| , |125|| as well in four and five dimensional grav¬ 
ity flT7|, [tt^, |i7|, pi m, m. m m, m, in. 


m 


The metric ansatz can be rewritten equivalently in a block (n x n ) + (m x 
form 


9a0 


9ij(x k , y a ) 0 \ 

0 h ab (x k ,y a ) ) 


with respect to a subclass of n + m anholonomic frame basis (for four dimen¬ 
sions one used terms tetrads, or vierbiends) defined 


d a ) 

and 


6 

du a 



_d_ 

dx i 


N 


b ( x j 


O 9 - 9 

’ V ^ dy b ’ a ~ dy a 


5 d = (d\ 5 a ) = 5u 0 = (T = dx\ d a = 5y a = dy a + N% (x j , y b ) dx k ) , 

called locally anisotropic bases (in brief, anisotropic bases) adapted to the 
coefficients iV". The n x n matrix g i3 dehnes the so-called horizontal metric 
(in brief, h-metric) and the mx m matrix h ab dehnes the vertical (v-metric) 
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with respect to the associated nonlinear connection (N-connection) structure 
given by its coefficients Nj ( u a ), see for instance [|109|| where the geometry 
of N-connections is studied in detail for generalized Finsler and Lagrange 
spaces (the //-coordinates parametrizing fibers in a bundle). 

Here we emphasize that a matter of principle we can consider that our 
ansatz and N-elongated bases are defined on a (pseudo) Riemannian man¬ 
ifold, and not on a bundle space. In this case we can treat that the x— 
coordinates are holonomic ones given with respect to a sub-basis not sub¬ 
jected to any constraints, but the //-coordinates are those defined with re- 
spcect to an anholonomic (constrained) sub-basis. 

An anholonomic frame structure 6 a on is characterized by its 

anholonomy relations 


~ 8 p 5 a = w 1 a/3 S 1 . 

with anholonomy coefficients w a ^. The elongation of partial derivatives (by 
N-coefficients) in the locally adapted partial derivatives reflects the fact that 
on the (pseudo) Riemannian space-time Vd n+m ) it is modeled a generic local 
anisotropy characterized by some anholonomy relations when the anholon¬ 
omy coefficients are computed as follows 

w\j = 0, w k aj = 0, w k ia = 0, w k ab = 0, w c ab = 0, 

= -^ j ,w b aj = -d a Nlw b ia = d a Nl 

where 

Q“ = diN? - djNf + N b dbNj - N b d b N“ 


defines the coefficients of the N-connection curvature, in brief, N-curvature. 
On (pseudo) Riemannian space-times this is a characteristic of a chosen 
anholonomic system of reference. 

For generic off-diagonal metrics we have two alternatives: The first one is 
to try to compute the connection coefficients and components of the Einstein 
tensor directly with respect to a usual coordinate basis. This is connected to 
a cumbersome tensor calculus and off-diagonal systems of partial differential 
equations which makes almost impossible to find exact solutions of Einstein 
equations. But we may try do diagonalize the metric by some anholonomic 
transforms to a suitable N-elongated anholonomic basis. Even this modifies 
the low of partial derivation (like in all tetradic theories of gravity) the pro¬ 
cedure of computing the non-trivial components of the Ricci and Einstein 
tensor simplifies substantially, and for a very large class of former off-diagonal 
ansatz of metric, anholonomically diagonalized, the Einstein equations can 


be integrated in general form [176, 177, 179, 194, 182, 183 
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So, we conclude that when generic off-diagonal metrics and anholonomic 
frames are introduces into consideration on (pseudo) Riemannian spaces the 
space-time geometry may be equivalently modeled as the geometry of moving 
anholonomic frames with associated nonlinear connection structure. In this 
case the problem of definition of anholonomic (anisotropic) spinor structures 
arises even in general relativity theory which points to the fact that the 
topic of anisotropic spinor differential geometry is not an exotic subject from 
Finsler differential geometry but a physical important problem which must 
be solved in order to give a spinor interpretation of space-times provided 
with off-diagonal metrics and anholonomic gravitational and matter held 
interactions. 


0.1.4 Metrics depending on spinor variables and gauge 
theories 

An interesting study of differential geometry of spaces whose metric tensor 
g^v depends on spinor variables £ and £ (its adjoint) as well as coordinates x l , 
has been proposed by Y. Takano [|152j| . Then Y. Takano and T. Ono ||121|, |122| , 
1231 studied the above-mentioned spaces and they gave a generalization of 


these spaces in the case where the metric tensor depends on spinor variables 
£ and £ and vector variables y l as well as coordinates x l . Such spaces are 
considered as a generalization of Finsler spaces. 

Later P. Stavrinos and S. Koutroubis studied the Lorentz transformations 
and the curvature of generalized spaces with metric tensor g f _ a/ (x, y, £, £) ||145|| . 

The gravitational held equations are derived in the framework of these 
spaces whose metric tensor depends also on spinor variables £ and £. The 
attempt is to describe gravity by a tetrad held and the Lorentz connection 
coefficients in a more generalized framework than the one developed by P. 
Ramond (cf. eg. ||134|| ). An interesting case with generalized conformally 


hat spaces with metric g^ix, £, £) = exp[2cr(x, £, was studied and the 

deviation of geodesic equation in this space was derived. 

In Chapter 12 we study the differential structure of a spinor bundle in 
spaces with metric tensor g^ix, £, £) of the base manifold. Notions such as 
gauge covariant derivatives of tensors, connections, curvatures, torsions and 
Bianchi identities are presented in the context of a gauge approach due to the 
introduction of a Poincare group is also essential in our study. The gauge held 
equations are derived. Also we give the Yang-Mills and the Yang-Mills-Higgs 
equations in a form sufficiently generalized for our approach. 

Using the Hilbert-Palatini technique for a Utiyama-type Lagrangian den¬ 
sity in the deformed spinor bundle S^M x A, the explicit expression of the 
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field equations are determined generalizing previous results; also, the equiv¬ 
alence principle is shown to represent an extension for the corresponding one 
from S^M. 

In this chapter we study the spinor bundle of order two which 

is a foliation of the structure of the spinor bundle presented in [|140| , |148|| . In 
the present approach the generalized tetrads and the spin-tetrads define, by 
means of the relations (|13.8|) , a generalized principle of equivalence in the 
spinor bundle S^ 2 \M). Also, employing the Miron - type connections, we 
cover all the possibilities for the S - bundle connections, which represent the 
gauge potential. These have, in the framework of our considerations, the 
remarkable property of isotopic spin conservation. The introduction of the 
internal deformed system (as a fibre) in S^ 2 \M), is expected to produce as 
a natural consequence the Higgs field, for a definite value n,(p a , where k is a 
constant and ip a a scalar field. 

In chapter 14 the Bianchi equations are determined for a deformed spinor 
bundle = S^M x R. Also the Yang-Mills-Higgs equations are 

derived and a geometrical interpretation of the Higgs field is given [|141| . 

We proceed as follows: 


1. We study the Bianchi identities, choosing a Lagrangian density that 
contains the component ^ of a g-valued spinor gauge field of mass 
m e R. Also we derive the Yang-Mills-Higgs equations on S^M x R. 
When m 0 € R the gauge symmetry is spontaneously broken, a fact 
connected to the Higgs field. 


2. We introduce d-connections in the internal (spinor) structures on 
S ( 2 )M-bundle, which provide the presentation of parallelism of the spin 
component constraints, satisfied by the field strengths. 


3. We interpret the metric G (relation ( |14.1|) of the bundle S^M, where 
the term g af3 DC, a D^ has a physical meaning since it expresses the 
measure of the number of particles in the same point of the space. 


4. The above mentioned approach can be combined with the phase trans¬ 
formations of the fibre 1/(1) on a bundle S^M x U( 1) in the Higgs 
mechanism. This will be the subject of our future study. 


In the last part of our monograph, we establish the relation between 
spinors of the SL(2,C) group and tensors in the framework of Lagrange 
spaces. A geometrical extension to generalized metric tangent bundles is 
developed by means of spinors. Also, the spinorial equation of casuality for 
the unique solution of the null-cone in Finsler or Lagrange spaces is given 
explicitly ||149 . 
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0.1.5 The layout of the book 


This book is organized in four Parts: the first three Parts consists of three 
Chapters, the fourth Part consists of six Chapters. 

Part f presents an introduction to the geometry of anisotropic spaces while 
outlines original results on the geometry of anholonomic frames with asso¬ 
ciated nonlinear connections structures in (pseudo) Riemannian spaces. In 
Chapter 1, we give the basic definitions from the theory of generalized Finsler, 
Lagrange, Cartan and Hamilton spaces on vector and co-vector (tangent and 
co-tangent spaces) and their generalizations for higher order vector-covector 
bundles following the monographs [|109| , |113| , |172| . The next two Chapters are 
devoted to a discussion and explicit examples when anisotropic (Finsler like 
and more general ones) structures can be modeled on pseudo-Riemannian 
spacetimes and in gravitational theories. [They are based on results of works 
elaborated by S. Vacaru and co-authors ||176| . |177| . |1 79| . |182| , [1 8 5| . |194j . |195| , 

poo 


Part II covers the algebra (Chapter 4) and geometry (Chapter 5) of Clif¬ 
ford and spinor structures in vector bundles provided with nonlinear con¬ 
nection structure. A spinor formulation of generalized Finsler gravity and 
anisotropic matter held interactions is given in Chapter 6. [This Part origi¬ 
nates from S. Vacaru and co-authors ||189| , [1 90| . |161[ |162[ |163| , |165|| .] 


Part III is a generalization of results on Clifford and spinor structures for 
higher order vector bundles (Chapters 7-9 extend respectively the results of 
Chapters 4-6), which are based on S. Vacaru’s papers ||166[ |173| . 


Part IV (Chapters 10-15) summarizes the basic results on various exten¬ 
sions of Finsler like geometries by considering spinor variables. [In the main, 
this Part originates from papers of Y. Takano and T. Ono ||152[ |121[ |122| , 
1231 |124|| and explicates the most important contributions by P. Stavrinos 


and co-authors |L4(| [TT^ [L4|, |I4|, |TTT]. [L4|, [L4|, [T47|. p48j [I49|, p~50|1 . 

In summing up, this monograph we investigate anholonomic (anisotrop¬ 
ic) spinor structures in space-times with generic local anisotropy (i. e. in 
generalized Finsler spaces) and in (pseudo) Riemannian spaces provided with 
off-diagonal metrics and anholonomic frame bases. It is addressed primarily 
to researches and other readers in theoretical and mathematical physics and 
differential geometry, both at the graduate and more advanced levels. The 
book was also communicated at some scientific Conferences ||20 1| , |199| , |196 
with some chapters outlined as lectures in the preprint [[202 
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0.2 Notation 

The reader is advised to refer as and when necessary to the list below where 
there are set out the conventions that will be followed in this book with regard 
to the presentation of the various physical and mathematical expressions. 

(1) Equations. For instance, equation (3.16) is the 16th equation in Chap¬ 
ter 3. 

(2) Indices. It is impossible to satisfy everybody in matter of choice of 
labels of geometrical objects and coordinates. In general, we shall use Greek 
superscripts for labels on both vector bundles and superbundles. The reader 
will have to consult the first sections in every Chapter in order to understand 
the meaning of various types of boldface and/or underlined Greek or Latin 
letters for operators, distinguished spinors and tensors. 

(3) Differentiation. Ordinary partial differentiation with respect to a 
coordinate x l will either be denoted by the operator d t or by subscript i fol¬ 
lowing a comma, for instance, = djA 1 = A\j. We shall use the denotation 

= 5jA‘ for partial derivations locally adapted to a nonlinear connection 
structure. 

(4) Summation convention. We shall follow the Einstein summation rule 
for spinor and tensor indices. 

(5) References. In the bibliography we cite the scientific journals in 
a generally accepted abbreviated form, give the volume, the year and the 
first page of the authors’ articles; the monographs and collections of works 
are cited completely. For the author’s works and communications, a part of 
them been published in not enough accessible issues, or being under consid¬ 
eration, the extended form (with the titles of articles and communications) 
is presented. We emphasize that the references are intended to give a sense 
of the book’s scopes. We ask kindly the readers they do not feel offended by 
any omissions. 

(6) Introductions and Conclusions. If it is considered necessary a Chap¬ 
ter starts with an introduction into the subject and ends with concluding 
remarks. 
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Space—Time Anisotropy 
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Chapter 1 

Vector/Covector Bundles and 
Nonlinear Connections 


In this Chapter the space-time geometry is modeled not only on a (pseudo) 
Riemannian manifold yd n + m ] Q f dimension n + m but it is considered on 
a vector bundle (or its dual, covector bundle) being, for simplicity, locally 
trivial with a base space M of dimension n and a typical fiber F (cofiber 
F*) of dimension m, or as a higher order extended vector/covector bundle 
(we follow the geometric constructions and definitions of monographs ||109| , 
|108 , 113, 106 , 107 [ which were generalized for vector superbundles in Refs. 


[ |171| , |172|| ). Such fibered space-times (in general, with extra dimensions and 
duality relations) are supposed to be provided with compatible structures of 
nonlinear and linear connections and (pseudo) Riemannian metric. For the 
particular cases when: a) the total space of the vector bundle is substituted 
by a pseudo-Riemannian manifold of necessary signature we can model the 
usual pseudo-Riemannian space-time from the Einstein gravity theory with 
held equations and geometric objects defined with respect to some classes of 
moving anholonomic frames with associated nonlinear connection structure; 
b) if the dimensions of the base and fiber spaces are identical, n = m, for the 
first order anisotropy, we obtain the tangent bundle TM. 

Such both (pseudo) Riemanian spaces and vector/covector (in partic¬ 
ular cases, tangent/cotangent) bundles of metric signature (-,+,...,+) en¬ 
abled with compatible fibered and/or anholonomic structures, the metric 
in the total space being a solution of the Einstein equations, will be called 
anisotropic space—times. If the anholonomic structure with associated 
nonlinear connection is modeled on higher order vector/covector bundles we 
shall use the term of higher order anisotropic space—time. 

The geometric constructions are outlined as to present the main concepts 
and formulas in a unique way for both type of vector and covector structures. 
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CHAPTER 1. VECTOR BUNDLES AND N-CONNECTIONS 


In this part of the book we usually shall omit proofs which can be found in 
the mentioned monographs ||108| . |10iJ| , |106| , 1 1 07] . |1 l‘i| . |172|| . 


1.1 Vector and Covector Bundles 

In this Section we introduce the basic definitions and denotations for vec¬ 
tor and tangent (and theirs dual spaces) bundles and higher order vec¬ 
tor/covector bundle geometry. 


1.1.1 Vector and tangent bundles 

A locally trivial vector bundle, in brief, v—bundle, £ = ( E , 7 r, M, Gr , F) 
is introduced as a set of spaces and surjective map with the properties that a 
real vector space F = 7 Z m of dimension m (dim F = m, TZ denotes the real 
number field) defines the typical fibre, the structural group is chosen to be the 
group of automorphisms of TZ m , i. e. Gr = GL (m, TV ), and tt : E —> M is a 
differentiable surjection of a differentiable manifold E (total space, dim E = 
n + m) to a differentiable manifold M (base space, dim M — n). Local coor¬ 
dinates on £ are denoted u a = ( x l , y a ) , or in brief u = ( x , y ) (the Latin indices 
i, j, k, ... = 1 , 2 , ..., n define coordinates of geometrical objects with respect to 
a local frame on base space M ; the Latin indices a, 6 , c,... =1, 2,..., m define 
fibre coordinates of geometrical objects and the Greek indices a,/3, 7 ,... are 
considered as cumulative ones for coordinates of objects defined on the total 
space of a v-bundle). 

Coordinate transforms u “ = u a (« “) on a v-bundle £ are defined as 



where 

x^xUx'), y a ' = K a (x i )y a (1.1) 


and matrix K [x 1 ) € GL (m, TV) are functions of necessary smoothness 
class. 

A local coordinate parametrization of v-bundle £ naturally defines a co¬ 
ordinate basis 


d a 


d 

du a 



— ) = 

dx i ’ “ dy a J ’ 


( 1 . 2 ) 


and the reciprocal to (| 1 . 2 | ) coordinate basis 


d a = du a = ( d l = dx\ d a = dy a ) 


( 1 . 3 ) 
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which is uniquely defined from the equations 

d a od 0 = 6$, 

where 5p is the Kronecher symbol and by ”o” we denote the inner (scalar) 
product in the tangent bundle TS. 

A tangent bundle (in brief, t—bundle) (TM, n, M) to a manifold M 
can be defined as a particular case of a v-bundle when the dimension of 
the base and fiber spaces (the last one considered as the tangent subspace) 
are identic, n = m. In this case both type of indices i, k ,... and a, b,... take 
the same values 1,2, ...n. For t-bundles the matrices of fiber coordinates 
transforms from (|1 . 1|) can be written K \ = dx l / dx l . 

We shall distinguish the base and fiber indices and values which is neces¬ 
sary for our further geometric and physical applications. 


1.1.2 Covector and cotangent bundles 

We shall also use the concept of covector bundle, (in brief, cv—bundles) 
£ = (^E, 7T*, M, Gr, F*^j , which is introduced as a dual vector bundle for 

which the typical fiber F* (cofiber) is considered to be the dual vector space 
(covector space) to the vector space F. The fiber coordinates p a of E are dual 
to y a in E. The local coordinates on total space E are denoted u = (x,p) = 
(. x l ,p a ). The coordinate transform on E, 

U = (. x\p a ) -»■ u' = ( X l \p a /), 


are written 

x 1 ' = x 1 ' (x *), p a > = I< a a , (. x 1 )p a . 
The coordinate bases on E* are denoted 


d 


d 


d » = T—= \ d i = im da = 


d 


du 


dx l dp a 


and 


d a = du a = d l = dx\ d a = dp c 


(1.4) 


(1.5) 


( 1 . 6 ) 


We shall use ’’breve” symbols in order to distinguish the geometrical objects 
on a cv-bundle £* from those on a v-bundle £. 

As a particular case with the same dimension of base space and cofiber one 
obtains the cotangent bundle (T*M, ir*,M) , in brief, ct—bundle, being 
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dual to TM. The fibre coordinates pi of T*M are dual to y l in TM. The 
coordinate transforms ( |1.4|) on T*M are stated by some matrices K k k ,(x l ) = 
dx k /dx k '. 

In our further considerations we shall distinguish the base and cofiber 
indices. 


1.1.3 Higher order vector/covector bundles 

The geometry of higher order tangent and cotangent bundles provided with 


nonlinear connection structure was elaborated in Refs. ||106| , |107| , |1 10| . |1 13 


following the aim of geometrization of higher order Lagrange and Hamil¬ 
ton mechanics. In this case we have base spaces and fibers of the same 
dimension. In order to develop the approach to modern high energy physics 
(in superstring and Kaluza-Klein theories) one had to introduce (in Refs 
||165| , |173| , |172| , |171|| ) the concept of higher order vector bundle with the 
fibers consisting from finite ’shells” of vector, or covector, spaces of different 
dimensions not obligatory coinciding with the base space dimension. 


Definition 1.1. A distinguished vector/covector space, in brief dvc-space, 
of type 


F = F[v( 1), u(2), cu(3),..., cv(z - 1), v{z)\ (1.7) 


is a vector space decomposed into an invariant oriented direct summ 
F = F(p © F{2) © F ( 3) © ... © F* z _ i) © F( 2 ) 
of vector spaces F yy F^), ..., F^ of respective dimensions 

dimF( i) = mi, dimF ,( 2 ) = m- 2 ,..., dimF( z ) = rn z 
and of covector spaces F * sy ..., F* z _ y of respective dimensions 
dimF {* 3 ) = m^,..., dmiFf^ = m\ z _ iy 

As a particular case we obtain a distinguished vector space, in brief dv- 
space (a distinguished covector space, in brief dcv-space), if all components 
of the sum are vector (covector) spaces. We note that we have fixed for 
simplicity an orientation of vector/covector subspaces like in ( |1.7|) ; in general 
there are possible various type of orientations, number of subspaces and 
dimensions of subspaces. 

Coordinates on F are denoted 


y = {y(i),y(2),P(3),-,P( Z -i),y(z)) = {y <az> } = C y ai ,y a2 ,p a3 ,-,Pa z - 1 ,y az ), 
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where indices run corresponding values: 

ai = 1,2,..., mi; a 2 = 1, 2, m 2 , a z = 1, 2, m z . 


Definition 1.2. A higher order vector/covector bundle (in brief, hvc—bund¬ 
le) of type £ = £[v(l),v(2),cv(3), ...,cv(z — T),v{z)\ is a vector bundle £ = 
(. E,p <d> ,F,M) with corresponding total, E, and base, M, spaces, surjective 
projection p <d> : E —► M and typical fibre F. 


We define higher order vector (covector) bundles, in brief, hv-bundles (in 
brief, hcv-bundles), if the typical fibre is a dv-space (dcv-space) as particular 
cases of hvc-bundles. 

A hvc-bundle is constructed as an oriented set of enveloping ’shell by 
shell’ v-bundles and/or cv-bundles, 


P 


<S> . 


E 


<s> 


E 


<s —1> 


where we use the index < s >= 0, 1,2,..., z in order to enumerate the shells, 
when E <0> = M. Local coordinates on E <s> are denoted 


U( S ) = {x,y <s> ) = {x,y(i),y(2),P(3), -,y(s)) 

= {x l ,y ai ,y a2 ,p a3 ,...,y as ). 

If < s >=< z > we obtain a complete coordinate system on £ denoted in 
brief 


u = (x,y) =u a = {R = y a \y a \y a Cp a3 , ...,p a ,-„y a '). 

We shall use the general commutative indices a,/3,... for objects on hvc- 
bundles which are marked by tilde, like u,u a ,..., E <s> ,.... 

The coordinate transforms for a hvc-bundle £, 

u = (x,y) -> u' = {x',y') 

are given by recurrent formulas 

' dx l 


x 


( £) r i \ 

~dRj 


= n: 


y a 1 = 


y 2 

PA 

yA 


= K a a l(x,y m )y a \K a a t G GL(m 2 ,n); 

= K a a ?(x,y {l) ,y {2) )p a3 ,K a a ? E GL(m 3 ,lZy, 

= K at(x, 2/(1), 2/(2),P(3))2/“ 4 , K a a j G GL(m 4 , K); 


Pa 


y 


K a)_i VR) i 2/( 2 ) j P(3) j ...^(z-lflPa^K^ G GL{m x -i,K)\ 

/ / 

K:(x, 2/(1), 2/(2), P( 3 ),-,y(z-2),Pa z . 1 )y az , K: e GL(m z , K), 
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where, for instance, by GL(rri 2 , TV) we denoted the group of linear transforms 
of a real vector space of dimension m 2 . 

The coordinate bases on £ are denoted 


d a 


and 
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du a 



_d_ 

dx % 


,d< 


ai 


d 

dy ai 


? U CL2 


d 

dy a2 ’ 


Q a 3 


d 


dp, 


■, -,d a 


a 3 


( 1 . 8 ) 



d a 


du a (1.9) 

[d l = dx\ d ai = dy ai , d a2 = dy a2 , d a3 = dp a3 ,..., d az = dy az j . 


We end this subsection with two examples of higher order tangent / co¬ 
tangent bundles (when the dimensions of fibers/cofibers coincide with the 
dimension of bundle space, see Refs. ||106|, |107j |110| . |113|| ). 


Osculator bundle 

The fc-osculator bundle is identified with the /c-tangent bundle 
(T k M,p( k \ M) of a n-dimensional manifold M. We denote the local coordi¬ 
nates 




where we have identified yC ~ y ai , ... ,y^ ~ y ak , k = z, in order to to have 
similarity with denotations from [|113|| . The coordinate transforms 

u a ' u a ' ( u a ) 

preserving the structure of such higher order vector bundles are parametrized 

' dx l 


x 


l ' = x 1 ' (x l ) , det 
d x 1 ' „■ 


dx l 


7^ 0, 


2/(i) 


a? 2 '' 1 ). 

2/ - +2 My 

Zy{2) ~ dx i V(l) + Z /*»»< y U)-’ 


dy l 


, y _ 5 2/(i) < , , ^yfk-i) i 

ky C) ~ ~faT y W + - + k 7LJ y W> 


dy'k _ 


(fc—1) 
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where the equalities 


dvf.) _ dy l+L 


dyt 


( k ) 


dx i 


dy. 


(i) 


d y\k- s ) 


hold for s = 0 ,k — 1 and yV = x\ 

The natural coordinate frame on (T k M,p( k \ M) is defined 


d n = 


d d 


d 


dx 1 ’ dy 


(fc). 


and the coframe is 


d Q = (dx\dy l {1)l ...,dy\ k) ) . 


These formulas are respectively some particular cases of (|1.8|) and ( |1.9|) . 


The dual bundle of k—osculator bundle 


This higher order vector/covector bundle, denoted as (T* k M,p* k ,M) , is de¬ 
fined as the dual bundle to the k-tangent bundle ( T k M,p k , M ) . The local 
coordinates (parametrized as in the previous paragraph) are 


u 


= (x,y(i),-,y(k-i),p) = {x\y\v>,-,y\k-i),Pi) e T* k M. 
The coordinate transforms on (' T* k M,p* k , M ) are 

' dx 1 


x = 

y\ i) = 
2 vU = 

(* — l)2/(fc- 1} = 


x 1 ' (V) , det 
dx 1 ' ■ 

8 V(i) 


dx i 


o, 


dx i 


2/(i) + 2- 


dy\ 


a) 


dy i 


2 /( 2 ), 


+ k AEn v < 

y (1) + ... + k dyi y (k _ 1} , 


Pi' = 


dx 

dx 1 


(k—2) 


dx 


~Pi, 


where the equalities 


dyfs) d y(s+L 


dy<' k - 


(fc-i) 


dx i 


dy\ 


(i) 


d y\k-i- s) 
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hold for s = 0 ,k — 2 and y^ 0) = x l . 

The natural coordinate frame on (T* k M , p*( k \ M) is defined 


*=l£, 5 


d d 


and the coframe is 


dx v dyfa’dy^y' dpt 


d a = (< ix\dy\ 1) ,...,dy\ k _ 1) ,dp i ) . 


These formulas are respectively another particular cases of (|1.8|) and (|1.9|) . 


1.2 Nonlinear Connections 


The concept of nonlinear connection, in brief, N-connection, is fundamen¬ 
tal in the geometry of vector bundles and anisotropic spaces (see a detailed 
study and basic references in [ |108| , |109|| ). A rigorous mathematical definition 
is possible by using the formalism of exact sequences of vector bundles. 


1.2.1 N—connections in vector bundles 

Let S = = ( E,p,M) be a v-bundle with typical fibre TZ m and n T : TE —> 
TM being the differential of the map P which is a fibre-preserving morphism 
of the tangent bundle TE, te, E) — > E and of tangent bundle ( TM, r , M) — > 
M. The kernel of the vector bundle morphism, denoted as (VE,Ty,E), is 
called the vertical subbundle over E, which is a vector subbundle of the 
vector bundle (TE,te, E). 

A vector X u tangent to a point u € E is locally written as 
(x,y,X,Y) = {x\y a ,X\Y a ), 

where the coordinates ( X l , Y a ) are defined by the equality 

X u = X% + Y a d a . 

We have n T (x,y,X,Y) = (x,X). Thus the submanifold VE contains the 
elements which are locally represented as (x,y,0, Y). 

Definition 1.3. A nonlinear connection N in a vector bundle £ = ( E , 7r, M) 
is the splitting on the left of the exact sequence 

0 i—> VE (->■ TE i-> TE/VE ^ 0 


where TE/VE is the factor bundle. 
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By definition (|1.3| ) it is defined a morphism of vector bundles C : TE —> 
VE such the superposition of maps C o i is the identity on VE, where 
i : VE i—> VE. The kernel of the morphism C is a vector subbundle of 
(' TE , Te, E ) which is the horizontal subbundle, denoted by (HE, Th , E). Con¬ 
sequently, we can prove that in a v-bundle £ a N-connection can be intro¬ 
duced as a distribution 

{N : E u - H U E, T U E = H U E © V U E} 

for every point u G E defining a global decomposition, as a Whitney sum, 
into horizontal, H£ , and vertical, V£, subbundles of the tangent bundle T£ 

T£ = H£@V£. (1.10) 

Locally a N-connection in a v-bundle £ is given by its coefficients 
1V“( u) = N£(x,y) with respect to bases ( |1.2| ) and (|TT3|) 

N = N i a (u)d i ® d a . 

We note that a linear connection in a v-bundle £ can be considered 
as a particular case of a N-connection when N i a (x,y ) = K^(x)y b , where 
functions K b a (x) on the base M are called the Christoffel coefficients. 

1.2.2 N—connections in covector bundles: 

A nonlinear connection in a cv-bundle £ (in brief a N-connection) can be 
introduces in a similar fashion as for v-bundles by reconsidering the corre¬ 
sponding definitions for cv-bundles. For instance, it is stated by a Whitney 
sum, into horizontal, H£, and vertical, V£, subbundles of the tangent bundle 
T£ : 

T£ = H£ © V£. (1.11) 

Hereafter, for the sake of brevity we shall omit details on definition of 
geometrical objects on cv-bundles if they are very similar to those for v- 
bundles: we shall present only the basic formulas by emphasizing the most 
important particularities and differences. 

Definition 1.4. A N-connection on £ is a differentiable distribution 

N: £ —>■ N u G T*£ 

which is suplimentary to the vertical distribution V, i. e. 

T u £ = N u ®V u y£. 
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The same definition is true for N-connections in ct-bnndles, we have to 
change in the definition ( |1.4| ) the symbol £ into T*M. 

A N-connection in a cv-bundle £ is given locally by its coefficients 
A 7 ia { u) = N ia (x,p) with respect to bases (|1.2|) and ( |1.3|) 

N = Nia{u)<? © d a . 


We emphasize that if a N-connection is introduced in a v-bundle (cv- 
bundle) we have to adapt the geometric constructions to the N-connection 
structure. 


1.2.3 N—connections in higher order bundles 

The concept of N-connection can be defined for higher order vector / covector 
bundle in a standard manner like in the usual vector bundles: 

Definition 1.5. A nonlinear connection N in hvc-bundle 


£ = £[v(l), u(2), cu(3), cv(z - 1), v(z)] 


is a splitting of the left of the exact sequence 

0 -> V£ -»• T£ -> T£/V£ -»■ 0 (1.12) 


We can associate sequences of type (|1.12|) to every mappings of intermedi¬ 
ary subbundles. For simplicity, we present here the Whitney decomposition 

T£ = H£ © V v {r)£ © V v {2)£ © Vf v ^)£ © © Vw(z-i)^ © Kj(z)£- 

Locally a N-connection N in £ is given by its coefficients 


NT 1 , 

N- “ 2 

N- 

1 v xas 5 • ••? 

N- 

1 y ia z - 1 ? 

N■ az 

i i 

o, 

N a f 2 , 

N ai a,3i ■ ■ ■ j 

N ai a z -i -i 

N az 

ly a i i 

o, 

o, 

Na,2 asi ■■■1 

N a2 a z -i -i 

N az 

1 y a,2 1 

0,’ 

o,’ 

..., • • • i 

0 , 

■ ■ ■ ■ 

N 

1 'a z —2 a z - i) 

■ ■ ■ ■ 

N “ 2 

1y a z -21 

0, 

0 , 

0 , 

0 , 

jy dz—iuz 


which are given with respect to the components of bases (1.8) and (|1.9| ) . 

We end this subsection with two exemples of N-connections in higher 
order vector/covector bundles: 
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N—connection in osculator bundle 

Let us consider the second order of osculator bundle (see subsection ( |1.1.3|) ) 
T 2 M = Osc 2 M. A N-connection N in Osc 2 M is associated to a Whitney 
summ 


TT 2 M = NT 2 M © VT 2 M 


which defines in every point u G T 2 M a distribution 

T u T 2 M = N 0 (n) © Afi (if) 0 VT 2 M. 

We can parametrize N with respect to natural coordinate bases as 


/v ai /v a2 

1 v z ? 1 y i ? 

0 , Ki 


As a particular case we can consider A(? 2 = 0. 


(1.14) 


N—connection in dual osculator bundle 

In a similar fashion we can take the bundle (T* 2 M,p* 2 , M) being dual bundle 
to the Osc 2 M (see subsection (|1.1.3|) ). We have 

T* 2 M = TM ® T*M. 


The local coefficients of a N-connection in ( T* 2 M,p* 2 ,M ) are parametrizied 


N^ 1 , N ia2 , 

0 , N aia2 . 


(1.15) 


We can choose a particular case when N aia2 = 0. 


1.2.4 Anholonomic frames and N—connections 

Having defined a N-connection structure in a (vector, covector, or higher 
order vector / covenctor) bundle we can adapt to this structure, (by ’N- 
elongation’, the operators of partial derivatives and differentials and to con¬ 
sider decompositions of geometrical objects with respect to adapted bases 
and cobases. 
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Anholonomic frames in v—bundles 

In a v-bunde £ provided with a N-connection we can adapt to this structure 
the geometric constructions by introducing locally adapted basis (N-frame, 
or N-basis): 

and its dual N-basis, (N-coframe, or N-cobasis), 

5 a — 5u a = (cf = 5x i = dx\ S a = Sy a + N t a (u) dx l ) . (1.17) 

The anholonomic coefficients, w = (w)}, of N-frames are de¬ 

fined to satisfy the relations 


[<5«, M - 5p6 a = wg (u) 5, 


(1.18) 


A frame bases is holonomic is all anholonomy coefficients vanish (like for 


usual coordinate bases (|1.3|) ), or anholonomic if there are nonzero values of 


w Pr 

So, we conclude that a N-connection structure splitting conventionally 
a v-bundle £ into some horizontal II£ and vertical V£ subbundles can be 
modelled by an anholonomic frame structure with mixed holonomic {ad} 
and anholonomic {y a } variables. This case differs from usual, for instance, 
tetradic approach in general relativity when tetradic (frame) fields are stated 
to have only for holonomic or only for anholonomic variables. By using the 
N-connection formalism we can investigate geometrical and physical systems 
when some degees of freedoms (variables) are subjected to anholonomic con¬ 
straints, the rest of variables being holonomic. 

The operators ( |1.16|) and (|1.17|) on a v-bundle £ enabled with a N- 
connection can be considered as respective equivalents of the operators of 
partial derivations and differentials: the existence of a N-connection structure 
results in ’elongation’ of partial derivations on x-variables and in ’elongation’ 
of differentials on y-variables. 

The algebra of tensorial distinguished fields DT {£) (d fields, d 
tensors, d-objects) on £ is introduced as the tensor algebra T = {Tg S r } of 
the v-bundle 


£{d) = (H£ ® V£,p d: £), 
where p d : H£ © V£ —> £. 
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An clement t G 7^ r , d-tensor field of type 
local form as 


p r 
q s 


can be written in 


t 


(«) s n » - ® K ® a ai ®... ® 
® ... ® d jq ® 0 d 6r . 


We shall respectively use the denotations A (£) (or X (M)), A p (£) or 
(A p (M)) and IF (£) (or F (M)) for the module of d-vector fields on £ (or 
M), the exterior algebra of p-forms on £ (or M) and the set of real functions 
on £ (or M). 


Anholonomic frames in cv—bundles 


The anholnomic frames adapted to the N-connection structure are intro¬ 
duced similarly to (|1.16|) and ( |1.17|) : 

the locally adapted basis (N-basis, or N-frame): 


L = ^ = = ^ = + = ( 1 . 19 ) 

and its dual (N-cobasis, or N-coframe) : 

8 a = 8u a = (d l = 8x l = dx l , 8 a = 8p a = dp a — N ia (u) dx 1 ^ . (1-20) 


We note that for the signes of N-elongations are inverse to those for 
N-elongations. 

The anholonomic coefficients, w = {w^ (u)}, of N frames are de¬ 
fined by the relations 


$ a, 8/3 


8o83 8q8 n W 


Ft 


u I 


( 1 . 21 ) 


The algebra of tensorial distinguished fields DT ^£j (d fields, d- 

tensors, d-objects) on £ is introduced as the tensor algebra T = {T^ s r } of 
the cv-bundle 


£{d) = (H£ 0 V£,p d ,£^J , 
where p d : H£ ®V£ —> £. 
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An element t e d-tensor field of type 
local form as 


p r 
q s 


can be written in 


t 


(*) k ® ® K ® ^ ® ® 4 , 

<g>d J1 ® ... ® d jq ® <5 bl ... ® <5 6t \ 


We shall respectively use the denotations A yEJ (or A (M)), A p ^£j or 
(A p (M)) and T (^E^j (or T (M)) for the module of d-vector fields on £ (or 

M), the exterior algebra of p-forms on £ (or M) and the set of real functions 
on £ (or M). 


Anholonomic frames in hvc—bundles 


The anholnomic frames adapted to a N-connection in hvc-bundle £ are de¬ 
fined by the set of coefficients (|1.13|) ; having restricted the constructions to 
a vector (covector) shell we obtain some generalizations of the formulas for 
corresponding N(or N)-connection elongations of partial derivatives defined 
by ([LTD ( or ( I 1 - 19 ! )) and C P--17Q (or ( |1.20| )). 

We introduce the adapted partial derivatives (anholonomic N-frames, or 
N-bases) in £ by applying the coefficients ( |1.13|) 


S n = 


Su c 


— (S S S S as 5 az ~ 1 d 

\ u i i u ai i u a2 i u u i 


where 


Si = di - N^d ai - N i 02 d a2 + N ia 3 d a3 - ... + - NA’da,, 

S ai = d ai - N a ?d a2 + N aia 3 d a3 - ... + N aiaz l d a ' z ~ 1 - N a “ z d az , 

S a2 — d a2 + N a 2 a 3 d a3 — ••• + N a2a 


CLz — 1 


S a3 = d a3 - N a3a4 d a4 - ... + N a3 z i d az ~ 1 - N 


N az d 

1 v a 2 u a z i 

a 3 a z a 

u a z j 


S az ~ 1 = d az - x - N az ~ iaz d az , 
d az = d/dy az . 

These formulas can be written in the matrix form: 


5, = N(m) x 3 , 


(1.22) 
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where 


/ Si 
S n 


6. = 


\ 


5 a3 

<5^-1 


(9, \ 

d, 


d . = 


ai 


<9o 2 

d a3 


Qa.z—1 


(1.23) 


and 


N = 






V da z 

/ 

V daz 

/ 




1 

-NT' 


N t a2 

N- 

1 v *03 

— N. “ 4 

i 

Nia z - 1 

~Ni az 

\ 


0 

1 


N a T 

N 

1 'a 1 a 3 

“4 

ai 

N 

iv OlO z _l 

~N a a C 



0 

0 

1 


N 

1 v 0203 

S iM 

1 

N 

iv o 2 o z _ 1 

—N “ 2 

a 2 



0 

0 

0 


1 

_ ]\fa 3 a4 

N a 3 

a z -i 

a $ a z 



0 

0 

0 


0 

0 

1 

_ d'Z — 1 &Z 


\ 

0 

0 

0 


0 

0 

0 

1 

/ 


The adapted differentials (anholonomic N-coframes, or N-cobases) in £ 
are introduced in the symplest form by using matrix formalism: The respec¬ 
tive dual matrices to (|1.23|) 

). 

) 


S m 

= {**} = 

( d i 

S ai 

5 a2 5a 3 .. 

S S az 

u a z - 1 u 

d * 

= {**} = 

( d i 

d ai 

d a2 d a3 . 

d d az 

U'CLz — l U 

via 

a matrix relation 







S' = 

-- d'M 



(1.24) 

which defines the formulas for anholonomic N-coframes. The matrix M from 
(|1.24|) is the inverse to N, i. e. satisfies the condition 

M x N = I. (1.25) 


The anholonomic coefficients, w = {w p («)}, on hcv-bundle £ are 
expressed via coefficients of the matrix N and their partial derivatives fol¬ 
lowing the relations 

= 8 a 5p - SpSa = w^ (u) S a . (1.26) 

We omit the explicit formulas on shells. 

A d-tensor formalism can be also developed on the space £. In this case 
the indices have to be stipulated for every shell separately, like for v-bunles 
or cv-bundles. 

Let us consider some examples for particular cases of hcv-bundles: 


S a ,Sp 
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Anholonomic frames in osculator bundle 


For the osculator bundle T 2 M = Osc 2 M from subsection ( |1.2.3|) the formulas 
(|1.22|) and (|1.24|) are written respectively in the form 


where 


and 


where 


= 


8 d 


5x v 8y\^ dy\ 2) ) ’ 


5x l 

8 


d Ar , d 

- — N, \ ■ -t 

dx l dy] 


N, 


d 


by, 


(i) 


dy, 


(i) 

9 i 9 

_A T j _ 

i JV ( 2 )* ’ 

(i) °v ( 2 ) 


(2 )i 


dyl 


( 2 ) 


(1.27) 


5 Q = [dx\8y\ 1) ,8y\ 2) ) , 

by\ i) = dy l ( i) + Mfojdxi , 

by\ 2 ) = dy\ 2 ) + M l {1)j dy J {1) + M[ 2)j dx\ 

with the dual coefficients and MR. (see ( |1.25|) ) expressed via primary 
coefficients N 1 ^. and NR. as 


M (ib = N l)v M h ) 3 = N m } + N ( 1 ) iN { 


(2 )j 


m 


Anholonomic frames in dual osculator bundle 

Following the definitions for dual osculator bundle (T* 2 M, p* 2 ,M) in sub¬ 
section ( |1.2.3| ) the formulas ( |1.22| ) and (|1 .24) ) are written respectively in the 
form 


8 n = I i ^ 


d 


8x v 8y J 1} ’ dp(2)i I ’ 


5 

8x l 


8 

*0 


_A J 3 _ L AT _ 

dx i dy\i) ^ u dp( 2 )j ’ 

d d 

9pV' 


where 
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and 

5 a = (dx^Syl^Spwi) , (1-28) 

where 


<%) = 
&P(2)i = 


with the dual coefficients MU- 
Nfoj and iV^. like in Ref. 


113 


d v\i) + N (i)j dx ^ 
d P(2)i ~ N { 2)ijdx\ 


and M/U. 


(see (|1.25|) ) were expressed via 


1.3 Distinguished connections and metrics 

In general, distinguished objects (d-objects) on a v-bundle £ (or cv-bundle 
£) are introduced as geometric objects with various group and coordinate 
transforms coordinated with the N-connection structure on £ (or £). For 
example, a distinguished connection (in brief, d—connection) D on £ (or £) 
is defined as a linear connection D on E (or E) conserving under a parallelism 
the global decomposition (|1.10| ) (or (|1 .1 1|) ) into horizontal and vertical sub¬ 
bundles of T£ (or T£). A covariant derivation associated to a d-connection 
becomes d-covariant. We shall give necessary formulas for cv-bundles in 
round backets. 


1.3.1 D—connections 

D—connections in v—bundles (cv—bundles) 

A N-connection in a v-bundle £ (cv-bundle £) induces a corresponding 
decomposition of d-tensors into sums of horizontal and vertical parts, for 

example, for every d-vector X e X {£') (X 6 1 j ) and 1-form A G A 1 (£) 

{A G A 1 ^£^j) we have respectively 

X = hX + vX and A = hA + vA, (1-29) 

(X = hX + vX and A = hA + vA) 

where 

hX = XAi, vX = X a d a (hX = X%, vX = X a d a ) 
hA = A i S i , vA = A a d a (hA = vA = A a d a ). 


and 
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In consequence, we can associate to every d-covariant derivation along 
the d-vector (|1.29|) , D x — X o D (D^ = X o D) two new operators of h- and 
v-covariant derivations 

Dfy = D hx Y and DfY - l), :X Y-. W £X (£) 

(DfY = D hk Y and Dff = D^Y, W £X (i)) 

for which the following conditions hold: 

D x Y = D ( pY +D^Y (1.30) 

(D X Y = DfY+D^Y), 

where 


Dff = (hX)f 
(Dfj = (hX)f 


and Dy'J - (vX)f. X, YzX (£), / e T (M) 
and O; 1 / = [vX)f X,YEX(£),fef(M)). 


The components Fg ( )of a d-connection D a = (5 a ° D), locally 
adapted to the N—connection structure with respect to the frames ( |1.16| ) 
and (|1.17|) ( (|1.19|) and (|1 . 20Q ), are defined by the equations 

DJf = r Igi, (bj„ = fix ). 


from which one immediately follows 


Kp («) = (Djp) o p (rh, («) = ( DJe ) o P). 


(1.31) 


The coefficients of operators of h- and v-covariant derivations, 

= {L) t ,Lt k }pndD^ = { C ‘ h ,c; c } 

(N ] = {£j*,h*}and 


(see ( |1.30|) ), are introduced as corresponding h- and v-parametrizations of 

(EH) 


L) k = (Dk8j) ° d l , L‘ bk = (DA) o S" (1.32) 

(£j* = (%) ° <r, L a b t = (£>„&) o s a ) 

C‘ c = (D c 5j) o tf, 

(cy = (b c Sj) od‘, = (i/v/'j 


(1.33) 
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A set of components (|1.32|) and ( |1.33|) 


■p7 r t i t a s~ii s~ia ] I -p7 r f i f b Aii c sh be l 

1 a(3 ~ Y lj jk’> ^bk ? °6cJ l 1 a/5 — l^jki ^ aki ° j ?°a J 


completely defines the local action of a d—connection D in £ (D in £). 
For instance, having taken on £ {£) a d—tensor held of type f | | 


= tf b 5i 0 <9 a 0 d? 0 5 b , 
= tfji 0 d a 0 d j 0 S b , 


and a d-vector X (X) we obtain 

D x t = = (X k ^ k + X7f 6±c ) 5 ?; 0 d a 0 cP 0 <5 6 , 

(£*t = + bf t = (x fe ^ 0 , fc + x4 6 a ±c ) & 0 <9 a 0 

where the h-covariant derivative is written 

Aa _ <r j.za \ T i 4-ha \ T a Ac _ r h j. Aa _ re Aa 

”jb\k ^k^jb ' -^hk^jb ' ^ck^jb ^jk^hb ^bk^jc 

(bib _ r bib , fi bhb , t bbic fh bib t bbic\ 

\^ja\k OkA'ja ' ^hkrja ' ^ckrja ^ jkrha ^ckrja) 

and the v-covariant derivative is written 

jia 


s~ih Aa 
° jc l hb 


s~id Aa 
° bc l jd 


d iia | xii iha . /^ia Ad 
c l jb "r ° hc l jb "r ° dc l jb 

(bib Ac _ £scbib , /^z cbhb , Ai debib sbi cbib sb be bid \ 

\ l ja ~ ° l ja + l ja "T ^ a l jd _U j l ha — 


(1.34) 

(1.35) 


For a scalar function / 6 T {£) ( f E IF [£)) we have 


d { £ = 

= ■& = 


11 

&c fc 

5/ 

<5x fc 


d£_ 

dx k 

df 


N and D^f = 
k dy a c dy c 


, * + fV fca |^ and D^7 = 
cor ap a ap c 


D—connections in hvc—bundles 

The theory of connections in higher order anisotropic vector superbundles 
and vector bundles was elaborated in Refs. [|171| , |173| , |172|| . Here we re¬ 
formulate that formalism for the case when some shells of higher order 
anisotropy could be covector spaces by stating the general rules of covari¬ 
ant derivation compatible with the N-connection structure in hvc-bundle £ 
and omit details and combersome formulas. 
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For a live-bundle of type £ = £[u(l), v(2), cv(3), ...,cv(z — l),u( 2 r)] a d- 
connection has the next shell decomposition of components (on induction 
being on the p-th shell, considered as the base space, which in this case a 
hvc-bundle, we introduce in a usual manner, like a vector or covector fibre, 
the (p + l)-th shell) 

p7 _ fp7i _ [pi rai /~rii rtai ] 

± ck/9 1 ± ai0i \Pjiki ’ ^jici ’ ^biciJ > 

p 72 _ r T 12 T <J 2 /m »2 /nf <12 1 

1 02/32 1^2fc2 ’ ±J b 2 k2 1 L i2C2 ’ L 'b2C2n 

P 73 _ rf *3 f &3 0^3 C3 /b 63C3] 

1 03/83 Hj 3 k 3 i ^a 3 k 3 i > U a 3 b 


■p7z-i rfh- 1 f b *-l bib-l c z _i /b b z -ic z -i 

a z -i/3 z -i ^ ji-ife-i’ az-ife-l’ u jz-i > u n z -i 
■p 7 z _ r t iz T Bz /'fiz /^ra z 

1 o z /3z Wj z k z i ^bzkzi j z c z i ^'bzCz 


These coefficients determine the rules of a covariant derivation £) on £. 
For example, let us consider a d-tensor t of type 


( l li I 2 la - M 
V 1 ii i 2 i 3 ... i, y 


with corresponding tensor product of components of anholonomic N-frames 
( pg ) and (p|) 

... <g> d^- 1 ® <L_ i®d az ®6 bz . 


The d-covariant derivation D of t is to be performed separately for every 
shall according the rule ( |1.34| ) if a shell is defined by a vector subspace, or 
according the rule (|1.35|) if the shell is defined by a covector subspace. 


1.3.2 Metric structure 

D—metrics in v—bundles 

We define a metric structure G in the total space if of a v-bundle £ = 
( E,p , M) over a connected and paracompact base M as a symmetric covari¬ 
ant tensor field of type (0, 2), 

G = G a pdu a ® duP 

being non degenerate and of constant signature on E. 
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Nonlinear connection N and metric G structures on £ are mutually com¬ 
patible it there are satisfied the conditions: 

G (5 h d a ) = 0, or equivalently, G ia ( u ) - N b (u) h ab ( u) = 0, (1.36) 

where h ab = G (d a , d b ) and G ia = G (di, d a ) , which gives 

N b (u) = h ab (u)G ia (u ) (1.37) 

( the matrix h ab is inverse to h ab ). In consequence one obtains the following 
decomposition of metric: 

G(X, Y)= hG(X, Y) + vG(X, Y), (1.38) 


where the d-tensor hG(A", Y)= G(hX, hY) is of type 

0 0 


0 0 
2 0 


0 2 


d-tensor vG (X,Y) = G (vX,vY) is of type 
holonomic basis ( |1.16|) the d-metric ( 1.38|) is written 

G = g a p {u) 0 P 3 = 9 ij (u) d l ® d j + h ab (u) S a 0 <5 b , 


and the 
. With respect to an- 


(1.39) 


where g tJ = G (Si, 6j) . 

A metric structure of type (|1.38|) (equivalently, of type ( |1.39|) ) or a metric 
on E with components satisfying constraints (|1.36l ), (equivalently (|1.37|) ) 
defines an adapted to the given N-connection inner (d-scalar) product on 
the tangent bundle T £. 

We shall say that a d-connection Dx is compatible with the d-scalar 
product on T£ (i. e. it is a standard d-connection) if 

D x (X ■ Y) = [d x Y) Z + Y [p x Z) , VX, Y, Zg Y (£). 


An arbitrary d-connection Dy differs from the standard one D x by an oper¬ 
ator P x ( u ) = {X a P2p («)}, called the deformation d-tensor with respect to 

Dx, which is just a d-linear transform of £ u , V u G £. The explicit form of Py 
can be found by using the corresponding axiom defining linear connections 

0 


Dx-Dx)fZ = f(D x -D 




written with respect to N-elongated bases (1.16) and ( |1.17p . From the last 
expression we obtain 


Px M = 


c Dx-Dx)S a (u ) 5 a (u), 
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therefore 


DxZ = DxZ +P\Z. (1.40) 

A d-connection D\ is metric (or compatible with metric G) on £ if 

D x G = 0, VXgA (£). 

With respect to anholonomic frames these conditions are written 

D a g Pl = 0, (1.41) 

where by gp 1 we denote the coefficients in the block form (|1.39|) . 

D—metrics in cv— and hvc—bundles 

The presented considerations on self-consisten definition of N-connection, 
d-connection and metric structures in v-bundles can reformulated in a sim¬ 
ilar fashion for another types of anisotropic space-times, on cv-bundles and 
on shells of live-bundles. For symplicity, we give here only the anagolous 
formulas for the metric d-tensor (|1.39|) : 

• On cv-bundle £ we write 

G = g a p ( u ) 5 a 0 5 13 = c/ij ( u) d 1 0 d j + h ab ( u ) 5 a 0 6 b , (1-42) 

where g t j = G ^,6^ and h ab = G and the N-coframes are 

given by formulas (|1.20|) . 

For simplicity, we shall consider that the metricity conditions are sat- 
isfied, D^g a p = 0. 

• On hvc-bundle £ we write 

G = g a p(u)8 a = gij(u)d l ®d j Ph ai b 1 {u)8 ai ®5 bl (lA?,) 
+h a2 b 2 (u) 5 a2 0 S b2 + h a3bs (u) d a3 0 S b3 + ... 

+h a *-i b *- 1 (u) d az _, 0 Sb^ + h azbz (u) 5 az 0 5 b c 

where g tJ = G and h aibl = G (<9 ai , <9 bl ), h 0 , 2 i n = G(d a2 ,d b2 ), 

h a3b3 = G (jd a3 ,d b3 ^j ,.... and the N-coframes are given by formulas 

([rap. 

The metricity conditions are D^g^ = 0. 
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On oscillator bundle T 2 M = Osc 2 M we have a particular case of (|1.43|) 
when 

G = ~g a0 {u)~8 a ®P (1.44) 

= c/ij (u) d l 0 d? + hij (u) 5y l {1) ® Syfo + (u) Sy\ 2) ® dy\ 2) 

where the N-coframes are given by (|1.27| ). 

On dual osculator bundle (T* 2 M,p* 2 ,M) we have another particular 
case of (|1.43|) when 

G = ~g a y{u)~8 a m~8 p (1.45) 

= gij (u) d l ® di + hij (u) 5y * (1) ® Sy 1 ^ + h tj (u) hp- 2) ® Spf ) 

where the N-coframes are given by (|1.28|) . 


1.3.3 Some remarkable d~connections 

We emphasize that the geometry of connections in a v-bundle S is very reach. 
If a triple of fundamental geometric objects [Nf (u ), T ^ (u ), g a y (u)) is hxed 
on S, a multi-connection structure (with corresponding different rules of co¬ 
variant derivation, which are, or not, mutually compatible and with the same, 
or not, induced d-scalar products in T£) is defined on this v-bundle. We can 
give a priority to a connection structure following some physical arguments, 
like the reduction to the Christoffel symbols in the holonomic case, mutual 
compatibility between metric and N-connection and d-connection structures 
and so on. 

In this subsection we enumerate some of the connections and covariant 
derivations in v-bundle £, cv-bundle £ and in some live-bundles which can 
present interest in investigation of locally anisotropic gravitational and mat¬ 
ter held interactions : 


1. Every N-connection in £ with coefficients Nf (x, y) being differentiable 
on y-variables, induces a structure of linear connection iVg , where 

iVS = ^andiVJ(x.y)=0. (1.46) 


For some Y ( u ) = Y l ( u) di + Y a (u) d a and B ( u ) = B a (u) d a one intro¬ 
duces a covariant derivation as 


D { y ] B 




+ Y b 


dB a ~ 

dy b 
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2. The d-connection of Berwald type [^2| on v-bundle £ (cv-bundle £) 


where 


<B)a 

Pi 


(r 


(B)a _ 

Pi 



T i 

L .jk 

(x,y) = 

ki 

$9jk . &9kr 

v Sx k Sx'i 

sra 
° .be 

(x,y) = 

-h ad 

2 

f dhbd dh c d 
\ dy c dy b 

C l ,k 

(x,p) = 

C ( 

&9jk &9kr 

. Sx k 8x rj 

c a hc 

(x,p) = 

~^h a d 

(dh bd dh cd 
l dp c dp b 


5x r 

dh bc 


Jjk 


Sx r 




(1.47) 


(1.48) 


which is hv—metric, i.e. there are satisfied the conditions D k g l3 = 0 
and D ( c B) h ab = 0 {D^gij = 0 and D^ c h ab = 0). 

3. The canonical d-connection G c ) (or f ( c )) on a v-bundle (or cv-bundle) 
is associated to a metric G (or G) of type (|1.39|) (or ®3D). 


p( c ) Q _ r r( c )* t ( c ) a 
1 / 3 7 — Wjk i n bk 

with coefficients 


r (c)i Mc)a-> /p(c)a _ r f (c)i f(c).b P,(c)i c Pr( c ) 6 c n\ 
Tic N'bc J l 1 B'Y — V L jk a j \) 


T (c)i 
L jk 


■ (c)a _ 


= QT = C% c (L'f = L% Cf * = Cp), (see (1.48) 

1 . (Shh _ 

<9y b 2 \ hx* <9y b <9?/ c 


, dNf u 

-n-dc - TT-r^db 


Cl 


(c).fe 
a .i 


dN.f 
dp b 


C 


(c)i 


jc 


2 9 


ly I 

(Sh bc < 

+ 7rh ac 


2 \ 

i 5x l 

'A (CUP 
j 

c = 1 yk 
2 y 


dN id" h dc + d N i d - hdb 


dpb 

,ik Lfjjk 
dp c 


dp c 


), 


)• 


(1.49) 


This is a metric d-connection which satisfies conditions 

= 0, D^g.ij = 0, D[ c) h ab = 0, D ( c c) h ab = 0 
(D ( Chk = 0, D (c)c g jk = 0, D ( Ch hc = 0, D (c)c h ab = 0). 
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In physical applications we shall use the canonical connection and for 
symplicity we chall omit the index (c). The coefficients ( |1.49| ) are to be 
extended to higher order if we are dealing with derivations of geomet¬ 
rical objects with ’’shell” indices. In this case the fiber indices are to 
be stipulated for every type of shell into consideration. 


4. We can consider the N-adapted Christoffel d-symbols 

= \\f T (&y 9rp + Spg-rr ~ <% 7 ) > (1-50) 

which have the components of d-connection Yf^ = (L l - k , 0, 0, C£ c ) , with 
L l jk and C£ c as in (|1.48|) if g a g is taken in the form (|1.39| ). 


Arbitrary linear connections on a v-bundle £ can be also characterized 
by theirs deformation tensors (see (|1.40|) ) with respect, for instance, to the 
d-connection (|1.50|) : 


p(®) Q _ p« I p(^) a p( c ) a _ pa p( c ) a 

^ /3 7 ^ 0"f ' ^87 D fi'y ^ /3 7 ‘ ^p'y 


or, in general, 


■pa: _ pa _j_ na 

1 /3 7 — 1 /3 7 "r 07) 

where P^‘\ P^° and Pj^ are respectively the deformation d-tensors of d- 
connections (|1.47|) , ( |1.49|) or of a general one. Similar deformation d-tensors 
can be introduced for d-connections on cv-bundles and live-bundles. We 
omit explicit formulas. 


1.3.4 Amost Hermitian anisotropic spaces 


The are possible very interesting particular constructions [|108| , |109| , |113| 


on 


t-bundle TM provided with N-connection which defines a N-adapted frame 
structure S a = (5j,<9j) (for the same formulas ( |1.16| ) and ( |1 .1 7|) but with 
identified fiber and base indices). We are using the ’dot’ symbol in order to 
distinguish the horizontal and vertical operators because on t-bundles the 
indices could take the same values both for the base and fiber objects. This 
allow us to define an almost complex structure J = { j £} on TM as follows 


J(A) = ~di, J ( 4 ) = Si. 


(1.51) 


It is obvious that J is well-defined and J 2 = — I. 
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For d-metrics of type (|1.39|) , on TM, we can consider the case when 
9ij( x , y) = hab(x,y), i. e. 


G( t ) = g tj (x, y)dx l <0 dx 3 + fhj(x, y)Sy l 0 6y 3 , 


(1.52) 


where the index (t) denotes that we have geometrical object defined on tan¬ 
gent space. 

An almost complex structure Jj 3 is compatible with a d-metric of type 
( |1.52|) and a d-connection D on tangent bundle TM if the conditions 

J a d~ fj, 3 s Qot'y and D a J ^ 0 

are satisfied. 

The pair (G(p, J) is an almost Hermitian structure on TM. 

One can introduce an almost sympletic 2-form associated to the almost 
Hermitian structure (G(p, J), 

0 = gij{x, y)5y l A dx 3 . (1.53) 


If the 2-form (|1.53|) , defined by the coefficients (jij, is closed, we obtain 
an almost Kahlerian structure in TM. 


Definition 1.6. An almost Kahler metric connection is a linear connection 
D( h 1 on TM = TM \ {0} with the properties: 

1. D (h> preserve by parallelism the vertical distribution defined by the N- 
connection structure; 

2. DW is compatible with the almost Kahler structure (G(p, J), i. e. 

D { pg = 0, D ( x ] J = 0, VX G X ( TM ) . 


By straightforward calculation we can prove that a d-connection DT = 
(Lfi, L l - k , Cj c , (7j c ) with the coefficients defined by 


= La, AfA = LA 

D' s H) 6j = cu, = C iA 


(1.54) 


where U- k and C^ b —► Cfi, on TM are defined by the formulas (|1.48|) , define 
a torsionless (see the next section on torsion structures) metric d-connection 
which satisfy the compatibility conditions ( |1.41|) . 

Almost complex structures and almost Kahler models of Finsler, La¬ 
grange, Hamilton and Cartan geometries (of first an higher orders) are in¬ 
vestigated in details in Refs. ||106| , |107|, |113 , 
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1.4 Torsions and Curvatures 

In this section we outline the basic definitions and formulas for the torsion 
and curvature structures in v-bundles and cv-bundles provided with N- 
connection structure. 


1.4.1 N—connection curvature 

1. The curvature 12 of a nonlinear connection N in a v-bundle £ can be 


defined in local form as 108, 109 


n = A d s ®d a , 


where 


fiy fyNi ~ fiiNj 


(1.55) 


= djN? — diNj + Nj’N^ — N b N bi , 


N° d being that from (|1.46|) . 


2. For the curvature Cl, of a nonlinear connection N in a cv-bundle £ we 
introduce 


where 


!2iya 


N. 


3 a 


Cl = -Clijad 1 A d 3 ®d a , 


— fijNia + SiNj a 

-d,N ia + d t N ja + N ib N ja b - N jb N ja b , 
d b N ja = dN ja /dp b . 


(1.56) 


3. Curvatures 12 of different type of nonlinear connections N in higher 
order anisotropic bundles were analyzed for different type of higher 
order tangent/dual tangent bundles and higher order prolongations of 
generalized Finsler, Lagrange and Hamiloton spaces in Refs. ||106| . |107|, 
|113|| and for higher order anisotropic superspaces and spinor bundles in 
Refs. |P-72| , |165| , |173| , |171|| : For every higher order anisotropy shell we 
shall define the coefficients ( |1.55 ) or (|1.56|) in dependence of the fact 
with type of subhber we are considering (a vector or covector fiber). 
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1.4.2 d—Torsions in v- and cv—bundles 


The torsion T of a d-connection D in v-bundle S (cv-bundle £) is defined 
by the equation 

T (X, Y) = XY°T =D x Y-D y X - [X, Y]. (1.57) 

One holds the following h- and v-decompositions 

T (X, Y) = T (hX, hY) + T (hX, vY) + T (vX, hY) + T (vX, vY). 

We consider the projections: 

hT (X, Y), vT (hX, hY), hT (hX, hY),... 

and say that, for instance, hT (hX, hY) is the h(hh)-torsion of D , 
vT (hX, hY) is the v(hh)-torsion of D and so on. 

The torsion (11.571) in v-bundle is locally determined by five d-tensor fields, 
torsions, defined as 

T) k = hT (S k ,5j)-d\ T“ k = vT{8 k ,6 j )-8 a , (1.58) 

Pj b = hT (d b , Sj) ■ (P, =vT(d b ,6 j )-8 a , 

S b a c = vT(d c ,d b )-S a . 

Using formulas ( |1.16| ), (|1.17|) , (|1.55| ) and (|1.57[ ) we can computer [ |108| , |109| 
in explicit form the components of torsions ( [1 -58|) for a d-connection of type 
( |L3g ) and (|U33l) : 


T l = T l = T 1 — T 1 T l = C 11 T l = —C 1 

.jk jk ^jk ^kj ? ^ ja w .ja"> - 1 - aj ^ ja"> 

rpi _ /w rjia QCL /H Cl /Ha 

.ja .be .6c ^be ^ cb") 

T% = SjNf-SjNf, T a bi = P a bi = d b N“-L%, 
Formulas similar to (|1.58| ) and (|1.59|) hold for cv-bundles: 

Tjk = hT (4,^M\ Tj ka = vT (5k, Sj) ■ 5 a , 

% 1 = 4* = vT(a k ,^)-y 

s a = v'i’ (V. aj ■ V 


(1.59) 


rpa _ pa 

.ib .6i‘ 


(1.60) 


and 


rpi _ 


■ .jk 

rpi a 

■j 


rpi T l T i 

^ jk ^jk ^ J kj"> 


= o, 


rjpia _ (HI a rjnia _ _ (HI 

T i be _ q be _ /h be /h cb 

n ^ n n q } 


(1.61) 


T.ija ~ —&jNi a + SjN, 


jai 


rpbi pbi —F) b KT. 

1 a r a u 1 ^ia 


bi 


T J = 

a b 


-p 3 

a b' 


The formulas for torsion can be generalized for hvc-bundles (on every 
shell we must write (|1.59|) or (|1.61|) in dependence of the type of shell, vector 
or co-vector one, we are dealing). 
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1.4.3 d—Curvatures in v- and cv—bundles 

The curvature R of a d-connection in v-bundle £ is defined by the equation 

R (X, Y ) Z = XY;R • Z = D x D y Z - D y D x Z - D [x , Y }Z. 

One holds the next properties for the h- and v-decompositions of curvature: 

vR (X, Y) hZ = 0, hR (X, Y) vZ = 0, (1.62) 

R (X,Y)Z = hR (X, Y) hZ + vR (X, Y) vZ. 


From (|1.62|) and the equation R(X, Y) = —R(Y,X) we get that the 
curvature of a d-connection D in £ is completely determined by the following 
six d-tensor fields: 


R'h.jk = d i -R{5 k ,8 j )S h , R b a jk = 8 a -R(S k ,Sj)d b , (1.63) 
Pike = d l -R(d c ,d k )Sj, P b ° kc = 5 a -R(d c ,d k )d b , 

S d bc = cf ■ R (d c , db) Sj, S b a cd = • R (d d , d c ) d b . 


By a direct computation, using (|1 .1 6|) , ([hl7|) , (|1 . 3^ ) , (|1 . 33|) and (|1.63|) we get: 


R'h.jk 

= d h L\j 

r>.a 

n b.jk 

= hL% 

pi 

j.ka 

= d a U jk 

p.c 
^b.ka 

= d a L c bk 

O.i 
^ j.bc 

= d^ b 

Q.o, 

° b.cd 

= d d C a bc 


U J- LJ .hk 

h L M 


I t m t i t m t i . tdcl 

~u ^ hd lj mh — L* hlc.m.j ~U O ha 1 *'.?kl 


J .hj-^mk 
■ c t a 
J .bj^ .ck 


J .hk^mj 
■ c t a 
J .bk-^.cj 


(1.64) 


.be 1 ^.jki 


o yn a yii i yih yii yih yii 
<J c { ^.jb ~ a b^.jc ^.jb^.hc ~ ^.jc^hbi 

3 yia I yie yia yie yia 

V.bd + WftX.ed — L '.M L '.ec- 


We note that d-torsions (|1.59| ) and d-curvatures (|1.64|) are computed in 
explicit form by particular cases of d-connections (|1.47|) , (|1.49| ) and ( |1.50| ). 
For cv-bundles we have 


Rtjk = d l -R(8 k ,8 3 )S h , R b a . jk = 5 a -R(S k ,Sj)d b , 
P-. k = d i -R (d c , d k ) 5j, P b A = S a - R {d c , d k ) d b , 

Sf bc = d l ■ R ( d c , d b ) Sj, S b a cd = S a - R ( d d , d c ) d b . 


(1.65) 
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and 


t>.l 

h.jk 

= 5 h L\ r 

f)b. 

ajk 

= 

f).i a 

j-k 

= d a L\ jk 

r>b a 
r ck 

= d a L c \ 


~L dk a 

gi.ibc 

= d c CA h 

(fib cd 

= d d C n bc 


5jL a b k 


I r m T,i 

+ UL C 


cj 1 ^ .ak 

(hey+L\cy 
(hey + v&cy 


t m t i _|_ a tS 
■ u .hk lj mj ' '-'.ft, ri -ajki 

fb T C I /< fcn 
„• I” Ch n 1 L, 


( 1 . 66 ) 


M ) 

Sb, 


bd i 


bd 


a 

1 d.k i 
yh bsni c 

'■j U -h 

be /S ed 


| (j vc£i ed _ (j 


J ck 1J a.j 

t l a 

^.jk^.l 

f b/M ad\ 
^d.k °c. ) 


h cf-ii b 
■j U h > 

bdfy ec 


c.j k t 

L£cy) + c] 


i b p 
j ^bk 


The formulas for curvature can be also generalized for hvc-bundles (on 
every shell we must write (|1.59|) or (jl.60|) in dependence of the type of shell, 
vector or co-vector one, we are dealing). 


1.5 Generalizations of Finsler Spaces 


We outline the basic definitions and formulas for Finsler, Lagrange and gen¬ 
eralized Lagrange spaces (constructed on tangent bundle) and for Cartan, 
Hamilton and generalized Hamilton spaces (constructed on cotangent bun¬ 
dle). The original results are given in details in monographs [|108|, |109| , |1 13 


1.5.1 Finsler Spaces 

The Finsler geometry is modeled on tangent bundle TAP 

Definition 1.7. A Finsler space (manifold) is a pair F n = (M, F(x, y)) 
where M is a real n-dimensional differentiable manifold and F : TM —>72. 
is a scalar function which satisfy the following conditions: 

1. F is a differentiable function on the manifold TM = TM\{0} and F 
is continous on the null section of the projection n : TM —> M; 


2. F is a positive function, homogeneous on the fibers of the TM , i. 
F{x, Xy) = XF(x,y), X e 72; 


e. 


3. The Hessian of F 2 3 with elements 



1 d 2 F 2 

2 dy i dyi 


(1.67) 


is positively defined on TM. 
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The function F(x, y ) and gij(x, y) are called respectively the fundamental 
function and the fundamental (or metric) tensor of the Finsler space F. 

One considers ’’anisotropic” (depending on directions y l ) Christoffel sym- 

/ T?\ 

bols, for simplicity we write gY ; = g tJ , 


7 'jkfay) 


1 ir f &9rk ^djr 99jk\ 

2' 1 dx J dx k ()x r ) ’ 


which are used for definition of the Cartan N-connection, 

N Ui = 5^7 b i nk(*,y)y n y t ] ■ 


( 1 . 68 ) 


This N-connection can be used for definition of an almost complex structure 

(1.69) 


like in (|1.51|) and to define on TM a d-metric 

G( F ) = gij(x, y)dx l ® dx J + g i3 (x, y)5y l ® 5y J , 


with g.ij(x,y ) taken as (|1.67| ). 

Using the Cartan N-connection (|1.68|) and Finsler metric tensor ( |1.67| ) 
(or, equivalently, the d-metric (|1.69|) ) we can introduce the canonical d- 
connection 


Dr Uw) = r (^ = (4)^U)0 


with the coefficients computed like in (|1.54|) and (|1.48|) with h a b —> g l3 . The 
d-connection DY ( N ( c )) has the unique property that it is torsionless and 
satisfies the metricity conditions both for the horizontal and vertical compo¬ 
nents, i. e. D a g^ = 0. 

The d-curvatures 


TD.i _ / D.z f}A 

h.jk X^h.jki . 7 . 


.1 

j.k 


1 1 S{c)j.kl} 


on a Finsler space provided with Cartan N-connection and Finsler metric 
structures are computed following the formulas (|1.64|) when the a,b,c... in¬ 
dices are identified with i,j, k ,... indices. It should be emphasized that in this 
case all values gij.YNp^ and R'^p lS are defined by a fundamental function 
F(x,y). 

In general, we can consider that a Finsler space is provided with a metric 
g %3 = d 2 F 2 /2dy l dy\ but the N-connection and d-connection are be defined 
in a different manner, even not be determined by F. 
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1.5.2 Lagrange and Generalized Lagrange Spaces 


The notion of Finsler spaces was extended by J. Kern [| 86 | and R. Miron |99 
It is widely developed in monographs [ |108| . |109|| and exteded to superspaces 
by S. Vacaru m m \m 


The idea of extension was to consider instead of the homogeneous funda¬ 
mental function F(x,y) in a Finsler space a more general one, a Lagrangian 
L (x, y ), defined as a differentiable mapping L : (x,y) G TM —> L(x, y) G 7 Z, 
of class C°° on manifold TM and continous on the null section 0 : M TM 
of the projection n : TM ^ M. A Lagrangian is regular if it is differentiable 
and the Hessian 




1 d 2 L 2 


2 dy l dy J 


(1.70) 


is of rank n on M. 


Definition 1.8. A Lagrange space is a pair L n = (M, L(x,y)) where M 
is a smooth real n-dimensional manifold provided with regular Lagrangian 
L(x, y ) structure L : TM —► 1Z for which gij(x, y) from (\ 1.7 Of has a constant 
signature over the manifold TM. 

The fundamental Lagrange function L(x,y) defines a canonical N-con- 
nection 


N; 


(cL) j 


ld_ 
2 dy ] 


9 


V 


dL 


•CALL 

\dy k dy ht> dx k 


as well a d-metric 


G(l) = 9 ij(x, y)dx l ® dx 3 + g^x, y)by l ® Sy 3 , (1.71) 

with gij(x,y) taken as (|1.70| ). As well we can introduce an almost Kahlerian 
structure and an almost Hermitian model of L n , denoted as H 2n as in the 
case of Finsler spaces but with a proper fundamental Lagange function and 
metric tensor . The canonical metric d-connection DT = 

(l\ c l) jk ’ G( cL ) is to computed by the same formulas (11 .541 ) and (|1.48|) 

with h ab -> g%\ for N l {cL) y The d-torsions (|1.59p and d-curvatures (|1.64p 
are defined, in this case, by L( cL ^ jk and C l , cL ^ - k . We also note that instead of 
N [cL) j and FfcL )/97 one can consider on a L n -space arbitrary N-connections 

N 1 ^, d-connections which are not defined only by L{x,y) and gf^ but 
can be metric, or non-metric with respect to the Lagrange metric. 

The next step of generalization is to consider an arbitrary metric g^ (x, y) 
on TM instead of Ql.701 ) which is the second derivative of ”anisotropic” co¬ 
ordinates y l of a Lagrangian |[F| |100| . 
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Definition 1.9. A generalized Lagrange space is a pair GL n = (M, gij(x, y)) 
where gifix,y) is a covariant, symmetric d-tensor field, of rank n and of 
constant signature on TM. 


One can consider different classes of N- and d-connections on T ill, which 
are compatible (metric) or non compatible with (|1.71|) for arbitrary gij(x,y). 
We can apply all formulas for d-connections, N-curvatures, d-torsions and 
d-curvatures as in a v-bundle £, but reconsidering them on TM, by changing 
hab —► 9 ij{x,y) and Nf —> N\. 


1.5.3 Cartan Spaces 

The theory of Cartan spaces (see, for instance, ||136| , |85|| ) was formulated in 
a new fashion in R. Miron’s works ||101| . |102|| by considering them as duals 
to the Finsler spaces (see details and references in ||113|| ). Roughly, a Cartan 
space is constructed on a cotangent bundle T*AI like a Finsler space on the 
corresponding tangent bundle TM. 

Consider a real smooth manifold M, the cotangent bundle (T*M,n*,M) 
and the manifold T*M = T*M\{0}. 


Definition 1.10. A Cartan space is a pair C n = ( M,K(x,p )) such that 
K : T*M —> IZ is a scalar function which satisfy the following conditions: 


1. K is a differentiable function on the manifold T*M = T*M\{0} and 
continous on the null section of the projection ti* : T*M —»• M; 

2. K is a positive function, homogeneous on the fibers of the T*M , i. e. 
K(x, Xp) = XF(x,p), X E IZ] 

3. The Hessian of K 2 3 with elements 



1 d 2 K 2 

2 dpidpj 


(1.72) 


is positively defined on T*M. 

The function K(x , y) and g^(x,p) are called respectively the fundamental 
function and the fundamental (or metric) tensor of the Cartan space C n . We 
use symbols like ” g” as to emphasize that the geometrical objects are defined 
on a dual space. 
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One considers ” anisotropic” (depending on directions, momenta, pi ) 
Christoffel symbols, for symplicty, we write the inverse to (|1.72|) as = gij, 


fjkfap) = 


&Qrk 9gj r dcjjk \ 

dx 3 dx k dx r ) ’ 


which are used for definition of the canonical N-connection, 

Nij = fijPk ~ ~ l k niPkP l d n gij, d n = (1.73) 

This N-connection can be used for definition of an almost complex structure 
like in ( |1.51| ) and to define on T*M a d-metric 

G(fc) = gij(x,p)dx l <g> dx 3 + g l3 (x,p)5pi <0 5pj, (1.74) 


with g l3 (x,p) taken as ra¬ 


ilsing the canonical N-connection (|1.73| ) and Finsler metric tensor (|1.72|) 
(or, equivalently, the d-metric ( |1.74| ) we can introduce the canonical d- 
connection 


of (%)) = ffo*. = (yv, <V?) 


with the coefficients are computed 

^(k) jk 2 ^ i^jdrk T &kQjr $r9jk) ) 

<V* = 

The d-connection DY (N(k)) has the unique property that it is torsionless 
and satisfies the metricity conditions both for the horizontal and vertical 
components, i. e. Dadp^ = 0. 

The d-curvatures 


-^(fc)/3.7<5 ~ {R'(i-\h Pi 1 


Q.iki \ 

( k)h.jk’> 1 ( k)j.krm ^j. J 


on a Finsler space provided with Cartan N-connection and Finsler metric 
structures are computed following the formulas ( |1.66|) when the a,b,c... in¬ 
dices are identified with i,j, k,... indices. It should be emphasized that in this 
case all values gijj'(k)p'y anc ^ are defined by a fundamental function 

I< (x,p). 

In general, we can consider that a Cartan space is provided with a met¬ 
ric g 13 = d 2 K 2 /2dpidpj, but the N-connection and d-connection could be 
defined in a different manner, even not be determined by K. 
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1.5.4 Generalized Hamilton and Hamilton Spaces 


The geometry of Hamilton spaces was defined and investigated by R. Miron 
104] , p~Q3| 


in the papers 1105 


(see details and references in ||113|| ). It was 


developed on the cotangent bundel as a dual geometry to the geometry of 
Lagrange spaces. Here we start with the definition of generalized Hamilton 
spaces and then consider the particular case. 


Definition 1.11. A generalized Hamilton space is a pair 
GH n = (M, g^{x,p)) where M is a real n-dimensional manifold and g l \x,p) 
is a contravariant, symmetric, nondegenerate of rank n and of constant sig¬ 
nature on T*M. 


The value g^(x,p) is called the fundamental (or metric) tensor of the 
space GH n . One can define such values for every paracompact manifold ill. 
In general, a N-connection on GH n is not determined by g l f Therefore we 
can consider arbitrary coefficients N l0 ( x,p ) and define on T*M a d-metric 

like flL4g) 


G = g a /3 (u) S a ® 8^ = gij ( u ) d l <0 cP + g ( u ) Si 0 8j, (1-75) 


This N-coefficients N tJ ( x , p) and d-metric structure (|1.75|) allow to define an 


almost Kahler model of generalized Hamilton spaces and to define canonical 
d-connections, d-torsions and d-curvatures (see respectively the formulas 
(|1.48|) , (|1.49|) , ( |1.61|) and (|1.64| ) with the fiber coefficients redefined for the 
cotangent bundle T*M ). 

A generalized Hamilton space GH n = (M, g^(x,p)) is called reducible to 
a Hamilton one if there exists a Hamilton function H (x,p) on T*M such 
that 


g lJ (x,p) 


1 d 2 H 

2 dpidpj 


(1.76) 


Definition 1.12. A Hamilton space is a pair H n = (M,H(x,p)) such that 
H : T*M —> IZ is a scalar function which satisfy the following conditions: 

1. H is a differentiable function on the manifold T*M = T*M\{0} and 
continous on the null section of the projection n* : T*AI —> M; 

2. The Hessian of H with elements \1. 7 Of is positively defined on T*M and 
g l ^{;x,p) is nondegenerate matrix of rank n and of constant signature. 
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For Hamilton spaces the canonical N-connection (defined by H and its 
Hessian) exists, 


^ij ^ ( 9ik' 


d 2 H „ d 2 H 
+ 9jk~ 


'dp k dxi J dp k dx i 
where the Poisson brackets, for arbitrary functions / and g on T*M, act as 

df dg dg dp 


U>9} = 


dpi dx l dpi dx l 


The canonical d-connection DY (N( c )) = f“ c)/37 = jk , C^f^is de¬ 

fined by the coefficients 

H(r) jk ~ 2 & i^j9sk + fikfjjs ~ $s£ljk ) > 

do) f = -p<.&9 ak ' 

In result we can compute the d-torsions and d-curvatures like on cv-bundle 
or on Cartan spaces. On Hamilton spaces all such objects are defined by the 
Hamilton function H(x,p) and indeces have to be reconsidered for co-fibers 
of the co-tangent bundle. 


1.6 Gravity on Vector Bundles 

The components of the Ricci d-tensor 


Raft 


R 


.T 

a./3r 


with respect to a locally adapted frame (|1.17|) are as follows: 


p _ r> k p _ _2 p _ _ p.k 

- rL ij — nn m — r ia — r i.kai 

P _ 1 p _ pb p _ q.C 

J^ai r ai r a.ibi - rt a6 °a.bc 


(1.77) 


We point out that because, in general, 1 P m ^ 2 P ia the Ricci d-tensor is non 
symmetric. 

Having defined a d-metric of type in £ we can introduce the scalar cur¬ 
vature of d-connection D: 


R = G ats R a0 = R + S , 
where R = g lJ R tJ and S = h ab S a b- 


(1.78) 
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For our further considerations it will be also useful to use an alternative 
way of definition torsion (|1.57|) and curvature (|1.62|) by using the commutator 


^ap \7 a \7p V/3 V« 2 V[a \7(3]. 

For components of d-torsion we have 

*af>f = T lp V 7 / 

for every scalar function / on £. Curvature can be introduced as an operator 
acting on arbitrary d-vector V s : 

(A„„ - TlsVi)V s = R\ af V (1,79) 

(we note that in this section we shall follow conventions of Miron and Anas- 
tasiei [|108| , |109|| on d-tensors; we can obtain corresponding Penrose and 
Rindler abstract index formulas ||128| , |129|| just for a trivial N-connection 
structure and by changing denotations for components of torsion and curva¬ 
ture in this manner: -> T a ^ and R\ af} -»• R af3l 5 ). 

Here we also note that torsion and curvature of a d-connection on £ 
satisfy generalized for locally anisotropic spaces Ricci and Bianchi identities 
, |109|| which in terms of components (|1.79|) are written respectively as 


T'^.aP] + V[aT 5 p 7 ] + TjapT 6 ^ — 0 


and 


V [aRl 


\v\PT\ 


+ T\ a pR\l |. 7 ],5 — 0 . 


( 1 . 80 ) 


( 1 . 81 ) 


Identities (|1.80|) and (|1.81|) can be proved similarly as in ||128|| by taking into 
account that indices play a distinguished character. 

We can also consider a la-generalization of the so-called conformal Weyl 
tensor (see, for instance, ||1 28(1 ) which can be written as a d-tensor in this 
form: 


r<Y _ 
° aP ~ 


R 


+ 


,7 s 


ot.f3 


n + m — 2 
2 


-R 


[7 


(5 5 ] 

[a 0 p] 


(1.82) 


(n + m — 1) (n + m — 2) 


R 5 


[7 


PY 


This object is conformally invariant on locally anisotropic spaces provided 
with d-connection generated by d-metric structures. 

The Einstein equations and conservation laws on v-bundles provided with 

1. In Ref, 


N-connection structures are studied in detail in [108, 109 


186 
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we proved that the locally anisotropic gravity can be formulated in a gauge 
like manner and analyzed the conditions when the Einstein locally anisotropic 
gravitational field equations are equivalent to a corresponding form of Yang- 
Mills equations. In this subsection we write the locally anisotropic gravita¬ 
tional field equations in a form more convenient for theirs equivalent refor¬ 
mulation in locally anisotropic spinor variables. 

We define d-tensor 3> a0 as to satisfy conditions 


—2 <& a0 = R n a — 


1 


-ap 


' R 9ap 


, (1-83) 

n + m 

which is the torsionless part of the Ricci tensor for locally isotropic spaces 
128|, |129||, i.e. $ Q “ = 0. The Einstein equations on locally anisotropic spaces 


where 


d* aP T Ag Q/ g hiE a0 , 


G a/3 Rap g R 9aP 


(1.84) 


(1.85) 


is the Einstein d-tensor, A and k are correspondingly the cosmological and 
gravitational constants and by E a0 is denoted the locally anisotropic energy- 
momentum d-tensor ||108| , |109|| , can be rewritten in equivalent form: 

g a p). (1.86) 


K 


$ap = ~^(Eap ~ 

2 n + m 


E- 


Because the locally anisotropic spaces generally have nonzero torsions we 
shall add to (|1.86| ) (equivalently to ( |1.84)) ) a system of algebraic d-field equa¬ 
tions with the source S a ^ being the locally anisotropic spin density of matter 
(if we consider a variant of locally anisotropic Einstein-Cartan theory): 


Tl. a + 25^T s f}]5 = KSl 


ap 


ap. 


(1.87) 


From ( |1.8(J| ) and ( |1.87| ) one follows the conservation law of locally anisotropic 
spin matter: 


v 7 s 7 c 


aP 


T\S\ p = E 0a 


E, 


ap- 


Finally, in this section, we remark that all presented geometric construc¬ 
tions contain those elaborated for generalized Lagrange spaces [|108| , |109|| (for 
which a tangent bundle TM is considered instead of a v-bundle £ ). We 
also note that the Lagrange (Finslcr) geometry is characterized by a metric 

with components parametized as g tJ = ('9ij = and % = g l3 , 

where £ = £ (x, y) (A = A (x,y)) is a Lagrangian (Finsler metric) on TAI 
(see details in [|108| , |109| , pd| . p7[). 





































Chapter 2 

Anholonomic Einstein and 
Gauge Gravity 


We analyze local anisotropies induced by anholonomic frames and associated 
nonlinear connections in general relativity and extensions to affine-Poincare 
and de Sitter gauge gravity and different types of Kaluza-Klcin theories. We 
construct some new classes of cosmological solutions of gravitational field 
equations describing Friedmann-Robertson-Walker like universes with rota¬ 


tion (cllongated and flattened) ellipsoidal or torus symmetry ||185 


2.1 Introduction 


The search for exact solutions with generic local anisotropy in general rela¬ 
tivity, gauge gravity and non-Riemannian extensions has its motivation from 
low energy limits in modern string and Kaluza-Klcin theories. Such classes 
of solutions constructed by using moving anholonomic frame fields (tetrads, 
or vierbeins; we shall use the term frames for higher dimensions) reflect a new 
type of constrained dynamics and locally anisotropic interactions of gravita¬ 
tional and matter fields 


177 


What are the requirements of such constructions and their physical treat¬ 
ment? We believe that such solutions should have the properties: (i) they 
satisfy the Einstein equations in general relativity and are locally anisotropic 
generalizations of some known solutions in isotropic limits with a well posed 
Cauchy problem; (ii) the corresponding geometrical and physical values are 
defined, as a rule, with respect to an anholonomic system of reference which 
reflects the imposed constraints and supposed symmetry of locally anisotropic 
interactions; the reformulation of results for a coordinate frame is also pos¬ 
sible; (iii) by applying the method of moving frames of reference, we can 


41 
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generalize the solutions to some analogous in metric-affine and/or gauge 
gravity, in higher dimension and string theories. 

Comparing with the previos results ||163| , 1 1 70| . |173| , |172| , |186|| on definition 
of self-consistent field theories incorporating various possible anisotropic, 
inhomogeneous and stochastic manifestations of classical and quantum in¬ 
teractions on locally anisotropic and higher order anisotropic spaces, we em¬ 
phasize that, in this Chapter, we shall be interested not in some extensions of 
the well known gravity theories with locally isotropic space-times ((pseudo) 
Riemannian or Riemanian-Cartan-Weyl ones, in brief, RCW space-times) 
to Finsler geometry and its generalizations. We shall present a proof that 
locally anisotropic structures (Finsler, Lagrange and higher order develop¬ 
ments |59| , pd| . |136| , |96| , [I4j , |109| , |106| , |27| . [70| ) could be induced by anholonomic 
frames on locally isotropic spaces, even in general relativity and its metric- 


affine and gauge like modifications 


186, 131, 205 


To evolve some new (frame anholonomy) features of locally isotropic grav¬ 
ity theories we shall apply the methods of the geometry of anholonomic 
frames and associated nonlinear connection (in brief, N-connection) struc¬ 
tures elaborated in details for bundle spaces and generalized Finsler spaces in 
monographs 


109, 106, n7| with further developments for spinor differential 


geometry, superspaces and stochastic calculus in ||163| , |171| , |173| , |172|| . The 
first rigorous global definition of N-connections is due to W. Barthel [^5 


but the idea and some rough constructions could be found in the E. Cartan’s 
works 0. We note that the point of this paper is to emphasize the generic lo¬ 
cally anisotropic geometry and physics and apply the N-connection method 
for 'non-Finslerian'(pseudo) Riemannian and RCW spacetimes. Here, it 
should be mentioned that anholonomic frames are considered in detail, for in¬ 
stance, in monographs 0, pL 17] , |128| , |129|| and with respect to geometrization 
of gauge theories in 0, |131|| but not concerning the topic on associated N- 
connection structures which grounds our geometric approach to anisotropies 
in physical theories and developing of a new method of integrating gravita¬ 
tional field equations. 


2.2 Anholonomic Frames on (Pseudo) Rie¬ 
mannian Spaces 

For definiteness, we consider a (n + m)-dimensional (pseudo) Riemannian 
spacetime V^ n+m \ being a paracompact and connected Hausdorff C' 0O -mani- 
fold, enabled with a nonsigular metric 

ds 2 = g a/ 3 du a 0 du 13 
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with the coefficients 


9af3 


9ij + Nf Nj h a b 


Nfh 


N e h 

1 v j ,l ae 


be 


h. 


ab 


( 2 . 1 ) 


parametrized with respect to a local coordinate basis du a = (dx\ dy a ), 
having its dual d/u a = (d/x l , d/y a ), where the indices of geometrical ob¬ 
jects and local coordinate u a = (x k ,y a ) run correspondingly the values: (for 
Greek indices)a, (3,... — n + m\ for (Latin indices) i,j, k,... = 1, 2, ...,n and 
a, b, c,... = 1, 2 ,m . We shall use ’tikis’ if would be necessary to emphasize 
that a value is defined with respect to a coordinate basis. 


The metric (|2.1|) can be rewritten in a block (n x n) + (m x m) form 


9a0 


_ ( 9ij(x k ,y a ) 


o 


h 


ab 


o 

[x k ,y a ) 


( 2 . 2 ) 


with respect to a subclass of n + m anholonomic frame basis (for four dimen¬ 
sions one used terms tetrads, or vierbiends) defined 


5 a = (Si, d a ) = 


S 


du c 


= Si = 


s 

dx i 


_d_ 

dx i 


~NNx\y c ) 


_d_ 

dy l 


,d a = 


_d_ 

dy c 


(2.3) 


and 


S 13 = (d\ S a ) = Su p = (d l = dx\ S a = Sy a = dy a + N“ (x j , y b ) dx k ) , (2.4) 

called the locally anisotropic bases (in brief, la-bases) adapted to the coef- 


m 


ficients iV“. The n x n matrix g l3 defines the so-called horizontal metric 
brief, h-metric) and the m x m matrix h a b defines the vertical (v-metric) 
with respect to the associated nonlinear connection (N-connection) struc¬ 
ture given by its coefficients 7V“ (u a ) from (p.3|) and 

m 


of N-connections is studied in detail in 


IM 


The geometry 
here we shall consider its 


applications with respect to anholonomic frames in general relativity and its 
locally isotropic generalizations. 

A frame structure S a ( |2.3| ) on V (n+m> is characterized by its anholonomy 
relations 


daSp - SpS a = w 1 af} S 1 . (2.5) 

with anholonomy coefficients w a p .The elongation of partial derivatives (by 
N-coefficients) in the locally adapted partial derivatives (|iO|) reflects the fact 
that on the (pseudo) Riemannian space-time f/G+ m ) ^ j s modeled a generic 
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local anisotropy characterized by the anholonomy relations 
anholonomy coefficients are computed as follows 

0, w k aj = 0, w k ia = 0, w k ab = 0, w c ab = 0, 

~C%,w b aj = -d a N*,w b ia = d a N>, 

where 

% = diN* - djNt + NfaN? - Np b N? 

deffiies the coefficients of the N-connection curvature, in brief, N-curvature. 
On (pseudo) Riemannian space-times this is a characteristic of a chosen 
anholonomic system of reference. 

A N-connection N defines a global decomposition, 

N ■ f/0+ m ) _ ffG) 0 y( m ) 

of spacetime f/( n + m ) into a n-dimensional horizontal subspace H^ (with 
holonomic ^-coordinates) and into a m-dimensional vertical subspace V ^ 
(with anisotropic, anholonomic, ^-coordinates). This form of parametriza- 
tions of sets of mixt holonomic-anholonomic frames is very useful for in¬ 
vestigation, for instance, of kinetic and thermodynamic systems in general 
relativity, spinor and gauge field interactions in curved space-times and for 
definition of non-trivial reductions from higher dimension to lower dimension 
ones in Kaluza-Klein theories. In the last case the N-connection could be 
treated as a ’splitting’ held into base’s and extra dimensions with the an¬ 
holonomic (equivalently, anisotropic) structure defined from some prescribed 
types of symmetries and constraints (imposed on a physical system) or, for 
a different class of theories, with some dynamical held equations following in 
the low energy limit of string theories [|170| , |171|| or from Einstein equations 
on a higher dimension space. 

The locally anisotropic spacetimes, anisoropic spacetimes, to be investi¬ 
gated in this section are considered to be some (pseudo) Riemannian man¬ 
ifolds R( n + m ) enabled with a frame, in general, anholonomic structures of 
basis vector helds, 5 a = (S l , 5 a ) and theirs duals 5 a = (<5;, 5 a ) (equivalently to 
an associated N-connection structure), adapted to a symmetric metric held 
g a p (|2.2| ) of necessary signature and to a linear, in general nonsymmetric, 
connection T“^ defining the covariant derivation D a satisfying the metricity 
conditions D a gg 7 = 0. The term anisotropic points to a prescribed type of 
anholonomy structure. As a matter of principle, on a (pseudo) Riemannian 
space-time, we can always, at least locally, remove our considerations with 
respect to a coordinate basis. In this case the geometric anisotopy is mod¬ 
elled by metrics of type (0)- Such ansatz for metrics are largely applied 


W H = 


w ij = 


(2.5) when the 
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in modern Kaluza-Klein theory [|125|| where the N-conection structures have 
been not pointed out because in the simplest approximation on topological 
compactihcation of extra dimensions the N-connection geometry is trivial. 
A rigorous analysis of systems with mixed holonomic-anholonomic variables 
was not yet provided for general relativity, extra dimension and gauge like 
gravity theories.. 

A n + m anholonomic structure distinguishes (d) the geometrical objects 
into h- and v-components. Such objects are briefly called d-tensors, d— 
metrics and/or d-connections. Their components are defined with respect to 
a locally anisotropic basis of type (|2.3|) , its dual (|2.4j) , or their tensor products 


(d-linear or d-affine transforms of such frames could also be considered), 
instance, a covariant and contravariant d-tensor Z, is expressed 


For 


Z = Z a a S a 0 5 0 = Z i Si 0 d j + Z i 


A ®s a + Z b ,d b 0 d j + Z b a d b 0 s a 


A linear d-connection D on locally anisotropic space-time V^ n+m \ 


D S J 0 = r° 37 (x,y)S a , 
is parametrized by non-trivial h-v-components, 

ry = (L i jk ,L\ k ,C i jc ,C\ c ) . (2,6) 

A metric on V^ n+rn ^ with (m x m) + (n x n) block coefficients ( |2.2|) is 
written in distinguished form, as a metric d-tensor (in brief, d-metric), with 
respect to a locally anisotropic base (|2~|) 

Ss 2 = g a p (u) S a 0S f3 = gij(x, y)dx l dx 3 + h ab (x, y)5y a 5y b . (2.7) 

Some d-connection and d-metric structures are compatible if there are 
satisfied the conditions 


Tda.gfi'l 


For instance, a canonical compatible d-connection 


cpa _ (cji era c 

1 /fry “ V ^ jki ^ bk’i ° 


c s~ia \ 
jo ^ be) 


is defined by the coefficients of d-metric (|2.7|) , g l3 (x,y) and h ab (x,y ), and 
by the N-coefficients, 


L jk fcfiW/ T Sjgnk S n gjk ), 

•7.“,* = 7, v," - Ur - h M d c N ?), 

C C% = 

c c\ c = <!lhin + 8bhic - !l,hbi:) 


( 2 . 8 ) 
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The coefficients of the canonical d-connection generalize for locally anisotrop¬ 
ic space-times the well known Christoffel symbols; on a (pseudo) Rieman- 
nian spacetime with a fixed anholonomic frame the d-connection coefficients 
transform exactly into the metric connection coefficients. 

For a d-connection (|2.6|) the components of torsion, 


T{S y ,Sp) =T a 01 8 a , 

1 _ pa _ pa i 

1 07 ~ 1 07 1 7/3 + W 07 

are expressed via d-torsions 

r p i — —T* — T 1 — T i T' 1 — pi T* — 

.jk .A :j ^jk ^kj ’ 3 a ^•j a ’ > ^ a j ^ ja"> 

rpi _ m rpa _ Qd _ /Id pya fry q\ 

1 .ab ~ 1 .be ~ ^.bc ~ °6c — 

T% = Tl = d b N°-L a bj , T a ib = —T a bi . 

We note that for symmetric linear connections the d-torsions are induced as 
a pure anholonomic effect. They vanish with respect to a coordinate frame 
of reference. 

In a similar manner, putting non-vanishing coefficients (|2.6|) into the 
formula for curvature, 


R{8 r ,8 1 )5p = R p a rr 8 a , 

p a _ c p« A P Q i PV 3 P“ pV 3 P c 

n P 7 r — °A /3 7 — °7 i 0(5 “T 1 07 1 <fr ~ 1 a- 1 

we can compute the components of d-curvatures 


+ r c 


PUP 


R h.jk 
p.a 

-H- b.jk 

p.i 
j.ka 

p.c 
^b.ka 
O-i 
^ j.be 

n.a _ 

° b.cd ~ 


8 k L 




— iT Z 

.hj u j lj .hk ^.hj^mk 

5 k LX - 8jL\ k + - 


t m t i pyi rya 

^.hk^mj { ^.ha lL .jk’> 

t c t a pya rye 

^.bk^.cj ^.bc lL .jki 


= d k D jk + C*T b ka - (6 k & ia + L\ k C l ja - L\ jk C\ a - L^CT), 


ft T c pc pd 

u a lj .bk ' W bd 1 .ka 


(hC c ba + L c dk C[ 


d 

ba 


w 

T d S~1C 

^.bk^'.da 


rd pc \ 
^.aW .bd) J 


_ a p« O C 11 I pya p"y* pya /~t% 

— U c^.jb — a b^’.jc "P Wj&W/ic — 

a pya O pya , pye pya pye pya 

a d^'.bc ~ °N\bd + L '.bc ( - y .ed _ bdV.ec- 


The Ricci tensor 


-Rg-y — R 


0 7Q 


has the d-components 


Rij 

R'ni 


p.k 

r ^i.jk'> 


Ha 

1 p . — p b 

1 at 1 a.ibi 


p _ _2 p _ _ p.k 

iHn. J^ia r i.kai 

Rab = Sf 


J a.bc' 


( 2 . 10 ) 
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We point out that because, in general, 1 P ai ^ 2 P ia , the Ricci d-tensor is non 
symmetric. 

Having defined a d-metric of type ( |2.7|) in we can compute the 

scalar curvature 


of a d-connection D , 


*R = 

"R = R + S, 


( 2 . 11 ) 


where R = g l3 R. %3 and S = h ab S ab . 

Now, by introducing the values ( j2.iq) and ( |2.11| ) into the Einstein’s equa¬ 
tions 

Rp 7 2 - 9/37 R k ^P'fi 

we can write down the system of field equations for locally anisotropic gravity 
with anholonomic (N-connection) structure: 

1 


Rij 2 


S n 


1 

2 


(*+ s 

) 9ij 

— h T 

™ IJ 5 

[r + s] 

) h a b 

= kT ab , 


1 P 

1 ai 

— kT 

^ - 1 - a%i 


2 P 

1 ia 

= ~kT ia 


( 2 . 12 ) 


where Yij,T ab ,T ai and T ia are the components of the energy-momentum 
d-tensor field T^ 7 (which includes possible cosmological constants, contri¬ 
butions of anholonomy d-torsions (|2.9| ) and matter) and k is the coupling 
constant. 

The h- v- decomposition of gravitational field equations (|2.12|) was in¬ 
troduced by Miron and Anastasiei [ |109|| in their N-connection approach to 
generalized Finsler and Lagrange spaces. It holds true as well on (pseudo) 
Riemannian spaces, in general gravity; in this case we obtain the usual form 
of Einstein equations if we transfer considerations with respect to coordinate 
frames. If the N-coefficients are prescribed by fixing the anholonomic frame 
of reference, different classes of solutions are to be constructed by finding the 
h- and v-components, g l3 and h ab , of metric (|2 . 1|) , or its equivalent (|2.2|) . A 
more general approach is to consider the N-connection as ’free’ but subjected 
to the condition that its coefficients along with the d-metric components are 
chosen to solve the Einsten equations in the form ( |2 .1 2| ) for some suggested 
symmetries, configurations of horizons and type of singularities and well de¬ 
fined Cauchy problem. This way one can construct new classes of metrics 
with generic local anisotropy (see EH)- 
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2.3 Higher Order Anisotropic Structures 


Miron and Atanasiu [ 110 , 1061 |107| developed the higher order Lagrange 


and Finsler geometry with applications in mechanics in order to geometrize 
the concepts of classical mechanics on higher order tangent bundles. The 
work ||171|| was a proof that higher order anisotropies (in brief, one writes 
abbreviations like ha-, ha-superspace, ha-spacetime, ha-geometry and so 
on) can be induced alternatively in low energy limits of (super) string theo¬ 
ries and a higher order superbundle N-connection formalism was proposed. 

IT73I 


There were developed the theory of spinors 


proposed models of lia- 


(super)gravity and matter interactions on ha-spaces and defined the super- 
symmetric stochastic calculus in ha-superspaces which were summarized in 
the monograph [ |172|| containing a local (super) geometric approach to so 
called ha-superstring and generalized Finsler-Kaluza-Klcin (super) gravi¬ 
ties. 

The aim of this section is to proof that higher order anisotropic (ha- 
structures) are induced by respective anholonomic frames in higher dimension 
Einstein gravity, to present the basic geometric background for a such moving 
frame formalism and associated N-connections and to deduce the system of 
gravitational held equations with respect to ha-frames. 


2.3.1 Ha—frames and corresponding N—connections 

Let us consider a (pseudo) Riemannian spacetime V^ = V^ n+m ’ where the 
anisotropic dimension m is split into z sub-dimensions m p , (p = 1,2, 
i. e. m = m\ + m 2 + ... + m z . The local coordinates on a such higher 
dimension curved space-time will be denoted as to take into account the 
m-decomposition, 

u = {u" = u a * = (x\y a \y a2 ,... ,y ap ,...y a °)}, 
u ap = (x\y ai ,y a2 ,... ,y ap ) = (u ap -\y ap ). 

The la-constructions from the previous Section are considered to describe 
anholonomic structures of first order; for z — 1 we put u ai = ( x\y ai ) = 
u a = ( x l ,y ai ). The higher order anisotropies are defined inductively, ’shell 
by shell’, starting from the first order to the higher order, z-anisotropy. In 
order to distinguish the components of geometrical objects with respect to 
a p-shell we provide both Greek and Latin indices with a corresponding 
subindex like a p = (a p _i, a p ), and a p = (1, 2,..., m p ), i. e. one holds a shell 
parametrization for coordinates, 

y p = (y(p) = y ,%) = y y^* = y p )- 
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We shall overline some indices, for instance, a and a, if would be necessary 
to point that it could be split into shell components and omit the p-shell 
mark (p) if this does not lead to misunderstanding. Such decompositions 
of indices and geometrical and physical values are introduced with the aim 
for a further modelling of (in general, dynamical) spllittings of higher di¬ 
mension spacetimes, step by step, with ’interior’ subspaces being of different 
dimension, to lower dimensions, with nontrival topology and anholonomic 
(anisotropy) structures in generalized Kaluza-Klein theories. 

The coordinate frames are denoted 

da = d/u a = (d/x\d/y a \...,d/y az ) 

with the dual ones 

(F = diF = (dx\ dy ai ,..., dy a *) , 

when 

d ap =d/u ap = (d/x\d/y a \...,d/y ap ) 

and 

d ap = du ap = (dx\ dy ai ,..., dy ap ) 

if considerations are limited to the p-th shell. 

With respect to a coordinate frame a nonsigular metric 


ds 2 = du a <8) du 13 

with coefficients g^p dehned on induction, 


9aiPi 


\ gij + M“'M^h aibl Mfh aiei 


MFh h 


(2.13) 


fi , o p _i/3 p _i + MFp^M0 P pl h ap b p 

MaUh p e P 


M dUKe P 


9ce/3 9a z fS z 


9a z -i/3 z -i + M^Mpl h^ 

h bz6z 




where indices are split as = (ii, ai), a 2 = («i, a 2 ), ct v = (a p _i, a p ) ; p = 
l,2,...z. 
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The metric fl2.13|) on splits into symmetric blocks of matrices of 
dimensions 


(n x n ) © (mi x mi) © ... © (m z x m z ), 


n + m form 


9afi 


( 9ij( u ) 0 

0 h a 1 b 1 


0 \ 
0 


V 0 0 ... h azbz 

with respect to an anholonomic frame basis defined on induction 

fia P = {^a p - D^a p ) = (fiii <^oi j •••) 3a p -i i ^a p ) 

fi ( fi & , T h / \ & d 

— -= ( -=- N bp (u) - - 

du a p \du a p~ 1 du a p~ 1 “ p_1 dyC dy a p 


(2.14) 


(2.15) 


and 


8 0p = (d\fi ap ) = (d\8 ai ,...,fi ap -\5 ap ) (2.16) 

= 8vP p = (d? = dx\ = 8y^ p = dy Up + M“^_ i (u) du a p~^j , 

where d p = (ay, a, 2 , ..., a p ) , are called the locally anisotropic bases (in brief 
la-bases) adapted respectively to the N-coefficients 


N a p 

i 


= < N ap N ap N ap N a p 


CLp— 1 


and M-coefficients 


M a p = 

OLp -1 






M a p 

’ lvl a p —2' 


m *p 

CLp—X 


the coefficients Ma£_j are related via some algebraic relations with Na p _ t in 
order to be satisfied the locally anisotropic basis duality conditions 

k ® ^ =y*. 

where 8a p p is the Kronecker symbol, for every shell. 

The geometric structure of N- and M-coefficients of a higher order non¬ 
linear connection becomes more explicit if we write the relations ( |2.15|) and 
( |2.16| ) in matrix form, respectively, 

fi, — N (u) x d. 
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and 


8' = d 9 xM (u ), 


where 


S,—Sa — 


S 9 — ( dx l 


f Si \ 


( 8/dx l \ 


( () , \ 


( djdx 1 \ 

8 ai 


8/dy ai 


d ai 


d/dy ai 

Sa 2 

= 

8 / dy a2 

, d. = da = 

9a 2 

= 

d/dy 0,2 

\ ^ ) 


V S/dy az ) 


\ 9 ^ ) 


^ d/dy az ) 

5y ai 5y a2 

... 8y az ) , d” = ( dx l 

dy ai 

dy a2 

... dy az 


and 



( 

i 


-Nr 

-Nr ••• 

-Nr 



0 


1 

-Nr ••• 

-Nr 

= 


0 


0 

i 

—N az 

a 2 


V 

0 


0 

0 

1 



/ 

i 

Mf 1 

Mr ... 

Mr \ 




0 

1 

M a2 ... 

a\ ' ' • 

Mr 

M 



0 

0 

l ... 

M r 



V 

0 

0 

o ... 

1 / 


The n x n matrix defines the horizontal metric (in brief, /i-metric) 
and the m p x m p matrices h apbp defines the vertical, n p -metrics with respect 
to the associated nonlinear connection (N-connection) structure given by its 
coefficients Na p -i from (|2.15|) . The geometry of N-connections on higher 
order tangent bundles is studied in detail in ||1 10| , |106| , |107|| , for vector (su- 
per)bundles there it was proposed the approach from ||171| , |172|| ; the approach 
and denotations elaborated in this work is adapted to further applications in 
higher dimension Einstein gravity and its non-Riemannian locally anisotropic 
extensions. 

A ha-basis 8a (|2.4|) on lA n ) j s characterized by its anholonomy relations 
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with anholonomy coefficients The anholonomy coefficients are com¬ 

puted 


w 

w 

w 


w % 

= 0: 

; w k apj = 0; W k iap = 0; w k apbp 

= 0; w Cp a b 

' dp Op 

dp 

w ij 

= - 


= K N ? p -i 

k p 

dpbp 

= 0: 

; wCf a pbf = 0, / < p; w Cf bfap = 

0,/ <P]w‘ 

dp 

Cfd s 

= — 

K p f d s ,(fi s <p); 


bp 

dpCf 

= - 

K N cr / < D w% ap = 5 ap N b c p , / < p; 


c f 


where 


= diN- p -djN. p +N. p S bp N. p -N. p S bp N-G 
= d af N£ ~ dp.N% + NZfrNg - 


(2.18) 


for 1 < s, f < p, are the coefficients of higher order N-connection curvature 
(N-curvature). 

A higher order N-connection N defines a global decomposition 


N : f/ (n) = # (n) ® V (rni) ® V {m2) 




of space-time V^ into a n-dimensional horizontal subspace H^ (with holo- 
nomic ^-components) and into m p -dimensional vertical subspaces 
(with anisotropic, anholonomic, ij( p) components). 


2.3.2 Distinguished linear connections 

In this section we consider fibered (pseudo) Riemannian manifolds V ^ en¬ 
abled with anholonomic frame structures of basis vector fields, 

S a = (5\5 a ) and theirs duals 5a = ( Si, 5a ) with associated N-connection 
structure, adapted to a symmetric metric field g~-g fl2.14| ) and to a linear, in 


general nonsymmetric, connection T Q ^_ defining the covariant derivation Da 
satisfying the metricity conditions Dagj^ = 0. Such space-times are provided 
with anholonomic higher order anisotropic structures and, in brief, are called 
ha-spacetimes. 

A higher order N-connection distinguishes (d) the geometrical objects 
into h- and Vp-components (d-tensors, d-metrics and/or d-connections). 


For instance, a d-tensor field of type 


P r i 
q Si 


r z 

s. 


is written in 
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local form as 
t = t* 1 "* 


a W 

.Lb r ^ . 

„4 p) . 

a (p) a (z 

” a rp ••• a l 

6 (1) 

• u r-^ 

A p) .. 

b ( p ) b (z) 

• u r p 


(u) Si. 


S 


(i) 


S (i) (gxT 1 ... 0cT 3 i 


... 0 S ip 0 d n 0 ... 0 d jq 
S ( p ) 0 ... 0 S (p) 0 ... 0 


rb (p) rh (p) - - -fcM -I.M 

S b 1 ... 0 tf 6 ** 0 5 w 0 ... 0 5 (,j 0 (T 1 ... 0 cT s * . 

a\ a>rz 

A linear d-connection D on ha-spacetime V^ n \ 

D&ySp = i% («) 6 s, 

is defined by its non-trivial h-v-components, 

r a I ri r'a s~ii rTa TS' 0i v jy° j v rs a f \ /o 

/?7 — i k) L bk ’ ^ jci C be ’ ^ bpCp’ b 3 Cf > fe /Cp J ) (2-19) 

for f < p,s. 

A metric with block coefficients ( |2.14|) is written as a d-metric, with 
respect to a la-base (|2.16|) 

£s 2 = 9 a 0 (u) S a ®S^ = gij(u)dx l dx J + K pbp (u)Sy ap Sy bp , (2.20) 

where p — 1, 2,..., z. 

A d-connection and a d-metric structure are compatible if there are sat¬ 
isfied the conditions 

Daffpy = 0. 

The canonical d-connection C T%_ is defined by the coefficients of d-metric 

Pi 


(|2.20|) , and by the higher order N-coefficients, 


r* 

^ jk 

L\ = 

bk 

‘.fyi _ 

^ jc ~ 


C C°r. 

be 

C K°? „ 


^9 ( SkQnj A Sjg n k S n gjk) i 

S-M +\k* - h-j- b Ni - h m s-M ), 

('('W'/jt, 

4“ «*s + V*a 

1 


( 2 . 21 ) 


r,9 p p (3c p ge p b p + S bp g ep c p S ep g bpCp ) > 


C K P _ 


s e / 


+ ^ QpCp ( de f h baCp - h dpCp 5b a N d e p - h dsbs 8 Cp N d e ;) , 


cn a f 


Q bfO 


fC p 


-h a f e ffi h, 

2' 4 Vc p ' L bfef) 


where f < p,s. They transform into usual Christoffel symbols with respect 
to a coordinate base. 
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2.3.3 Ha—torsions and ha—curvatures 


For a higher order anisotropic d-connection (|2.19|) the components of torsion, 


T (&,,%) 


07 


_ rpa r 

- 1 pfa, 

_pa 


07 


+ w 1 v 

70 07 


are expressed via d-torsions 


T l _ 

n 


.jk 

rni 

.ab 

rpa 

1 .ij 
r r a f 
■ b f c f 


rj~\dp 
■ Q,fbf 


rpi r i r i 

.kj ^ jk ^kj ) 


rj~U _ _ rj~ii _ (J l . 


ja 


= 0, Tl = S %_ = Cl - Cl, 

.be .be be cb 7 

-Wp Tl = -Tl = 6- b Nf 

_ r r a f — pf _ iNf 

.Cfbf ,b fCf .Cfbfl 


aj 


L \> 


r p a f __ n r r a f _ _ r r a f __ p 

± -a v bs U ’ 1 .bra v 1 ,a v b t V., 


'fa,p — .a p Of ~v.bf<ipi 

(~)^p rji&p _ rjiHp _ c 

.afbf J ^ ,b s af ^ ,afb s ^ 


0“’ 


N y 

a f 


( 2 . 22 ) 


.bs CLf 


We note that for symmetric linear connections the d-torsion is induced 
as a pure anholonomic effect. 

In a similar manner, putting non-vanishing coefficients @ into the 
formula for curvature, 


R(&r,& 7 )fy = Rf-6 s , 


pa _ A_T“ _A_T a 4- F^ F a _F 1 ^ F a 4- F 

/3 yf ° tL 07 r L ps " l_ 1 W 1 r F + 1 » 


W 7T1 


we can compute the components of d-curvatures 


R h.jk 

PA 

b.jk 

p.i _ 
± j.ka 

pA _ 

b.ka 

s- 1 - 

j.bc 

sp 

b.ca 


_ XT* XT* T 171 T* jm ji pii na 

^k-L J 'hj ^j-^.hk ' ^ .hj^mk ^ .hk^mj ^.ha^^.jki 

= 5 k Ll - 5 3 Ll k + L\L^ - L\L% - 


(2.23) 


■bj 


.bk -CJ 
l 


' .be -jki 
-l 


= d k V jk + CAT b k - a - ( 5 k CY + L\ k C\ ra - L\ jk c l m - LG ak CG), 


_ c t c I pic rpd /c pic . re pid rd pic rd pic \ 

a .bk .bd •ka V k ^ .d/c .ba .bk .da • a k .bd ' 5 

= ^-^ +ch ^~c h A 

_ X_P ia X pia pie pi a, 

~ °d Ly .br °c^hd + U .be U .eI U .bd U -ec> 
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w, af 

b f.c f e f 


w t 


Ip 

,c f e f 


V' a f 

b f' C f e f 


y-c s 

br-CfCp 


y a f 
1 bf.c p e p 


A X a f 


A x af 4- K hf K af 

°c } -^.b { e f +*.b f cf*h f ef 


-K 


h f j^ a f 


,. _ O a f Q a p 


'■b f a p .c f e f i 

8 Cf Kl ef + Kl c Ky 


8 K ap 

e f b s Cf -^}-.o s ef ■ --.o s Cf- 

— K Cp T, a p — K ap 0 C P 

.ft s e/ .CpC/ - fv .b a c p L .c f efi 


p e f 


8 K af 

U e p 1 ^.b f Cf 


+ n a f 

^ V .bfbp 1 ,c f e p 


XQ%e r + K a l,c,Q%c - C m Q°U - K %A%8’ 


A K Cs + K Cs T df 

°e p JX .b r Cf ^ .brdf 1 - c f e P 


-ft, CU + K%xt r - K’L.C'X, - K % 

KQ a U - KQ%„ + Q%c r Q a U ~ 


where f < p,s, r, t. 


2.3.4 Einstein equations with respect to ha—frames 

The Ricci tensor 



R 


a 

(3 7 a 


has the d-components 


Rij 

— R k — _ 2 P._ — _P fc 

1 L i.jki 1L ia ~ 1 la ~ 1 i.kai 

(2.24) 


1 p_ _ p-fe_ p _ _ q-c_ 

a ® a.ib’ &b a.be 


^ b f c f 

_ Tl/- a / p _ _2 p _ _ y a S 

''bf.CfCifi -^epbf r bfe p ^bf.afepi 


Rb r Cf 

_ 1 p _ y-e a 

r b r Cf Ab r .Cfe s ' 



The Ricci d-tensor is non symmetric. 

If a higher order d-metric of type ( |2.20| ) is dehned in V^ n \ we can compute 
the scalar curvature 


R = 

of a d-connection D, 

R = R+S , 

where R = g 1 ^ Rij and S = 


(2.25) 
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The h-v parametrization of the gravitational field equations in ha-spaceti¬ 
mes is obtained by introducing the values (|2.24| ) and ( |2.25| ) into the Einstein’s 
equations 

1 


Rfpy — kY- 


and written 


R 


v 


- R + S 


&X--IR + S 


J ab 

1 P— — hT— 

1 ai ^ - 1 - ai i 

2 P- — —hT - 

1 ia ™ - 1 - id) 


9ij 


^ab 


0 7’ 


= k T 


ij, 


(2.26) 


= kT^ 


1 D 

r a v bf 

2 p 

r a s bf 


kT apbf 


= —hT 


CLfbp ■) 


where Ty, T- s , T ai , T ia , T apbf , T afbp are the h-v-components of the energy- 
momentum d-tensor field T^ (which includes possible cosmological con¬ 
stants, contributions of anholonomy d-torsions ( j2.22| ) and matter) and k is 
the coupling constant. 

We note that, in general, the ha-torsions are not vanishing. Nevetheless, 
for a (pseudo)-Riemannian spacetime with induced anholonomic anisotropies 
it is not necessary to consider an additional to (|2.26|) system of equations for 
torsion becouse in this case the torsion structure is an anholonomic effect 
wich becames trivial with respect to holonomic frames of reference. 

If a ha-spacetime structure is associated to a generic nonzero torsion, we 
could consider additionally, for instance, as in ||186||, a system of algebraic 


d-field equations with a source S"T_ for a locally anisotropic spin density of 
matter (if we construct a variant of higher order anisotropic Einstein-Cartan 
theory): 


Tl, + 2 5\TY = kSI, 

af3 [ a 0\S a(3. 

In a more general case we have to introduce some new constraints and/or 
dynamical equations for torsions and nonlinear connections which are induced 
from (super) string theory and/ or higher order anisotropic supergravity 
mm ■ Two variants of gauge dynamical field equations with both frame 
like and torsion variables will be considered in the Section 5 and 6 of this 
paper. 


2.4 Gauge Fields on Ha—Spaces 

This section is devoted to gauge field theories on spacetimes provided with 
higher order anisotropic anholonomic frame structures. 


















2.4. GAUGE FIELDS ON HA-SPACES 


57 


2.4.1 Bundles on ha—spaces 


Let us consider a principal bundle (V, tt, Gr, VA'j over a ha-spacetime VA 
('V and V (ri ) are called respectively the base and total spaces) with the struc¬ 
tural group Gr and surjective map tt : V — > VA (on geometry of bundle 
spaces see, for instance, |35|, |109| , |132|| ). At every point u = (x,y^,... ,y( z )) 
G V') there is a vicinity U C \u G U, with trivializing V diffeomor- 
phisms / and p : 


fu ■■ n 1 (U) ^ UxGr, f ( p ) = (tt (p ), (p )), 

Pu : tt " 1 (W) -»• Gr, p(pq) = p (p) q 

for every group element q G Gr and point p G V. We remark that in the 
general case for two open regions 

uy C V^\ U n V ^ 0, fu\ v ± fv\ p , even pGhflV. 

Transition functions guv are defined 

: W n V ->Gr, g U v 0) = Pu (p) (pv (p) _1 ) , tt (p) = u. 

Hereafter we shall omit, for simplicity, the specification of trivializing 
regions of maps and denote, for example, / = fu, p = pu, s = if this will 
not give rise to ambiguities. 

Let 6 be the canonical left invariant 1-form on Gr with values in algebra 
Lie Q of group Gr uniquely defined from the relation 9 ( q ) = q, for every 
q G Q, and consider a 1-form wonMc yA with values in Q. Using 6 and 
u, we can locally define the connection form 0 in V as a 1-form: 

0 = ^*0 + Ad p~ x (tt*uj) (2.27) 

where p*9 and tt*u> are, respectively, 1-forms induced on 7r _1 (U) and V by 
maps p and tt and u = s*@. The adjoint action on a form A with values in 
Q is defined as 

(Ad p- 1 \) p = (Ad p~ l (p)) A p 

where X p is the value of form A at point p G V. 

Introducing a basis {Aa} in Q (index a enumerates the generators making 
up this basis), we write the 1-form u on yA as 

U = A aU a ( U ) , U° (u) = UjL (u) 


(2.28) 
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where 5D l = (dx\ 5y a ) and the Einstein summation rule on indices a and p is 
used. Functions (u) from ( |2.28| ) are called the components of Yang-Mills 
fields on ha-spacetime V^. Gauge transforms of u can be interpreted as 
transition relations for uu and U\>, when u G U fl V, 

(Nu) u = {9uv0)u + Ad 9uv (u) 1 (u>v) u ■ (2.29) 

To relate with a covariant derivation we shall consider a vector bun¬ 
dle S associated to V. Let p : Gr — > GL(1Z S ) and p' : Q —*■ End{E s ) be, 
respectively, linear representations of group Gr and Lie algebra Q (where 
1Z is the real number held). Map p defines a left action on Gr and asso¬ 
ciated vector bundle 5 = P x 7 Z s /Gr, ite ■ E —> Introducing the 

standard basis ^ = {£j_, £ 2 , •••, in 7U 3 , we can dehne the right action on 
Px 7Z S , ((p,£) q = (pq, p ( q _1 ) £), q G Gr), the map induced from "P 

p-.n s ^ (u ), (p (0 = (pf) Gr , £ eiz s ,ir (p) = m) 

and a basis of local sections e* : U —> ([/), e* (w) = s («) Every section 

: f/( n ) —> S can be written locally as ? = Uq, U € G°° (Z7). To every 
vector held A" on V ^ and Yang-Mills held u> a on V we associate operators 
of covariant derivations: 


VxC = q XC- + B {XV (i , B (A) = (p'A) a u; a (A). 


(2.30) 


The transform (|2.29|) and operators ( |2.30| ) are inter-related by these transi¬ 
tion transforms for values e*, and Bp : 


e? ( u ) = \P 9 uv(u)]t(%, Cb( u ) = [pguv(u)]jCvi (2.31) 

M = [P 9 uv («)] -1 [pguv («)] + \pguv (u )] _1 (u) [pg U v («)], 


where B% ( u ) = B» {5/dD l ) (u). 

Using ( j2.31| ), we can verify that the operator Vxo ac fhig on sections of 
7r= : S —> VV) according to dehnition ( |2.30| ), satishes the properties 

V U f lX+f2 Y = fiVx+fiVx, Vx 1/0 = / Vx C + (Xf) c, 

VxC = VxC, ueUn v,fi, f 2 e C°° {U) . 


So, we can conclude that the Yang-Mills connection in the vector bundle 
7r= : 5 —> V™ is not a general one, but is induced from the principal bundle 
7T : V —> VV') with structural group Gr. 

The curvature /C of connection 0 from (|2.27|) is dehned as 


K, = DO, D = Hod 


( 2 . 32 ) 
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where d is the operator of exterior derivation acting on ^/-valued forms as 

d (Aa (8) x a ) = A a <8) d\ a 

and H is the horizontal projecting operator acting, for example, on the 1- 
form A as i^HX^j (X p ) = X p (H p X p ), where H p projects on the horizontal 
subspace 


Tip G P p [X p G H p is equivalent to O p (X p ) = 0] 
We can express (|2.32|) locally as 

X = Ad Vu 1 (7 T*/C U ) 

where 


(2.33) 


X u — du u + - [uu, wu\. 

The exterior product of ^-valued form fl2.34|) is defined as 


A s 0 A a , A s 0 H = [A a , A ? ] 0 A a /\ 


(2.34) 


where the anti-symmetric tensorial product is denoted X a f\£ b = A a ^ b — £°X a . 
Introducing structural coefficients f>^ “of Q satisfying 

[A S , A S ] = / fe “As 


we can rewrite (|2.34|) in a form more convenient for local considerations: 


/Q, = Aa ® /\8u v 


(2.35) 


where 


r a_ - Su % 
,lv dvE 


Sul 


du 


£ + If 


2 J bc 




This subsection ends by considering the problem of reduction of the lo¬ 
cal anisotropic gauge symmetries and gauge fields to isotropic ones. For 
local trivial considerations we can consider that with respect to holonomic 
frames the higher order anisotropic Yang-Mills fields reduce to usual ones on 
(pseudo) Riemannian spaces. 
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2.4.2 Yang-Mills equations on ha-spaces 

Interior gauge symmetries are associated to semisimple structural groups. 
On the principal bundle (V, 7r, Gr , Y”)) with nondegenerate Killing form for 
semisimple group Gr we can define the generalized bundle metric 


h p (X p , Y p ) = G Ap) ( diT P X P , dir P Y P ) + K (0 P (X P ) , 0 P (X P )), (2.36) 

where chip is the differential of map 7r : V —> Y n ), is locally generated 
as the ha-metric ( [2.20D , and K is the Killing form on Q : 


K (A a , A S ) = 4 j % “ = A aS . 

Using the metric g^ on (respectively, hp (Xp,Yp) on V) we can 
introduce operators *g and 5q acting in the space of forms on V^ (*h and 
5h acting on forms on ?)). Let e-p be an orthonormalized frame on U cY n \ 
locally adapted to the N-connection structure, i. .e. being related via some 
local distinguisherd linear transforms to a ha-frame ( p . 1 5|) and be the 
adjoint coframe. Locally 


G = ^ g (/i) e ,J ' ® e M , 
~P 


where g-pp = rj (n) = ±1, g = 1,2, ...,n, and the Hodge operator *g can be 
defined as *g : A/ (Y n )) —> A n (Y n )) , or, in explicit form, as 

*G (Y 1 A ■" A e ^ ) =^Yl)-^(^n-r) X (2.37) 


sign 


1 2 ... r r + 1 

hi h2 ■ ■ ■ hr ,y i 


n 

^n—r 



A-A 


Next, we define the operator 

*G X = r7(l)...77(n) (-l) r(n_r) *g 

and introduce the scalar product on forms /?i, fa, ... C A r (V^) with compact 
carrier: 

(PuP2) =v( 1 )-v(n E ) J Pi/\*gP 2 - 


The operator 5^ is defined as the adjoint to d associated to the scalar product 
for forms, specified for r-forms as 

Sg = (—l) r *g 1 °d o * G . 


(2.38) 
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We remark that operators *h and Sh acting in the total space of V can 
be defined similarly to ( j2.37| ) and p.38|) , but by using metric ( |2.36| ). Both 
these operators also act in the space of ^/-valued forms: 

* (A a 0 (fi a ) = A a® (*</?“), 


5 (Aa 0 <p a ) = A a 0 ( Sip a ). 

The form A on V with values in Q is called horizontal if H A = A and 
equivariant if R* (q) A = Ad V, \/g e Gr, R (q) being the right shift on V. 
We can verify that equivariant and horizontal forms also satisfy the conditions 

A = Ad ^ (tt*A) , A u = S* u A, 


(A v) u ~ Ad (guv(u)) 1 (A U ) u - 


Now, we can dehne the field equations for curvature (|2.33f) and connection 

& 


A/C = 0, 


(2.39) 


v/c = 0, 


(2.40) 


where A = H o 8 h- Equations (|2.39|) are similar to the well-known Maxwell 
equations and for non-Abelian gauge fields are called Yang-Mills equations. 
The structural equations ( |2.4C| ) are called the Bianchi identities. 

The held equations ( |2.39| ) do not have a physical meaning because they 
are written in the total space of the bundle 5 and not on the base anisotropic 
spacetime V^ n \ But this difficulty may be obviated by projecting the men¬ 
tioned equations on the base. The 1-form A/C is horizontal by definition and 


its equivariance follows from the right invariance of metric ( 2.36 ). So, there 
is a unique form (A K)u satisfying 

A/C =Ad <^V(A/C) W . 


The projection of ( |2.39| ) on the base can be written as (A JC)u = 0. To 
calculate (A JC)u, we use the equality |133| 


d (Ad ipu 1 A) = Ad cp u ] d\ - [tp^d, Ad ^ A] 
where A is a form on V with values in Q. For r-forms we have 

5 (Ad iph 1 A) = Ad - (-l) r * H { [(f* u d, * H Ad A] 
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and, as a consequence, 

SIC = Ad ^{Sh^ICu + - *x‘ [6 ,Ad ip^ 1 * H (ir'AC)] . 

(2.41) 

By using straightforward calculations in the adapted dual basis on ir^ 1 (U) 
we can verify the equalities 

[0, Ad *h (n*lCu)\ = o, H5 h (tt*/C u ) = 7T* (? G /c) , (2.42) 


*H \a*uu, *H (tt*/C^)] = tt* [uu, *gKu}}- 
From ( |2.41|) and (|2.42|) one follows that 

(AA^)w = ^gK-u + * G 1 [^u, *cku] ■ 


(2.43) 


Taking into account (|2.43|) and ( [2.38D , we prove that projection on the 
base of equations (|2.39|) and (|2.40|) can be expressed respectively as 


* G o do * G k u + * G [uu, *g^u] = 0. 


(2.44) 


dk-u + [wu, ku] — 0 . 

Equations (|2.44|) (see ( p.43| )) are gauge-invariant because 

(A k) u = Ad g u l (A k) v . 

By using formulas (j2.35|)-(p.38|) we can rewrite (|2.44|) in coordinate form 


Dv ( G^k\_) + 4 a g vX uAk c w = 0, (2.45) 


where D- is a compatible with metric covariant derivation on ha-spacetime 

O- 

We point out that for our bundles with semisimple structural groups the 
Yang-Mills equations (|2.39|) (and, as a consequence, their horizontal projec¬ 
tions (|2.44fl , or ( j2.45| )) can be obtained by variation of the action 
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Equations for extremals of ( |2.46| ) have the form 


cv, - K^rrSn Mk'W = 0. 

which are equivalent to ’’pure” geometric equations ( |2.45|) (or ( |2.44| )) due to 
nondegeneration of the Killing form KA for semisimple groups. 

To take into account gauge interactions with matter fields (sections of 
vector bundle 5 on V^) we have to introduce a source 1-form J in equations 
(|2.39| ) and to write them 


A/C = J 


(2.47) 


Explicit constructions of J require concrete definitions of the bundle S; 
for example, for spinor fields an invariant formulation of the Dirac equations 
on ha-spaces is necessary. We omit spinor considerations in this paper (see 


163, H73 


2.5 Gauge Ha-gravity 

A considerable body of work on the formulation of gauge gravitational models 
on isotropic spaces is based on application of nonsemisimple groups, for ex¬ 
ample, of Poincare and affine groups, as structural gauge groups (see critical 
analysis and original results in |53], |186| , |98| , [63| , |205| , |153| , |131|| ). The main im¬ 
pediment to developing such models is caused by the degeneration of Killing 
forms for nonsemisimple groups, which make it impossible to construct con¬ 
sistent variational gauge field theories (functional (|2.46|) and extremal equa¬ 
tions are degenerate in these cases). There are at least two possibilities to get 
around the mentioned difficulty. The first is to realize a minimal extension 
of the nonsemisimple group to a semisimple one, similar to the extension of 
the Poincare group to the de Sitter group considered in ||132| , |133| , |153|| . The 
second possibility is to introduce into consideration the bundle of adapted 
affine frames on locally anisotropic space V^ n \ to use an auxiliary nonde¬ 
generate bilinear form a instead of the degenerate Killing form iYj and to 
consider a ’’pure” geometric method, illustrated in the previous section, of 
definition of gauge held equations. Projecting on the base V^ n \ we shall ob¬ 
tain gauge gravitational held equations on a ha-space having a form similar 
to Yang-Mills equations. 

The goal of this section is to prove that a specific parametrization of 
components of the Cartan connection in the bundle of adapted affine frames 
on W n ) establishes an equivalence between Yang-Mills equations ( |2.47|) and 
Einstein equations ( 2.26|) on ha-spaces. 
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2.5.1 Bundles of linear ha—frames 


Let (Xa) u = (Xi,Xa) u = (Xi,X ai ,...,X a J u be a frame locally adapted to 
the N-connection structure at a point u G VG\ We consider a local right 
distinguished action of matrices 


A a - 


( A v i 0 
0 B , ai 


V o 


0 


0 \ 

0 

B < az ) 


C GLn — 


GL (n, 7 Z) © GL (m 1; TV) © ... © GL (m z , 1Z). 

Nondegenerate matrices A v 1 and B-, 3 , respectively, transform linearly X^ u 
into X v | u = A v l X i[u and X a , p \ u into X a , p \ u = B a , p ap X ap \ U) where X^\ u = 

A-, “la is also an adapted frame at the same point u G VG\ We denote 
by La (yG)^ the set of all adapted frames at all points of and 
consider the surjective map n from La (h™) to VG') transforming every 
adapted frame X^ u and point u into the point u. Every X-&\ u has a unique 
representation as X n > = A-, a X^\ where X^ is a hxed distinguished basis 
in tangent space T {yG)\ . It is obvious that i r -1 (U) ,U C VG)^ is bijective 
to U x GLn\TZ) . We can transform La {yG)^j in a differentiable manifold 

taking A-, as a local coordinate system on 7© 1 (U). Now, it is easy 
to verify that 

Ca{VG)) = {La(VW),VW,GL fi {'R,)) 

is a principal bundle. We call Ca(yG )) the bundle of linear adapted frames 
on VG\ 

The next step is to identify the components of, for simplicity, compatible 
d-connection T|_ on VG\ with the connection in Ca{yG )) 

% = ^ = {N- x = rs}. (2.48) 

Introducing ( |2.48| ) in (|2.43|) , we calculate the local 1-form 

(A7J< r >) u = A s5l ® (g^DjR^ w + (2.49) 




0 



\ 0 0 


0 \ 

0 

^a z b z / 


where 
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is the standard distinguished basis in the Lie algebra of matrices Qln (TV) 
with (A ^)ji = SijSki and (A^) = 5 apbp S Cpdp defining the standard bases 

in Ql (TV 1 ). We have denoted the curvature of connection (|2.48|) , considered 
in ( p.49|) , as 


K<[ ) = A a3l ®K a %X-/\Jf", 


where ft 23 * = R Ul a w (see curvatures (gAg)). 


2.5.2 Bundles of affine ha—frames and Einstein equa¬ 
tions 

Besides the bundles Ca (V^) on ha-spacetime V^ n \ there is another bun¬ 
dle, the bundle of adapted affine frames with structural group Af nE (TV) = 
GL nE (yW) Z n , which can be naturally related to the gravity models on 
(pseudo) Riemannian spaces. Because as a linear space the Lie Algebra 
afn (TV) is a direct sum of Qln(TV) and TV n , we can write forms on Aa (V©') 
as $ = ($ 1 , $ 2 ), where $1 is the Qln(TV) component and $2 is the TV 1 com¬ 
ponent of the form $. The connection (|2.48|) , 0 in Ca , induces the 

Cartan connection 0 in Aa fy( re A ; see the isotropic case in [|132| , |133| . p5| . 
There is only one connection on Aa(V^ n ^ represented as i*0 = (0, y), 
where y is the shifting form and i : Aa —> Ca is the trivial reduction of 
bundles. If sffi is a local adapted frame in Ca (V^) , then = i o is a 
local section in Aa ( V w) and 


(©w) — — (0 W , Xu) , 


(2.50) 


where y = e a ®X%X^, = x%X 0 fl S p (Vap is diagonal with r/gg = ±1) is a 

frame decomposition of metric (|2.20|) on V^ n \ eg is the standard distinguished 
basis on TV l , and the projection of torsion , T U) on the base W© i s defined 


as 


T u = d Xu + V u /\ Xu + Xu /\n u = e a ®J2 T % X " A ( 2 - 51 ) 

jzn 


For a fixed locally adapted basis on U C W n ) we can identify components 
of torsion (|2.51| ) with components of torsion (|2.22p on V^ n \ i.e. T%n = T%-. 
By straightforward calculation we obtain 


1112 


flV 

-jiv’ 


(A7J)„ = [(AK (r) )„, (Rt) u + («)„], 


(2.52) 
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where 


{Rr) u — &gTu + *g \^u, *gTu\ , (Ri)u ~ *g Xu, *g'R'u 


>( r ) 


Form ( Ri) u from (|2.52|) is locally constructed by using components of the 


Ricci tensor (see (|2.24Q ) as follows from decomposition on the local adapted 
basis X M = 5u M : 


(Ri) u = e a ®(-l) n+1 Rj v g aA 5uC 

We remark that for isotropic torsionless pseudo-Riemannian spaces the 


requirement that (AT Z) u = 0, i.e., imposing the connection fl2.48|) to sat¬ 


isfy Yang-Mills equations fl2.39|) (equivalently ( |2.44|) or (|2.45|) ) we obtain 
the equivalence of the mentioned gauge gravitational equations 


with the vacuum Einstein equations Rij = 0. In the case of ha-spaces with 
arbitrary given torsion, even considering vacuum gravitational fields, we have 
to introduce a source for gauge gravitational equations in order to compensate 
for the contribution of torsion and to obtain equivalence with the Einstein 
equations. 

Considerations presented in this section constitute the proof of the fol¬ 
lowing result: 

Theorem 2.1. The Einstein equations ([2.26j) for ha-gravity are equivalent 
to the Yang-Mills equations 


{aiz) = j 


(2.53) 


for the induced Cartan connection 0 (see ( \2.4$) and ( \2.5C \) ) in the bundle of 
locally adapted affine frames Aa (V^) with the source Ju constructed locally 
by using the same formulas ( \2.52f for (An), but where R^g is changed by 
the matter source E-g - \g^gE with E^g = kT-g - \g--g. 

We note that this theorem is an extension for higher order anisotropic 
spacetimes of the Popov and Daikhin result ||133|| with respect to a possible 


gauge like treatment of the Einstein gravity. Similar theorems have been 


proved for locally anisotropic gauge gravity ||186|| and in the framework of 
some variants of locally (and higher order) anisotropic supergravity [|172| . 


2.6 Nonlinear De Sitter Gauge Ha—Gravity 

The equivalent reexpression of the Einstein theory as a gauge like theory im¬ 
plies, for both locally isotropic and anisotropic space-times, the nonsemisim¬ 
plicity of the gauge group, which leads to a nonvariational theory in the total 
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space of the bundle of locally adapted affine frames. A variational gauge grav¬ 
itational theory can be formulated by using a minimal extension of the affine 
structural group Af w (7Z) to the de Sitter gauge group S w = SO ( n ) acting 
on distinguished 7 Z n+1 space. 


2.6.1 Nonlinear gauge theories of de Sitter group 

Let us consider the de Sitter space Y n as a hypersurface given by the equa¬ 
tions t]abu A u B = — l 2 in the flat (n + l)-dimensional space enabled with 
diagonal metric t]ab,Vaa — ±1 (in this subsection A,B,C,... = 1,2, ...,n + 
1), (n = n + mi + ... + m z ), where {u A } are global Cartesian coordinates 
in 7 Z n+1 ;l > 0 is the curvature of de Sitter space. The de Sitter group 
Su j) = SO^) (n + 1) is defined as the isometry group of E n -space with 
j (n + 1) generators of Lie algebra so(, ; ) (n + 1) satisfying the commutation 
relations 


[Mab, Mcd] = VacMbd ~ VbcMad — VadM B c + VbdMac • ( 2 . 54 ) 


Decomposing indices A, B,... as A = (a, n + 1), B = ^/3, n + 1 j , ..., the 

metric rj AB as t] A b = (vsp,V(n+ i)(n+i)) , and operators Mab as M^ 
and Pa = Z _1 M w+ i j a, we can write (|2.54|) as 


T ~ T ' 

' r a/3i ' r ~/5 


— VayBgg r lfcFa5 Jr VpS'F'X'y ’’laS'^fTp 




i J ' 


3 / 3 ’ 


P- T 

1 CX.1 J t 


Pi 


^aP^l Va^yPp-i 


where we have indicated the possibility to decompose so^ (n + 1) into a 
direct sum, so^ (n + 1) = so^){n)@Vn, where is the vector space stretched 
on vectors Pa- We remark that YU = S^)/L( v ), where = SO ( v ) (n). For 
Vab = dicig (1, —1, —1, —1) and Si 0 = SO (1,4), L e — SO (1, 3) is the group 
of Lorentz rotations. 

Let W (1 6 ,IZ n+1 , S( v ),V) be the vector bundle associated with the prin¬ 
cipal bundle V (S^,£) on ha-spacetime Vn, where S^ is taken to be the 
structural group and by £ it is denoted the total space. The action of the 
structural group S( v ) on £ can be realized by using n x n matrices with a 
parametrization distinguishing subgroup L (, 7 ) : 


L, 


B = bB 


( 2 . 55 ) 









68 CHAPTER 2. ANHOLONOMIC EINSTEIN AND GAUGE GRAVITY 


where 


Bj, = 


L 0 
0 1 


L G L(^ is the de Sitter bust matrix transforming the vector (0,0, ...,p) G 
IZ n+1 into the point (n 1 ,^ 2 ,..., v n+1 ) G TA C 7 Z n+1 for which 


v a v a = 


-P 


, v A = t A p. 


Matrix b can be expressed 


b = 


H 


t a 

t n+l 


The de Sitter gauge field is associated with a linear connection in W. i.e., 
with a S0( r? ) (n + l)-valued connection 1-form on : 


0 = 


, ,a pc 

“ 3 6 


(2.56) 


where u a 


P 


G so(n) M , 6 s G 7 Z n ,9fi G 


Because -transforms mix u a ~ and 9 a fields in (|2.56|) (the introduced 
parametrization is invariant on action on SO (n) group we cannot identify 
u a ~ and 9 a , respectively, with the connection T“^_ and the fundamental 

form x a hi (as we have for (|2.48 ) and ( 2.50| )). To avoid this difficulty 
we consider [ |153| , |131|| a nonlinear gauge realization of the de Sitter group 


S by introducing the nonlinear gauge held 


0 = b~ 1 Qb + b- 1 db = 



(2.57) 


r® 3 = 3 - {fDt-p - t ? Dt s ) / (1 +«"+'), 

Q a = t n+lfia + m * _ ^ ]f n+\ + ^ + f n+ 1 ) ? 

Dt s = dT + UP JP. 


where 
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The action of the group S (rj) is nonlinear, yielding transforms 

r = lt ( L'y 1 + L'd ( l')~ 1 , o' = lo, 

where the nonlinear matrix-valued function L' = L' ( t a , b, Bt) is defined from 


B b = b'B jj (see the parametrization (|2.55|)). 


Now, we can identify components of (|2.57|) with components of T Q ^_ 


and x°a 011 and induce in a consistent manner on the base of bundle 
W(£,IZ n+1 , S( v ),V) the ha-geometry. 


2.6.2 Dynamics of the nonlinear de Sitter ha gravity 

Instead of the gravitational potential ( 2.481) , we introduce the gravitational 
connection (similar to fl2.57p ) 


where 


r s ~ 77 1 v 2 

r = I 0 0 ^ 

l^Xp 0 


v a ~ = 

8 8^ ’ 


(2.58) 


r" ~ = v" -Y j _F Q - 4- v“ -b-v a ~ 

fijl A olA. p L A ot u ll A pi 

x a = x a -pSu 11 , and = y s n x 0 flzpi and r kA is parametrized as 


6o$ 


( rjij 0 ... 0 \ 

0 g aibl ... 0 

V 0 0 ... 7j azbz ) 


rjij = (1, —1,..., —1), ...r/ij = (±1, ±1,..., ±1 ),..., Z 0 is a dimensional constant. 
The curvature of ( |2.58| ), VS 1 ) = tZT + T /\ T, can be written as 


n<n = 


3 + Zq 1 7r| IqT c 
0 


(2.59) 


4 = X & /\ Xgi K 


° 3 = -ft 3 A (Jw", 

/3 2 / \ ’ 


where 
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and 


V? ~ f K_ S R_ Q 

pjm a /3 Aq 1L p.w 


(see ( [2.231) for components of d-curvatures). The de Sitter gauge group is 
semisimple and we are able to construct a variational gauge gravitational 
locally anisotropic theory (bundle metric ( j2.36|) is nondegenerate). The La- 
grangian of the theory is postulated as 

L = T(g) + T( m ) 

where the gauge gravitational Lagrangian is defined as 

LiO = Ttt (R< r > /\ * G K« r ») = £ (0) | 9 | 1/2 i"u, 


f* _ rpOL rp 

^ W + S 


flU 


+ —77 
8A 




.77 


P 


p (fl ( r ) - 2A,j , (2,60) 


T a -^ = x a op 01 jiu (the gravitational constant / 2 in (|2.60| ) satisfies the rela¬ 
tions l 2 = 2/qA, Ai = —3/Z 0 ], Tr denotes the trace on a, (3 indices, and the 
matter field Lagrangian is defined as 

in = (rr (r/\* c i) = |j| 1/2 ^"«, 


A») = tr a a/ / - 1“ -f ,. (2.6i) 

The matter held source X is obtained as a variational derivation of C[ m ) on 
T and is parametrized as 


X 


S a ^ -l 0 G \ 
-lotp 0 J 


(2.62) 


with t a = t a -p5u M and S a ~ = S a being respectively the canonical 

tensors of energy-momentum and spin density. Because of the contraction of 
the ”interior” indices a, (3 in ([2.60|) and (|2.61|) we used the Hodge operator 
*g instead of *h (hereafter we consider *g = *)■ 

Varying the action 

S= j \g\ l l 2 5^u(C {G) + C {m) ) 
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on the T-variables (|2.58|) , we obtain the gauge-gravitational held equations: 

d + t/\ f \r = -a (*j) . ( 2 . 63 ) 


Specifying the variations on T“ ~ and /“-variables, we rewrite (|2.63|) as 


v (*n^) + ^ (v (*tt) + x A (* r A - (* T ) A x T ) = ~ A (* s ) > ( 2 - 64 ) 


V (*T) - (* 7 Z (r) ) Ax-^ (*tt) A X = Y ^ > ( 2 - 65 ) 


where 


T‘ = {T s = ( fe5 T«, T® = -T S ^/yW 7 }, 


X T = {xs = X,:,xt X J = X S yP = d + f 

(r acts as r“ on indices 7 , 5 , ... and as T“ on indices 7 , 5 , ...). In (| 2 . 65 |) , 
r dehnes the energy-momentum tensor of the S^-gauge gravitational held 

f : 


T W [T) = ^Tr[n im n a 


f^S^Sw 


( 2 . 66 ) 


Equations (|2.63|) (or, equivalently, (|2.64|) and (|2.65|) ) make up the com¬ 
plete system of variational held equations for nonlinear de Sitter gauge grav¬ 
ity with higher order anisotropy. They can be interpreted as a variant of 
gauge like equations for ha-gravity ||186| when the (pseudo) Riemannian base 
frames and torsions are considered to be induced by an anholonomic frame 
structure with associated N-connection 

A. Tseytlin ||153|| presented a quantum analysis of the isotropic version 
of equations ( |2.64|) and ( |2.65|) . Of course, the problem of quantizing gravi¬ 
tational interactions is unsolved for both variants of locally anisotropic and 
isotropic gauge de Sitter gravitational theories, but we think that the general¬ 
ized Lagrange version of -gravity is more adequate for studying quantum 
radiational and statistical gravitational processes. This is a matter for further 
investigations. 
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Finally, we remark that we can obtain a nonvariational Poincare gauge 
gravitational theory on ha-spaces if we consider the contraction of the gauge 
potential (|2.58|) to a potential with values in the Poincare Lie algebra 


r = 


-i. 


0 X/3 


t 0 A 
0 


r = 


o 


l 0 A 
0 


Isotropic Poincare gauge gravitational theories are studied in a number of 
papers (see, for example, ||205|, |153| . EH). In a manner similar to consider¬ 
ations presented in this work, we can generalize Poincare gauge models for 
spaces with local anisotropy. 


2.7 An Ansatz for 4D d—Metrics 

We consider a 4D space-time I/*- 3 " 1-1 ) provided with a d-metric (|1.39| ) when 
gi = gi(x k ) and h a = h a (x k , z ) for y a = ( z , y 4 ). The N-connection coefficients 
are some functions on three coordinates ( x l ,z ), 


N? = qi(x l ,z), N$ = q 2 (x\z), 
N‘l = n x {;x\ z), N 4 = n 2 (x l , z). 


(2.67) 


For simplicity, we shall use brief denotations of partial derivatives, like 

a = da/dx 1 , a'= da/dx 2 , 
a* = da/dza' = d 2 a/dx 1 dx 2 , 
a** = d 2 a/dzdz. 


The non-trivial components of the Ricci d-tensor Q2.10 ), for the men¬ 
tioned type of d-metrics depending on three variables, are 
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P\ — #2 — 2 + ^ + 2gi ^ + + 2 ^" 2 + 9i9^f>^>) 


q3 _ q4 _ 

63 “ i4 “ h 3 h 


3^4 Z/^4 Ztl 3 


9l r Z' h \ 




h** 
n 3 


hi 


2h 4 2 


h*h* 
2 /13 h 4 


^ /i* _ h* 4. J^-h*] 

2h 4 2h 4 4 4 + 2/z 3 4j ’ 


(2.69) 


-P32 — 


92 r Mi 


fa 2/z , 2 


h%h* 4 


h 3 y fa 2fa^ 2 /i-3 /i4 

1 h' h' 

_i_[ 3 1 * _ h' * \ _3l*1- 

+ 2 fa [ 2 fa ' 4 4 + 2 fa ^ J ’ 


P 4 i = 
-P42 = 


hi < + w 3 c i hl ~ 3K)nl 


2 h 3 

fa 

2fa 


_** 1 

no + 


, fa . 
, h 4 . 


(2.70) 


4 h 3 'h 3 K 


3h* 4 )n 2 . 


The curvature scalar R ( 2.1 1|) is defined by the sum of two non-trivial 
components R = 2R\ and S = 2 Sf. 

The system of Einstein equations (|2.12 ) transforms into 


R\ = -«T l = -kT 4 4 , 
Si = -k? { = -kT 2 2 , 
P3i — nTo, ii 
P 4i = nT 4i , 


(2.71) 

(2.72) 

(2.73) 

(2.74) 


where the values of R\,S^,P a i, are taken respectively from (|2.68|) , (|2.68|) , 

(Pi, (pi. 

By using the equations (|2.73|) and (|2.74|) we can define the N-coefficients 
([2.671) , qi(x k , z ) and rii(x k , z), if the functions gi(x k ) and hj(x k , z) are known 
as respective solutions of the equations ( |2.71| ) and (|2.72|) . Let consider an 
ansatz for a 4D d-metric of type 


8s 2 = gi{x k ){dx 1 ) 2, + ( dx 2 y + h 3 (x l ,t)(5t) 2 + h 4 (x l ,t)(8y 


4\2 


(2.75) 


where the ^-parameter is considered to be the time like coordinate and the 
energy momentum d-tensor is taken 


Pi = [Pl,P2,~£,P4 = p\- 
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The aim of this section is to analyze the system of partial differential equa¬ 
tions following from the Einsteni field equations for these d-metric and 
energy-momentum d-tensor. 


2.7.1 The h—equations 

The Einstein equations (|2.71|) , with the Ricci h-tensor (|2.68|) , for the d- 
rnetric (|2.75|) transform into 

S 2 9i 


77— I - 0. 


d(x 1 ) 2 2gi ydx 1 
By introducing the coordinates y* = x l /\JITe and the variable 

q = g'i/gi, 


(2.76) 


(2.77) 


where by ’prime’ in this Section is considered the partial derivative d/x 2 , the 
equation (|2.76|) transforms into 


q' + q - + 2e = 0, 


(2.78) 


where the vacuum case should be parametrized for e = 0 with y* = x l and 
e = — 1 for a matter state with e = —p. 

The integral curve of (|2.78|) , intersecting a point (y^y 9 ( 0 )) , considered 
as a differential equation on y 2 is defined by the functions [[82 


Q = 


q = 


q{ o) 


i + 


9(0) 




4) 


e = 0; 


9(0) - 2 tan (y 2 - y 2 0) 


1 + qj Y tan ( y 2 - yj? 0) 


e < 0. 


(2.79) 


(2.80) 


Because the function q depends also parametrically on variable y 1 we can 
consider functions y 2 0 ^ = y 2 0) (y 1 ) and g( 0 ) = q( o) (y 1 ) • We elucidate the non¬ 
vacuum case with e < 0. The general formula for the non-trivial component 
of h-metric is to be obtained after integration on y 1 of ( f2.77| ) by using the 
solution fl2.80|) 


gi (x\ x 2 ) 



X( 0 ) (x 1 )] + arctan 



2 
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for 9(0) (X 1 ) 0, and 

9i (X\ X 2 ) = 9m (X 1 ) c °s 2 [x 2 ~ X 2 o) (X 1 )] (2-81) 

for 9(o)(X 1 ) = 0, where tfqo)^ 1 ), X^ix 1 ) and 9( 0 )(x') are some functions 
of necessary smoothness class on variable y 1 . For simplicity, in our further 
considerations we shall apply the solution ( |2.81| ). 


2.7.2 The v—equations 


For the ansatz (|2.75|) the Einstein equations (|2.72|) with the Ricci h-tensor 
(|2.68|) transforms into 


<9 2 /r 4 1 /<9/r 4 \ 2 1 / dh 3 \ fdh/A 

dt 2 2 h 4 \ dt ) 2 h 3 \ dt ) \ dt ) 


^T,/i 3 /i 4 = 0 


(here we write down the partial derivatives on t in explicit form) which relates 
some first and second order partial on z derivatives of diagonal components 
h a (x\t) of a v-metric with a source 

Ti (x\z) = kT{ = kT\ = Pl =p 2 


in the h-subspace. We can consider as unknown the function h 3 (x l ,t) (or, 
inversely, /i 4 (a:*, t)) for some compatible values of /i 4 (x*, t) (or h 3 (x\t)) and 
source Tx(a: 4 , t). By introducing a new variable f3 = /i 4 //i 4 the equation (|2.7.2|) 
transforms into 


P + / 2 




2h, 


2KR x h 3 = 0 


(2.82) 


which relates two functions (5 ( x l , t) and h 3 (x l , t) . There are two possibilities: 
1) to define f3 (i. e. /i 4 ) when kT 4 and h 3 are prescribed and, inversely 2) to 
find h 3 for given acT 4 and h 4 (i. e. /?); in both cases one considers only 
derivatives on t-variable with coordinates x l treated as parameters. 


In the first case the explicit solutions of Q2.82|) have to be constructed 
by using the integral varieties of the general Riccati equation |8l| which 
by a corresponding redefinition of variables, t t (<,) and /3 (t) —*■ r) (<j) 
(for simplicity, we omit dependencies on x l ) could be written in the 
canonical form 


p- + if + T (?) = 0 
dq 




















76 CHAPTER 2. ANHOLONOMIC EINSTEIN AND GAUGE GRAVITY 


where \E r vanishes for vacuum gravitational fields. In vacuum cases the 
Riccati equation reduces to a Bernoulli equation which (we can use the 
former variables) for s(t) = [3 _1 transforms into a linear differential (on 
t) equation, 


s* + 


h *3 1 

2 h~ 3 S ~ 2 


0 . 


(2.83) 


2. In the second (inverse) case when h 3 is to be found for some prescribed 
kT i and (3 the equation ( |2.82|) is to be treated as a Bernoulli type 
equation, 


h l = ~l (h3 f + {^ + ^ hi (2.84) 

which can be solved by standard methods. In the vacuum case the 
squared on h 3 term vanishes and we obtain a linear differential (on t) 
equation. 


Finally, in this Section we conclude that the system of equations (|2.72|) 
is satisfied by arbitrary functions 


h 3 = a 3 (x l ) and h 4 = a 4 (x*) 


If v- metrics depending on three coordinates are introduced, h a = h a (x l ,t), 
the v-components of the Einstein equations transforms into ( |2.7.2|) which 
reduces to ( j2.82| ) for prescribed values of h 3 (x*,f), and, inversely, to (|2.84|) 
if /i 4 (xb t) is prescribed. 


2.7.3 H —v equations 


For the ansatz (|2.75|) with /r 4 = /i 4 (x*) and a diagonal energy-momentum 
d-tensor the h-v-components of Einstein equations ( |2.73| ) and (p.74| ) are 
written respectively as 


and 


Pbi — 


Qi r / c)h 3 . 
2 h 3 dt ' 


d 2 h 3 
dt 2 


= 0, 


(2.85) 


h 4 drti dh 3 h 4 d 2 Hi 
4 (h 3 ) 2 dt dt 2 h 3 dt 2 


( 2 . 86 ) 
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The equations (|2.85|) are satisfied by arbitrary coefficients qi(x k ,t ) if the d- 
rnetric coefficient h 3 is a solution of 


,dh 3 2 


dt 


d 2 h 3 
dt 2 


= 0 


(2.87) 


and the g-coefficients must vanish if this condition is not satisfied. In the 
last case we obtain a 3 + 1 anisotropy. The general solution of equations 
Q2.86) are written in the form 


rii = l- 0] (x k ) 


y/\h 3 (x k ,t)\dt + nf ) ( x k ) 


where l\°\x k ) and n\°\x k ) are arbitrary functions on x k which have to be 
defined by some boundary conditions. 


2.8 Anisotropic Cosmological Solutions 

The aim of this section is to construct two classes of solutions of Einstein 
equations describing Friedman-Robertson-Walker (FRW) like universes with 
corresponding symmetries or rotational ellipsoid (elongated and flattened) 
and torus. 


2.8.1 Rotation ellipsoid FRW universes 

We proof that there are cosmological solutions constructed as locally aniso¬ 
tropic deformations of the FRW spherical symmetric solution to the rotation 
ellipsoid configuration. There are two types of rotation ellipsoids, elongated 
and flattened ones. We examine both cases of such horizon configurations. 


Rotation elongated ellipsoid configuration 


An elongated rotation ellipsoid hypersurface is given by the formula 


x 2 + y 2 z 2 

a 2 -l 


P 2 , 


( 2 . 88 ) 


where a > 1, x, y,z are Cartezian coordinates and p is similar to the radial 
coordinate in the spherical symmetric case. The 3D special coordinate system 
is defined 


x = p sinh u sin v cos <p, y = p sinh u sin v sin ip, 
z = p cosh u cos v, 
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where a = cosliw, (0 < u < oo, 0 < v < 7T, 0 < <p < 2n). The hypersurface 
metric (|2.88|) is 

9uu = 9w = P 2 (sinli 2 u + sin 2 v) , 
g vv = p 2 sinh 2 u sin 2 v. 

Let us introduce a d-metric of class (|2.75|) 

(5s = gi(u, v)du + dv + h 3 (u, v, r) (dr) + h 4 («, n) (^p)" , 

where x 1 = u, x 2 = v, p 4 = <p, y 3 = r is the time like cosmological coordinate 
and <5r and <5<p are N-elongated differentials. As a particular solution of 
( j2.90| ) for the h-metric we choose (see (|2.81|) ) the coefficient 

gi(u, v ) = cos 2 v 

and set for the v-metric components 

1 


(2.89) 


(2.90) 


(2.91) 


h 3 (u,v,T) = 


and 


h^u, v, t ) = 


p 2 (r) (sinli 2 u + sin 2 v) 
sinh 2 u sin 2 v 


(2.92) 


(2.93) 


(sinh 2 u + sin 2 v) 

The set of coefficients fl2.91|) , (|2.92|) , and ( |2.93|) , for the d-metric (|2.90| , and 
of qi = 0 and n* being solutions of ( p.87|) , for the N-connection, defines 
a solution of the Einstein equations ( |2.12| ). The physical treatment of the 
obtained solutions follows from the locally isotropic limit of a conformal 
transform of this d-metric: Multiplying ( |2.9(J| ) on 

p 2 (r) (sinh 2 u + sin 2 v), 

and considering cos 2 v ~ 1 and n* ~= 0 for locally isotropic spacetimes we 
get the interval 

ds 2 = —dr 2 + p 2 (r) [(sinli 2 u + sin 2 v ) (du 2 + dv 2 ) + sinli 2 usin 2 vd(p 2 ] 
for ellipsoidal coordinates on hypersurface (2.89); 

= —dr 2 + p 2 {r)[dx 2 + dy 2 + dz 2 ] for Cartezian coordinates, 

which defines just the Robertson-Walker metric. So, the d-metric ( |2.90| ), the 
coefficients of N-connection being solutions of ( |2.73| ) and ( |2.74|) , describes a 
4D cosmological solution of the Einstein equations when instead of a spher¬ 
ical symmetry one has a locally anisotropic deformation to the symmetry 
of rotation elongated ellipsoid. The explicit dependence on time r of the 
cosmological factor p must be constructed by using additionally the matter 
state equations for a cosmological model with local anisotropy. 
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Flattened rotation ellipsoid coordinates 


In a similar fashion we can construct a locally anisotropic deformation of 
the FRW metric with the symmetry of flattened rotation ellipsoid . The 
parametric equation for a such hypersurface is |^9 


x 2 + y 2 z 2 
1 + cr 2 a 2 


P 




where a > 0 and cr = sinh u. The proper for ellipsoid 3D space coordinate 
system is defined 


x = p cosh u sin v cos <p,y = p cosh u sin v sin p 
z = p sinh u cos v, 

where 0 < u < oo, 0 < v < n, 0 < p < 2n. The hypersurface metric is 

g U u = fhm = P 2 (sinh 2 u + cos 2 v) , 

= p 2 sinh 2 u cos 2 v. 

In the rest the cosmological la-solution is described by the same formulas as 
in the previous subsection but with respect to new canonical coordinates for 
flattened rotation ellipsoid. 


2.8.2 Toroidal FRW universes 

Let us construct a cosmological solution of the Einstein equations with toro¬ 


idal symmetry. The hypersurface formula of a torus is |p9 

2 


^\/ x 2 + y 2 — pc tanh o^j + z 2 


P 


sinh" cr 


The 3D space coordinate system is defined 


x = 


z = 


y = 


p sm a sm p 
cosh a — cos a ’ 


p sinh a cos p 

cosh a — cos a ’ 
p sinh a 

cosh r — cos a ’ 

( —7T <(T<7T,0<a<OO,0<(^< 27 t) . 


The hypersurface metric is 


Q(T(T 9a.a 


p ‘ 


(cosh a — cos a) 


2 ) 5W 


9 • 2 

p sm a 


(cosh a — cos a) 


2 • 


(2.94) 
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The d-metric of class (|2.75|) is chosen 


5s 2 = g\(a)da 2 + da 2 + h 3 (c, a, r) (hr ) 2 + h .4 (a) (h </?) 2 , 


(2.95) 


where x l = a,x 2 = a, y A = tp, y 3 = r is the time like cosmological coordinate 
and 5r and 5<p are N-elongated differentials. As a particular solution of 
(p.94|) for the h-metric we choose (see (|2 .8 1|) ) the coefficient 


gi(a) = cos 2 a 

and set for the v-metric components 


(2.96) 


h 3 (a,a,r) 


hi{<J ) 


(cosh a 


cosa 


p 2 (r) 


sin 2 a. 


(2.97) 


Multiplying (|2.95| ) on 

P 2 ( r ) 

(cosh a — cos a ) 2 ’ 

and considering cosa ~ 1 and rii ~= 0 in the locally isotropic limit we get 
the interval 


ds 2 = —dr 2 + 


P\r) 


(cosh a — cos a)' 


-[(da 2 + da 2 + sin 2 a dip 2 ] 


where the space part is just the torus hypersurface metric ( [2.94D . So, the 
set of coefficients ( |2.96| ) and (|2.97|) , for the d-metric ( j2.95| . and of qi = 0 
and n t being solutions of ( p.871 ), for the N-connection, defines a cosmological 
solution of the Einstein equations CT ) with the torus symmetry, when 
the explicit form of the function p(r) is to be defined by considering some 
additional equations for the matter state (for instance, with a scalar field 
defining the torus inflation). 


2.9 Concluding Remarks 

In this Chapter we have developed the method of anholonomic frames on 
(pseudo) Riemannian spacetimes by considering associated nonlinear con¬ 
nection (N-connection) strucutres. We provided a rigorous geometric back¬ 
ground for description of gravitational systems with mixed holonomic and 
anholonomic (anisotropic) degrees of freedom by considering first and higher 
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order anisotropies induced by anholonomic constraints and corresponding 
frame bases. 

The first key result of this paper is the proof that generic anisotropic 
structures of different order are contained in the Einstein theory. We re¬ 
formulated the tensor and linear connection formalism for (pseudo) Rieman- 
nian spaces enables with N-connections and computed the horizonal-vertical 
splitting, with respect to anholonomic frames with associated N-connections, 
of the Einstein equations. The (pseudo) Riemannian spaces enabled with 
compatible anholonomic frame and associated N-connection structures and 
the metric being a solution of the Einstein equations were called as locally 
anisotropic spacetimes (in brief, anisotropic spaces). The next step was the 
definition of gauge field interactions on such spacetimes. We have applied the 
bundle formalism and extended it to the case of locally anisotropic bases and 
considered a ’pure’ geometric method of deriving the Yang-Mills equations 
for generic locally anisotropic gauge interactions, by genalizing the absolut 
differential calculus and dual forms symmetries for anisotropic spaces. 

The second key result was the proof by geometric methods that the Yang- 
Mills equations for a correspondingly defined Cartan connection in the bun¬ 
dle of affine frames on locally anisotropic spacetimes are equivalent to the 
Einstein equations with anholonomic (N-connection) structures (the original 
Popov-Daikhin papers [|132| , [133|| were for the locally isotropic spaces). The 
result was obtained by applying an auxiliary bilinear form on the typical fiber 
because of degeneration of the Killing form for the affine groups. After pro¬ 
jection on base spacetimes the dependence on auxiliar values is eliminated. 
We analyzed also a variant of variational gauge locally anisotropic gauge the¬ 
ory by considering a minimal extension of the affine structural group to the 
de Sitter one, with a nonlinear realization for the gauge group as one was 
performed in a locally isotropic version in Tseytlin’s paper ||153|| . If some 
former our works ||186| , |172|| where devoted to extensions of some models of 
gauge gravity to generalized Lagrange and Finsler spaces, in this paper we 
demonstrated which manner we could manage with anisotropies arrising in 
locally isotropic, but with anholonomic structures, variants of gauge gravity. 
Here it should be emphasized that anisotropies of different type (Finsler like, 
or more general ones) could be induced in all variants of gravity theories 
dealing with frame (tetrad, vierbiend, in four dimensions) fields and decom- 
pisitions of geometrical and physical objects in comonents with respect to 
such frames and associated N-connections. In a similar fashion anisotropies 
could arise under nontrivial reductions from higher to lower dimensions in 
Kaluza-Klein theories; in this case the N-connection should be treated as 
a splitting field modeling the anholonomic (anisotropic) character of some 
degrees of freedom. 
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The third basic result is the construction of a new class of solutions, 
with generic local anisotropy, of the Einstein equations. For simplicity, we 
defined these solutions in the framework of general relativity, but they can 
be removed to various variants of gauge and spinor gravity by using corre¬ 
sponding decompositions of the metric into the frame fields. We note that 
the obtained class of solutions also holds true for the gauge models of grav¬ 
ity which, in this paper, were constructed to b e equivalent to the Einstein 
theory. In explicit form we considered the metric ansatz 

ds 2 = g a p d^du 13 
when g a p are parametrized by matrices of type 

gi + qi 2 h + ni 2 h A q 3 q 2 h 3 + nin 2 h A q A h 3 

q\q 2 h :i + n A n 2 h A g 2 + q 2 2 h 3 + n 2 2 h A q 2 h 3 
q\h 3 q 2 h 3 h 3 

n i h 4 n 2 h A 0 

with coefficients being some functions of necessary smooth class 


n i hi 
n 2 fu 
0 

h A 


(2.98) 


gi = gi(x 3 ),qi = qi(x 3 ,t),rii = ni(x 3 ,t),h a = h a (x 3 ,t). 

Latin indices run respectively = 1,2 and a, b, c,... = 3,4 and the 

local coordinates are denoted u a = ( x\y 3 = t, ?/ 4 ), where t is treated as a 
time like coordinate. A metric fl2.98|) can be diagonalized, 


5s 2 = gi(x 3 ) ( dx *) 2 + h a (x 3 ,t) (5y a ) 2 , 


(2.99) 


with respect to anholonomic frames ( |2.8| ) and ( |2.4| ), here we write down only 
the ’elongated’ differentials 

St = dz + qi(x 3 ,t)dx l , Sy‘ l = dy 4 + n t (x 3 , t)dx l . 


The ansatz (|2.98| ) was formally introduced in ||177|| in order to construct 
locally anisotropic black hole solutions; in this paper we applied it to cosmo¬ 
logical locally anisotropic space-times. In result, we get new metrics which 
describe locally anisotropic Friedman-Robertson-Walker like universes with 
the spherical symmetry deformed to that of rotation (elongated and/or flat¬ 
tened) ellipsoid and torus. Such solutions are contained in general relativity: 
in the simplest diagonal form they are parametrized by distinguished met¬ 
rics of type ( |2.99| ), given with respect to anholonomic bases, but could be 
also described equivalently with respect to a coordinate base by matrices of 
type (2.98). The topic of construction of cosmological models with generic 
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spacetime and matter field distribution and fluctuation anisotropies is under 
consideration. 

Now, we point the item of definition of reference frames in gravity the¬ 
ories: The form of basic held equations and fundamental laws in general 
relativity do not depend on choosing of coordinate systems and frame bases. 
Nevertheless, the problem of fixing of an adequate system of reference is also a 
very important physical task which is not solved by any dynamical equations 
but following some arguments on measuring of physical observables, imposed 
symmetry of interactions, types of horizons and singularities, and by taken 
into consideration the posed Cauchy problem. Having fixed a class of frame 
variables, the frame coefficients being presented in the Einstein equations, the 
type of constructed solution depends on the chosen holonomic or anholonomic 
frame structure. As a result one could model various forms of anisotropies 
in the framework of the Einsten theory (roughly, on (pseudo) Riemannian 
spacetimes with corresponding anholonomic frame structures it is possible to 
model Finsler like metrics, or more general ones with anisotropies). Finally, it 
should be noted that such questions on stability of obtained solutions, anal¬ 
ysis of energy-momentum conditions should be performed in the simplest 
form with respect to the chosen class of anholonomic frames. 
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Chapter 3 

Anisotropic Taub NUT — Dirac 
Spaces 


The aim of this chapter is to outline the theory of gravity on vector bundles 
provided with nonlinear connection structures [|108|, |109|| and to proof that 


anholonomic frames with associated nonlinear connection structures can be 
introduced in general relativity and in low dimensional and extra dimension 


models of gravity on (pseudo) Riemannian space-times ||177|, |179 


3.1 Anholonomic Frames and Nonlinear Con¬ 
nections in General Relativity 

The geometry of nonlinear connections on vector and higher order vector 
bundles can be reformulated for anholonomic frames given on a (pseudo) 
Riemannian spacetime of dimension n + m, or n + m\ + m 2 + ... + m z , and 
provided with a d-metric structure which induces on space-time a canonical 
d-connection structure (|1.49|) . In this case we can consider a formal splitting 
of indices with respect to some holonomic and anholonomic frame basis vec¬ 
tors. This approach was developed in references ||1 77| , |179|| with the aim to 
construct exact solutions with generic local anisotropy in general relativity 
and its low and extra dimension modifications. For simplicity, in the further 
sections of this chapter we shall restrict our constructions only to first order 
anisotropic structures. 

Recently one has proposed a new method of construction of exact solu¬ 
tions of the Einstein equations on (pseudo) Riemannian spaces of three, four 
and extra dimensions (in brief, 3D, 4D,...), by applying the formalism of an¬ 
holonomic moving frames [|195|| . There were constructed static solutions for 


black holes / tori, soliton-dilaton systems and wormhole / flux tube configu- 
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rations and for anisotropic generalizations of the Taub NUT metric ||194|| ; all 
such solutions being, in general, with generic local anisotropy. The method 
was elaborated following the geometry of anholonomic frame (super) bundles 
and associated nonlinear connections (in brief, N-connection) [|180|1 which 
has a number of applications in generalized Finsler and Lagrange geometry, 
anholonomic spinor geometry, (super) gravity and strings with anisotropic 
(anholonomic) frame structures. 

In this chapter we restrict our considerations for the 5D Einstein grav¬ 
ity. In this case the N-connection coefficients are defined by some partic¬ 
ular parametrizations of funfbcin, or pentadic, coefficients defining a frame 
structure on (pseudo) Riemannian spacetime and describing a gravitational 
and matter field dynamics with mixed holonomic (unconstrained) and an- 
holonomic (constrained) variables. We emphasize that the Einstein gravity 
theory in arbitrary dimensions can be equivalently formulated with respect 
to both holonomic (coordinate) and anholonomic frames. In the anholonomic 
cases the rules of partial and covariant derivation are modified by some pen¬ 
tad transforms. The point is to find such values of the anholonomic frame 
(and associated N-connection) coefficients when the metric is diagonalized 
and the Einstein equations are written in a simplified form admitting exact 
solutions. 

The class of new exact solutions of vacuum Einstein equations describing 
anisotropic Taub NUT like spacetimes ||200|| is defined by off-diagonal metrics 
if they are given with respect to usual coordinate bases. Such metrics can be 
anholonomically transformed into diagonal ones with coefficients being very 
similar to the coefficients of the isotropic Taub NUT solution but having 
additional dependencies on the 5th coordinate and angular parameters. 

We shall use the term locally anisotropic (spacetime) space (in brief, 
anisotropic space) for a (pseudo) Riemannian space provided with an an¬ 
holonomic frame structure induced by a procedure of anholonomic diagonal- 
ization of a off-diagonal metric. 

suggestion that the Euclidean Taub-NUT metric 


The Hawking’s 


might give rise to the gravitational analogue of the Yang-Mills instanton 
holds true on anisotropic spaces but in this case both the metric and instan¬ 
ton have some anisotropically renormalized parameters being of higher di¬ 
mension gravitational vacuum polarization origin. The anisotropic Euclidean 
Taub-NUT metric also satisfies the vacuum Einstein’s equations with zero 
cosmological constant when the spherical symmetry is deformed, for instance, 
into ellipsoidal or even toroidal configuration. Such anisotropic Taub-NUT 
metrics can be used for generation of deformations of the space part of the line 
element defining an anisotropic modification of the Kaluza-Klcin monopole 
solutions proposed by Gross and Perry [[[6[] and Sorkin ||139| . 
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In the long-distance limit, neglecting radiation, the relative motion of 
two such anisotropic monopoles can be also described by geodesic motions, 
like in Ref. [Bl, BR | 


i _], [U]. g2|, but these motions are some anholonomic ones with 

associated nonlinear connection structure and effective torsion induced by 
the anholonomy of the systems of reference used for modeling anisotropies. 
The torsion and N-connection corrections vanish if the geometrical objects 
are transferred with respect to holonomic (coordinate) frames. 

From the mathematical point of view, the new anholonomic geometry of 
anisotropic Taub-NUT spaces is also very interesting. In the locally isotropic 
Taub-NUT geometry there are four Killing-Yano tensors 0. Three of them 
form a complex structure realizing the quaternionic algebra and the Taub- 
NUT manifold is hyper-Kahler. In addition to such three vector-like Killing- 
Yano tensors, there is a scalar one which exists by virtue of the metric being 
of class D, according to Petrov’s classification. Anisotropic deformations of 
metrics to off-diagonal components introduce substantial changes in the ge¬ 
ometrical picture. Nevertheless, working with respect to anholonomic frames 
with associated nonlinear connection structure the basic properties and re¬ 
lations, even being anisotropically modified, are preserved and transformed 


to similar ones for deformed symmetries [200 


The Schrdclinger quantum modes in the Euclidean Taub-NUT geometry 
were analyzed using algebraic and analytical methods 


73 
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|49| , |67f . The Dirac equation was studied in such locally isotropic curved 
backgrounds 


23]. One of the aims of this paper is to prove that this 


approach can be developed as to include into consideration anisotropic Taub- 
NUT backgrounds in the context of the standard relativistic gauge-invariant 
theory [p06| , [34|| of the Dirac field. 

The purpose of the present work is to develop a general SO( 4,1) gauge- 
invariant theory of the Dirac fermions |93|] which can be considered for locally 
anisotropic spaces, for instance, in the external field of the Kaluza-Klcin 
monopole ]57|, ^|. [28|| which is anisotropically deformed. 

Our goal is also to point out new features of the Einstein theory in higher 
dimension spacetime when the locally anisotropic properties, induced by an¬ 
holonomic constraints and extra dimension gravity, are emphasized. We 
shall analyze such effects by constructing new classes of exact solutions of 
the Einstein-Dirac equations defining 3D soliton-spinor configurations prop¬ 
agating self-consistently in an anisotropic 5D Taub NUT spacetime. 

We note that in this paper the 5D spacetime is modeled as a direct time 
extension of a 4D Riemannian space provided with a corresponding spinor 
structure, i. e. our spinor constructions are not defined by some Clifford al¬ 
gebra associated to a 5D bilinear form but, for simplicity, they are considered 
to be extended from a spinor geometry defined for a 4D Riemannian space. 
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3.1.1 Anholonomic Einstein—Dirac Equations 


In this Section we introduce an ansatz for pseudo Riemannian off-diagonal 
metrics and consider the anholonomic transforms diagonalizing such met¬ 
rics. The system of field Einstein equations with the spinor matter energy- 
momentum tensor and of Dirac equations are formulated on 5D pseudo- 
Riemannian spacetimes constructed as a trivial extension by the time vari¬ 
able of a 4D Riemannian space (an anisotropic deformation of the Taub NUT 


instanton 200 


Ansatz for metrics 

We consider a 5D pseudo-Riemannian spacetime of signature (+, —, —, —, 
—), with local coordinates 

u a = ( x \ y a ) = (x° = t, x 1 = r, x 2 = 6, y 3 = s , y 4 — p), 

- or more compactly u = (x, y) - where the Greek indices are conventionally 
split into two subsets x l and y a labeled respectively by Latin indices of type 
i,j, k,... = 0,1, 2 and a, b ,... = 3,4. The 5D (pseduo) Riemannian metric 


ds 2 = g a pdu a du 13 

is given by a metric ansatz parametrized in the form 


(3,1) 


9a0 


1 0 0 0 0 
0 (]\ + w L 2 h 3 + n 1 2 h 4 wiw 2 h 3 + 77 .pn. 2 h 4 W\h 3 774 / 7.4 
0 w 2 ui\h 3 + n x n 2 h A g 2 + w 2 2 h 3 + 77 2 2 h 4 w 2 h 3 n 2 h 4 


0 

0 


W\h 3 

774/74 


w 2 h 3 

n 2 h 4 


h's 

0 


0 

h 4 


(3.2) 


where the coefficients are some functions of type 


9 i ,2 = gi, 2 (x 1 ,x 2 ),h 3t4 , = h 3i 4 (x 1 ,x 2 ,s), 
Wi ,2 = x 2 , s),n 1}2 = 774 , 2 Or 1 , of 2 , s). 


(3.3) 


Both the inverse matrix (metric) as well the metric ( |3.2|) is off-diagonal with 
respect to the coordinate basis 


d n = 


_d_ 

du° 


and, its dual basis, 


/o _ d _ d 

^ 1 dx v 0 dy a ^ 

(3.4) 

(«f = dx\d a = dy a ). 

(3.5) 
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The metric (|3.1|) with coefficients (|3.2|) can be equivalently rewritten in 
the diagonal form 


Ss 2 = dt 2 + g 1 (x) (dx 1 ) 2 + g 2 (x) ( dx 2 ) 2 
+h 3 (x, s ) (<5j/ 3 ) 2 + h a (x, s) (by 4 ) 2 , 


(3.6) 


if instead the coordinate bases (|3^) and 
frames (anisotropic bases) 

= 5^ = w = a, - 1 Vf («) d b , a. = A) (3.7) 

and 

5“ = 6u a = (6 i = dx\ b a = dy a + N*(u) dx k ) (3.8) 


(3.5) we introduce the anholonomic 


where the iV-coefficients are parametrized 

Nq = 0, Nf 2 = w\ t 2 and 2 = rii )2 


and define the associated nonlinear connection (N-connection) structure, see 
details in Refs || 19-51. 12001. 1180 . 


Einstein equations with anholonomic variables 


The metric ( |3.1| ) with coefficients (|3.2| ) (equivalently, the d-metric ( |3.6|) ) is 
assumed to solve the 5D Einstein equations 


Ra/3 kT a/3i 


(3.9) 


where k and T a p are respectively the coupling constant and the energy- 
momentum tensor. 


The nontrivial components of the Ricci tensor for the metric (3T) with 
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coefficients 


R{ = 


Rt 


R31 

R32 

R-4\ 

R 42 


(equivalently, the d-metric ( p.6|) ) are 

(a-y 


Rl = - 


2.91.92 

r>4 _ ft 

4 2 h 3 V 


1 far-** 


291 292 


+ 91 — 


9i 92 _ (9l ) 2 
292 291 


= -Wi 


= -W 2 


«1 


2 /l, 


2 _ 

2 /i 4 2 /r 4 ’ 

/3 a 2 

2Iia 2hd ’ 


K* + 7<], 


^4 r ^ * 1 %i 

~2h~ 3 1 2 + 7 " 21 ' 


], (3.10) 

(3.11) 

(3.12) 


(3.13) 


where, for simplicity, the partial derivatives are denoted h * = dh/dx 1 ,/' = 
df/dx 2 and f* = df/ds. 

The scalar curvature is computed 


R = 2 (R{ + Rl ) . 


In result of the obtained equalities for some Ricci and Einstein tensor 
components, we conclude that for the metric ansatz (|3.2| ) the Einstein equa¬ 
tions with matter sources are compatible if the coefficients of the energy- 
momentum d-tensor give with respect to anholonomic bases satisfy the con¬ 
ditions 


Y'O _^1 _|_ ^3 ^1_ 'Y '2 _'Y' _ y ^_ y ' 


and could be written in the form 


R{ 

Rl 


-kT 3 , 

-kT 4 , 

kT 4? , 


(3.14) 


(3.15) 

(3.16) 

(3.17) 

(3.18) 


where 1 — 1,2 and the left parts 
tensor ( tl.lO|) -( B-13l) . 


are given by the components of the Ricci 
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The Einstein equations (|3.9|) , equivalently ( |3.15|) -( |3.18|) , reduce to this 
system of second order partial derivation equations: 


fh 


9*9* (gVy 


2(?1 2(yf 2 


+ 91 ~ 


h r- 


9i92 

2(72 

0 h: 


tfi) 


l ) 2 


2.9 i 

KK 


= -2 9 l g 2 T 3 , (3.19) 


2 h 4 2 h 3 

(3wi + oii 


** I * 

7li +7 Ui 


— — 2/13/14x1, 

= -2h 4 nT 3i , 
2 h 3 


h A 


-«T 


4 ii 


where 


a 1 = h*A — 


h* A 


Oi 2 — 


P = 


7 */ 

/Z 4 


h* A 


K - 


2 

(K ) 2 


h• h* 

n 3 | n A 

h 3 h 4 

K + K 

h 3 h 4 


h*h* 

n i' L 3 

2 h 3 ' 


7 = 


(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 


2 h 4 

3 V _ h* 

2 h 4 h 3 

and the partial derivatives are denoted, for instance, 

92 = 892 /dx 1 = dg 2 jdr, g[ = dg x /dx 2 = d gi / 0 , 
hi = dh 3 /ds = dh 3 /dtp (or dh 3 /dy A , for s = y 4 ). 

Dirac equations in anisotropic space—times 

The problem of definition of spinors in locally anisotropic spaces and in spaces 
with higher order anisotropy was solved in Refs. [|180|| . In this paper we 
consider locally anisotropic Dirac spinors given with respect to anholonomic 
frames with associated N-connection structure on a 5D (pseudo) Riemannian 
space E (1 ’ 2 ’ 2 ) constructed by a direct time extension of a 4D Riemannian 
space with two holonomic and two anholonomic variables. 

Having an anisotropic d-metric 

9ap{u) = (gi j (u),h ab (u)) = (l,g;(u),h a (u)), 
i = 1, 2; i — 0,1, 2; a — 3,4, 


defined with respect to an anholonomic basis (|1.16|) we can easily define the 
funfbein (pentad) fields 

4 = 44 = = 44 4 = 44 }, 

4 = = if-= fld\ J a -= m a } 


(3.27) 
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satisfying the conditions 


9ij = .fifj'Ju and Kb = ftfb h gh, 

gij = diag[ 1 , —1 — 1 ] and hab = diag[— 1 , — 1 ]. 


For a diagonal d-metric of type ( |1.39| ) we have 


fl = \/¥T4 md ft = vTOe 

where and are Kronecker’s symbols. 

We can also introduce the corresponding fnnfbiends which are related 
with the off-diagonal metric ansatz ( |3.2|) for g a p, 

and eh = ejtd^ (3.28) 


satisfying the conditions 


9af3 = e a e p9ap for g^g = diag[l, — 1 , — 1 , — 1 , — 1 ], 

eX = % ande^ = 8 *. 


The Dirac spinor fields on locally anisotropic deformations of Taub NUT 
spaces, 


T (u) = [T“ (u)] = (u ), XT 0)], 

where / = 0,1, are defined with respect to the 4D Euclidean tangent subspace 
belonging the tangent space to U d,2 ' 2) . The 4x4 dimensional gamma matrices 
7 - = [ 7 - , 7 - , 7 - , 7 - ] are defined as to satisfy the relation 

{ 7 -, 7 ^} = 2 g*£, (3.29) 

where jy- 7^ | is a symmetric commutator, g-— = (— 1 , — 1 , — 1 , — 1 ), which 

generates a Clifford algebra distinguished on two holonomic and two anholo- 
nomic directions (hereafter the primed indices will run values on the Eu¬ 
clidean and/or Riemannian, 4D component of the 5D pseudo-Riemannian 
spacetime). In order to extend the ( j3.29| ) relations for unprimed indices 
a,/3... we conventionally complete the set of primed gamma matrices with a 
matrix 7 -, i. .e. write 7 — = [ 7 -, 7 -, 7 -, 7 -, 7 -] when 

{ 7 s , 7-} = 2 
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The coefficients of gamma matrices can be computed with respect to 
coordinate bases ( | 1 . 2 | ) or with respect to anholonomic bases ( |l.l(j| ) by using 
respectively the funfbein coefficients (|3.27|) and ( |3.28|) , 


7 a (u) = and *f(u) = fju) 7 ^, 


were by 7 a (u) we denote the curved spacetime gamma matrices and by 7 ^(u) 
we denote the gamma matrices adapted to the N-connection structure. 

The covariant derivation of Dirac spinor field T (u ), S/ a ^, can be defined 
with respect to a pentad decomposition of the off-diagonal metric (|3.2|) 


= 


9 a T Caj3'y ( a ) 


e o(«)7-7 1 




(3.30) 


where the coefficients 


C'afj'y (u) GfioiVlf 

are called the rotation Ricci coefficients; the covariant derivative _D 7 is defined 
by the usual Christoffel symbols for the off-diagonal metric. 

We can also define an equivalent covariant derivation of the Dirac spinor 
field, Vo'b) by using pentad decompositions of the diagonalized d-metric 

(1091) , 


Va'b = 


+ i cS 2 («) /“(«) fi-tl 




(3.31) 


where there are introduced N-elongated partial derivatives and the coeffi¬ 
cients 


(“> = wj 

are transformed into rotation Ricci d-coefficients which together with the 
d-covariant derivative are defined by anholonomic pentads and anholo¬ 
nomic transforms of the Christoffel symbols. 

For diagonal d-metrics the funfbein coefficients can be taken in their turn 
in diagonal form and the corresponding gamma matrix 7 “ (u) for anisotropic 
curved spaces are proportional to the usual gamma matrix in flat spaces 
7 1. The Dirac equations for locally anisotropic spacetimes are written in the 
simplest form with respect to anholonomic frames, 
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where /i is the mass constant of the Dirac held. The Dirac equations are the 
Euler equations for the Lagrangian 


£ <1/2) («) = -yisl{[* + («) =r“ («) («) (3.33) 

-(77 + (u))t“ («) l 1 («)] - («) f («)}, 

where by T + (w) we denote the complex conjugation and transposition of the 
column T (u). 

Varying £ (1//2 ^ on d-metric ( 3.33 ) we obtain the symmetric energy-mo¬ 
mentum d-tensor 


T a p (u) = - [T+ (u) % (u)v,3$ (u) + (u) 7/3 (w) Va^ («) 

-(V^T + (u))% ( u ) T (u) - (v^T + (u))7a (u) T (u)].(3.34) 

We choose such spinor held configurations in curved spacetime as to be sat¬ 
isfied the conditions ( [3.140 . 

One can introduce similar formulas to (|3.32|) - (|3.34|) for spacetimes pro¬ 
vided with off-diagonal metrics with respect to holonomic frames by changing 
of operators (u) —> 7 a (u) and V /3 V/ 3 - 


3.1.2 Anisotropic Taub NUT — Dirac Spinor Solutions 

By straightforward calculations we can verify that because the conditions 
fa — 0 are satisfied the Ricci rotation coefficients vanishes, 

C'Ji 7 (u) = 0 and = S a ^, 

and the anisotropic Dirac equations (|3.32|) transform into 

(ij a (u) S a -= 0. (3.35) 

Further simplihcations are possible for Dirac helds depending only on 
coordinates ( t,x 1 = r, x 2 = 9), i. e. T = T(a; fe ) when the equation (|3.35|) 
transforms into 

(il-dt + H l ^==di + - / n)T = 0. 

vis'll vlfl^l 

The equation (|3.35|) simplihes substantially in ^-coordinates 

(*,C 1 = C 1 (r,«),< 2 = C 2 (r.»)), 
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defined as to be satisfied the conditions 

d 1 


dC 


, d\ and 77-77 = —; d 2 

ym V\fh\ 


We get 


d 


iii 


d 

-dC 


i'll 


d 

W 2 


»mt, c 1 ,c 2 ) = o. 


(3.36) 


(3.37) 


The equation (|3.37|) describes the wave function of a Dirac particle of mass /i 
propagating in a three dimensional Minkowski flat plane which is imbedded 
as an anisotropic distribution into a 5D pseudo-Riemannian spacetime. 

The solution T = T(f, i) 1 , () 2 ) of (13.371 ) can be written 


r ^ (+) (C) = exp [-* (k 0 t + fciC 1 + k 2 ( 2 )](p°(k) 

I for positive energy; 

I ^ (_) (C) = exp [i(k 0 t + kiC 1 + k 2 C 2 )]x°(k) 

[ for negative energy, 


with the condition that ko is identified with the positive energy and <p°(k ) 
and x°(k) a re constant bispinors. To satisfy the Klein-Gordon equation we 
must have 


k 2 = kl — k\ — kl = jj 2 . 


The Dirac equations implies 

(< a l ki — n)<p°(k) and (cd/q + /j,)x°(k), 


where cr l (i = 0,1,2) are Pauli matrices corresponding to a realization of 
gamma matrices as to a form of splitting to usual Pauli equations for the 
bispinors tp°(k) and x°(k)- 

In the rest frame for the horizontal plane parametrized by coordinates 
C = {t, C\ C 2 } there are four independent solutions of the Dirac equations, 



f 1 ^ 


( 0\ 

0) = 

0 

0 

V 0 / 

, V»(2) 0) = 

1 

0 

w 


X?i)(h,0) = 

fo\ 

0 

1 

1 X(2 ) (/b 0) 

( 0 \ 
0 

0 


\ 0 / 


V 1 / 
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In order to satisfy the conditions ( |3.14|) for compatibility of the equations 
( fj,19| )-( |3.22| ) we must consider wave packets of type (for simplicity, we can 
use only superpositions of positive energy solutions) 


>p ,+) (0 = 


d 3 p 


T 


J 27r 3 ^2 + (fc2)2 
X b ( p ’ [«])^ [al (^)e x p[-^iCl 


H=l,2,3 

when the coefficients b(p, [a]) define a current (the group velocity) 




d 3 p 




=< 


[a]=l,2,3 ' 

p 2 


yV + (k 2 ) 2 


27r3 vV + (k 2 ) 2 


> 


I b (p, [«])p 


p 


Vh 2 + (k 2 ) 2 


(3.38) 


with \p 2 \ ~ p and the energy-momentum d-tensor (|3.34|) has the next non¬ 
trivial coefficients 


U = 2T(c\C 2 ) = M> + 7o*, 

T} = -hpH+ipH, Tl = -k 2 ^ + ^ (3.39) 


where the holonomic coordinates can be reexpressed C — C( x *)- We must 
take two or more waves in the packet and choose such coefficients b(p, [a]), 
satisfying corresponding algebraic equations, as to have in (|3.39|) the equali¬ 
ties 


T} = Tg = T(c 1 , C 2 ) — T(^ 1 , a;2 ), 

required by the conditions ( |3.34| ). 


(3.40) 


3.2 


Taub NUT Solutions with Generic Local 
Anisotropy 


The Kaluza-Klcin monopole [j7Hj. |139|| was obtained by embedding the Taub- 
NUT gravitational instanton into hve-dimensional theory, adding the time 
coordinate in a trivial way. There are anisotropic variants of such solutions 


200 ] when anisotropies are modelled by effective polarizations of the induced 


magnetic held. The aim of this Section is to analyze such Taub-NUT solu¬ 
tions for both cases of locally isotropic and locally anisotropic configurations. 
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3.2.1 A conformal transform of the Taub NUT metric 

We consider the Taub NUT solutions and introduce a conformal transfor¬ 
mation and a such redefinition of variables which will be useful for further 
generalizations to anisotropic vacuum solutions. 


The Taub NUT solution 

This locally isotropic solution of the 5D vacuum Einstein equations is ex¬ 
pressed by the line element 

d s (5 d) = dt 2 + ds( 4 £>); (3-41) 

dsf^D) — —V~ l (dr 2 + r 2 d9 2 + sin 2 9d(p 2 ) — V ( dx 4 + Aidx*) 2 

where 

T r—1 , . mo 

V =1-1-, mo = const. 

r 

The functions Aj are static ones associated to the electromagnetic potential, 


A r = 0, Aq = 0, A v = 4m 0 (1 — cos 9) 
resulting into ’’pure” magnetic field 


B = rot A = nriQ— . 


(3.42) 


of a Euclidean instanton; ~r* is the spherical coordinate’s unity vector. The 
spacetime defined by (|3.41|) has the global symmetry of the group G s = 
50(3) 0 7/4(1) 0 T f (l) since the line element is invariant under the global 
rotations of the Cartesian space coordinates and y 4 and t translations of 
the Abelian groups Z7 4 ( 1) and T t ( 1) respectively. We note that the f/ 4 (l) 
symmetry eliminates the so called NUT singularity if y 4 has the period 47rm 0 . 


Conformally transformed Taub NUT metrics 

With the aim to construct anisotropic generalizations it is more convenient 
to introduce a new 5th coordinate, 

V 4 ^s = y 4 - J y~ l {9, <p)d£(9, tp), 

with the property that 

dq + 4mo(l — cos 9)d9 = dy 4 + 4m 0 (l — cos 9) dtp, 


(3.43) 
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which holds for 


di = y(0, <p)d(s - y 4 ) = %dd + dip , 


d6 


dp 


when 


= 4m 0 (l - cos 6 )n, ^ = -4m 0 (l - cos 6 )/i, 


and, for instance, 


H — (1 — cos9) 2 exp [9 — p\. 


The changing of coordinate (|3.43|) describe a re-orientation of the 5th coor¬ 
dinate in a such way as we could have only one nonvanishing component of 
the electromagnetic potential 

Ag = 4 mo (1 — cos 6 ). 

The next step is to perform a conformal transform, 


ds 2 (AD) 

and to consider the 5D metric 


^ S (4D) — Vds\ AD) 


ds%D) ~ dt 2 + ds 2 4 D y, (3.44) 

c?S(42j) = —(dr 2 + r 2 dd 2 ) — r 2 sin 2 6 dp 2 — V 2 (d( + Agdd) 2 , 

(not being an exact solution of the Einstein equations) which will transform 
into some exact solutions after corresponding anholonomic transforms. 

ffere, we emphasize that we chose the variant of transformation of a lo¬ 
cally isotropic non-Einsteinian metrics into an anisotropic one solving the 
vacuum Einstein equations in order to illustrate a more simple procedure 
of construction of 5D vacuum metrics with generic local anisotropy. As a 
metter of principle we could remove vacuum isotropic solutions into vacuum 
anisotropic ones, but the formula in this case would became very comber- 
some.. The fact of selection as an isotropic 4D Riemannian background just 
the metric from the linear interval ds can be treated as a conformal trans¬ 
formation of an instanton solution which is anisotropically deformed and put 
trivially (by extension to the time like coordinate) into a 5D metric as to 
generate a locally isotropic vacuum gravitational field. 
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3.2.2 Anisotropic Taub NUT solutions with magnetic 
polarization 


We outline two classes of exact solutions of 5D vacuum Einstein equations 
with generic anisotropies (see details in Ref. [|200|| ) which will be extended 


to configurations with spinor matter field source. 


Solutions with angular polarization 

The ansatz for a d-metric (|1.39|) , with a distinguished anisotropic dependence 
on the angular coordinate 99, when s = 99, is taken in the form 

8 s 2 = dt 2 — 8s 2 4D ^, 

8s 2 4D ) — —(dr 2 + r 2 dd 2 ) — r 2 sin 2 6d(f 2 — V 2 (r)r]l(9, (p)8g 2 , 

8q = dq + n 2 (0, ip)dd, 

where the values 7?f (#,</?) (we use non-negative values r/f not changing the 
signature of metrics) and 7i 2 (9,tp) must be found as to satisfy the vacuum 
Einstein equations in the form (|3.19|) -( j3.22|) . We can verify that the data 

x° = t : x 1 = r, x 2 = 9, y 3 = s = 99, y 4 = (3.45) 

g 0 = 1 ,gi = -1, g 2 = —r 2 , h 3 = -r 2 sin 2 9, 
h± = V 2 (r) rjf v) , r}f v) = [1 + m(r, 9)(p } 2 , Wi = 0; 
n 0 , 1 = 0;n 2 = n 2 [o\ (r, 9) + n 2 [i\ (r, 6>) /[I + m(r, 9)<p} 2 . 


give an exact solution. If we impose the condition to obtain in the locally 


isotropic limit just the metric (|3.44j) , we have to choose the arbitrary func¬ 
tions from the general solution of (3.2C) as to have 


'nip) = [1 + &(r, 0)(p} 2 -»■ 1 for w(r, 9)ip -> 0. 


For simplicity, we can analyze only angular anisotropies with w = w(9), 
when 


nf v ) = t) = [! + ™(0)Tf 


In the locally isotropic limit of the solution for n 2 ( r , 9, 99), when zuip —>■ 0, 
we could obtain the particular magnetic configuration contained in the metric 
(|3.44|) if we impose the condition that 


n 2 [o] ( r , 9) + n 2 [i] (r, 9) = A e = 4 m 0 (1 - cos 9 ), 
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which defines only one function from two unknown values ?t, 2 [o] ( r, 9) and 
n 2 [\] ( r ; 9 ). This could have a corresponding physical motivation. From the 
usual Kaluza-Klein procedure we induce the 4D gravitational field (met¬ 
ric) and 4D electro-magnetic field (potentials Ai), which satisfy the Maxwell 
equations in 4D pseudo-Riemannian space-time. For the case of spherical, lo¬ 
cally isotropic, symmetries the Maxwell equations can be written for vacuum 
magnetic fields without any polarizations. When we introduce into considera¬ 
tion anholonomic constraints and locally anisotropic gravitational configura¬ 
tions the effective magnetic field could be effectively renormalized by higher 
dimension gravitational held. This effect, for some classes of anisotropies, 
can be modeled by considering that the constant mo is polarized, 

m 0 ^m (r, 9 , ip) = m 0 r] m (r, 9 , ip) 

for the electro-magnetic potential and resulting magnetic held. For ’’pure” 
angular anisotropies we write that 

n 2 (9, <p) = n 2 [ 0 } (9) + n 2[ i] (0)/[l + zu(9)<p] 2 
= 4m 0 r/ m {9, ip) (1 - cos 9 ), 
for 

vf<p) (0j T) — vf<p)[ o] ($) + V(tp)[i] (0) /[l + 9)ipY. 

This could result in a constant angular renormalization even w(9)ip —> 0. 


Solutions with extra—dimension induced polarization 


Another class of solutions is constructed if we consider a d-metric of the type 
( |1.39| ), when s — with anisotropic dependence on the 5th coordinate q, 

5s 2 = 


dt 2 - 5 s 2 {4D) , 


5? 2 

0S (4 D) 


= -(dr 2 + r 2 d9 2 )- 
5q = dq + w 3 (9,q)d9, 


r 2 sin 2 9dip 2 — V 2 (r)r] 2 ^(9 1 q)5q 2 , 


where, for simplicity, we omit possible anisotropies on variable r, i. e. we 
state that r)^) and w 2 are not functions on r. 

The data for a such solution are 


x° = t, x 1 = r, x 2 = 9 , y 3 = s = q, y 4 = ip, 
go = 1, gi = —1, g 2 = —T 2 , h 4 = —r 2 sin 2 9, 
h 3 = V 2 (r) t = V(,)(r, 9, q),n 0jl = 0 ; 
w 0 , i = 0,w 2 = 4m 0 r) m (9,q) (1 - cos#) ,n 0 = 0 , 

77i,2 = n h 2[0] {r,9) +7i!,2[i] (r,9) / g^(r,9,q)dq, 


(3.46) 



3.3. ANISOTROPIC TAUB NUT-DIRAC FIELDS 


101 


where the function tjm = 77 u)(r, 9, s) is an arbitrary one as follow for the case 
h% = 0, for angular polarizations we state, for simplicity, that r}^) does not 
depend on r, i. e. r/( ? ) = r}^(9,q). We chose the coefficient 

w A = 4 m 0 i] m ( 9 , ?) (1 - cos 9) 

as to have compatibility with the locally isotropic limit when W 2 — Aq with 
a ’’polarization” effect modeled by rj m (9, ?), which could have a constant 
component r] m ~ 7j m ^ = const for small anisotropies. In the simplest cases 
we can fix the conditions 711 , 2 ( 0 , 1 ] ( 7 \6) = 0. All functions r/A, rj m and 771 , 2 ( 0 , 1 ] 
can be treated as some possible induced higher dimensional polarizations. 


3.3 Anisotropic Taub NUT—Dirac Fields 


In this Section we construct two new classes of solutions of the 5D Einstein- 
Dirac fields in a manner as to extend the locally anisotropic Taub NUT 
metrics defined by data (|3.45|) and (|3.46|) as to be solutions of the Einstein 
equations ( |3.19|) -( j3.22|) with a nonvanishing diagonal energy momentum d- 
tensor 


T^ = {2T(r,0),T(r,0),T(r,0),O,O} 


for a Dirac wave packet satisfying the conditions (|3.39|) and ( |3.4C| ). 


3.3.1 Dirac fields and angular polarizations 

In order to generate from the data (|3.45|) a new solution with Dirac spinor 
matter field we consider instead of a linear dependence of polarization, 


V(v) ~ [! + w(r,0)<p], 

an arbitrary function 7/(^1 (r, 9 , ip) for which 

K = V 2 (r)rjf v) ( r,9,(p ) 

is an exact solution of the equation ( |3.20|) with Ti = T (r, 9). With respect 
to the variable 77 ^ (r, 9 , p) this component of the Einstein equations becomes 
linear 


!?(**) + r 2 sin 2 9Tri {ip) = 0 (3.47) 

which is a second order linear differential equation on variable p with para¬ 
metric dependencies of the coefficient r 2 sin 2 9 T on coordinates (r, 9) . The 
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solution of equation fl3.47|) is to be found following the method outlined in 
Ref. m-. 


VU) 


= Ci (r, 9) cosher sin#\/|T (r, 9 )| + C 2 (r, i 
T(r,0)<O; 

= C 1 (r,6) + C 2 {r,e)cp,r(r,6) = 0i 
= C\ (r, 9) cosp^r sin 6*a/T (r, 9) + C 2 (r, 9)] 
T(r,0)>O, 


(3.48) 

(3.49) 

(3.50) 


where Ci )2 (r, 9) are some functions to be dehned from some boundary con¬ 


ditions. The first solution (|3.48|) , for negative densities of energy should be 
excluded as unphysical, the second solution ( [1.49[ ) is just that from (|3.45| ) 
for the vacuum case. A new interesting physical situation is described by 
the solution ( |3.50| ) when we obtain a Taub NUT anisotropic metric with pe¬ 
riodic anisotropic dependencies on the angle ip where the periodicity could 
variate on coordinates (r, 9) as it is dehned by the energy density T (r, 9 ). For 
simplicity, we can consider a package of spinor waves with constant value of 
T = T 0 and fix some boundary and coordinate conditions when Ci i2 = Ci )2 [o] 
are constant. This type of anisotropic Taub NUT solutions are described by 
a d-metric coefficient 

h 4 = V 2 (r)Ci [0] cos 2 [cpr sin 6>\/To + C 2 [ 0 ]]- (3.51) 

Putting this value into the formulas (|3.23|) , (|3.24j) and (|3.25|) for coefficients 


m equations (|3.21|) we can express aq i2 = , 2 [h 3 , h 4 , T 0 ] and (3 = /3[h 3l h 4l T 0 ] 

(we omit these rather simple but cumbersome formulas) and in consequence 
we can define the values tfi j2 by solving linear algebraic equations: 

wip (r, 9, <p) = a i >2 (r, 9, cp) /(3 (r, 9, <p). 


Having dehned the values ( |3.51|) it is a simple task of two integrations on 
ip in order to define 


= n 2[0 ] (r, 9) 


, 1 + COS K 

In-- + 


+ 


COS K 


COS K 


Sill K 


+n 2 [i] (r, 9 ), 


(3.52) 


were 


K 


= ipr sin 6 *\/To + C : 


2 [ 0 ]> 


n 2 [o,i] ( r , Q) are some arbitrary functions to be dehned by boundary condi¬ 
tions. We put no.i = 0 to obtain in the vacuum limit the solution ( 3.45| ). 
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Finally, we can summarize the data defining an exact solution for an 
anisotropic (on angle ip ) Dirac wave packet - Taub NUT configuration: 


x° = t,x 3 = r,x 2 = 9, y 3 = s = p>, y 4 = g, (3.53) 

g 0 = l,gi = -1, g 2 = -r 2 , h 3 = —r 2 sin 2 9, 
h A = V 2 (r) = C x (r, 9) cos k(r, 9, ip ), 

Wi = 0,n 0 ,i = 0,n 2 = n 2 (r,9, R(r, 9,ip)) see (3.52), 
vp = $(+) (C 1 ’ 2 ^ 1 ,^ 2 )) see ( |3.33| ), 

T = T (^ 1,2 (x 1 , x 2 )) see ( [3.39 ). 


This solution will be extended to additional soliton anisotropic configurations 
in the next Section. 


3.3.2 Dirac fields and extra dimension polarizations 


Now we consider a generalization of the data ( |3.46| ) for generation of a new 
solution, with generic local anisotropy on extra dimension 5th coordinate, of 
the Einstein - Dirac equations. Following the equation ( |3.21|) we conclude 


that there are not nonvacuum solutions of the Einstein equations (with T 7 ^ 
0) if h\ = 0 which impose the condition T = 0 for h 3 , h A 7 ^ 0. So, we have to 
consider that the d metric component h A = —r 2 sin 2 9 from the data ( [3. 4 tip 
is generalized to a function h A (r, 9, g) satisfying a second order nonlinear 
differential equation on variable g with coefficients depending parametrically 
on coordinates (r,9). The equation (i. e. ( p.21| )) can be linearized (see Ref. 

8 ^ 1 ) if we introduce a new variable h A = h 2 , 


h* 


^-h* + h 3 Th = 0, 
2 / 1.3 


which, in its turn, can be transformed : 

a) to a Riccati form if we introduce a new variable v, for which h = v*/v, 


v*+v 2 -^-v + h 3 T = 0 ; 
2 h 3 


b) to the so-called normal form [ |82|j , 

A** + IX = 0, 

obtained by a redefinition of variables like 


(3.54) 


(3.55) 


A = 1 1 exp 


-j [ 

4 J h 3 


= h h 


-1/4 
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where 


I = h 3 r-±£ + D h 

3 16 h 3 4 


We can construct explicit series and/or numeric solutions (for instance, by 
using Mathematica or Maple programs) of both type of equations (|3.54|) 


and normal ( |3.55| ) for some stated boundary conditions and type of polar¬ 
ization of the coefficient h 3 (r,9,q) = V 2 (r) 77 ^ (r, 6, q) and, in consequence, 
to construct different classes of solutions for /r 4 (r, 9, q) . In order to have 
compatibility with the data ( p.46| ) we must take h 4 in the form 


h 4 (r, 6», q) = -r 2 sin 2 9 + h 4(?) (r, 9, q ), 

where /r 4 ( ? ) (r, 9,0) vanishes for T —> 0. 

Having dehned a value of h A (r, 9, q) we can compute the coefficients 
( p.24|) and (|3.25|) and find from the equations (|3.21|) 


w 1,2 (r, 9, q) = a h2 (r, 9, q) /(3 (r, 9, q ). 


From the equations ( 3.22 ), after two integrations on variable q one obtains 
the values of n lj2 (r, 9 , <^). Two integrations of equations (|3.22|) de&ie 


rii(r,9,q) = ni[ 0 ](r,9) dz dsP(r, 9, s) + n^r, 9), 

Jo Jo 


where 




and the functions n,[o](r, 9) and rij[i](r, 9) on (r, 9) have to be dehned by solv¬ 
ing the Cauchy problem. The boundary conditions of both type of coefficients 
Wi t 2 and ri \,2 should be expressed in some forms transforming into correspond¬ 
ing values for the data (|3.46|) if the source T —> 0. We omit explicit formulas 
for exact Einstein-Dirac solutions with ^-polarizations because their forms 
depend very strongly on the type of polarizations and vacuum solutions. 


3.4 Anholonomic Dirac—Taub NUT Solitons 

In the next subsections we analyze two explicit examples when the spinor held 
induces two dimensional, depending on three variables, solitonic anisotropies. 






















3.4. ANHOLONOMIC DIRAC-TAUB NUT SOLITONS 


105 


3.4.1 Kadomtsev—Petviashvili type solitons 

By straightforward verification we conclude that the d-metric component 


h 4 (r\ 9, s ) could be a solution of Kadomtsev-Petviashvili (KdP) equation |8T 


(the first methods of integration of 2+1 dimensional soliton equations where 
developed by Dryuma [^5] and Zakharov and Shabat ||215|| ) 


hi* + e yh 4 + 6h 4 /?4 + h'l'J = 0, e = ±1, 
if the component h 3 (r,9,s) satisfies the Bernoulli equations j|2 
h* z + Y (r, 6 , s) {h 3 f + F e (r, 9 , s) h 3 = 0, 

where, for h* 4 ^ 0, 

h 4 


and 


Y(r,9,s) = , 


Ft (+ 9, s) — -4 + — ( h 4 + 6 h 4 h' 4 + h 

ti 4 rl t 


(3.56) 


(3.57) 


(3.58) 


The three dimensional integral variety of (|3.57| ) is defined by formulas 

y(r,9,s) 


h 3 1 (r, 9 , s) = h 3( ^ (r, 9) E e (x\ s ) x 


£ e (r,M 


ds, 


where 


E e (r, 0, s) = exp / (r, 6*, s) ds 


and /i. 3 (x) (r, 6 1 ) is a nonvanishing function. 

In the vacuum case + (r, 0, s) = 0 and we can write the integral variety 
of (|3~57p 


h 


[vac) {r, 0, s ) = h ( ”ff (r, 9) exp 


F e (r, 6 1 , s) ds 


We conclude that a solution of KdP equation (|3.57|) could be generated 
by a non-perturbative component h 4 (r, 9 , s) of a diagonal h-metric if the 
second component h 3 (r, 9, s ) is a solution of Bernoulli equations (|3.57|) with 
coefficients determined both by h 4 and its partial derivatives and by the Y( 
component of the energy-momentum d-tensor (see ( |3.4(J|) ). The parameters 
(coefficients) of (2+1) dimensional KdV solitons are induced by gravity and 
spinor constants and spinor field configuration defining locally anisotropic 
interactions of packets of Dirac’s spinor waves. 
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3 . 4.2 (2+1) sine—Gordon type solitons 

In a similar manner we can prove that solutions h 4 (r,0, s) of (2+1) sine- 
Gordon equation (see, for instance, |rL| [X], |210|| ) 

h* 4 + h A — h 4 = sin(/r 4 ) 

also induce solutions for h 3 (r, 6, s ) following from the Bernoulli equation 
hi + K E(r, e)^(h 3 ) 2 + F (r, 0, s) h 3 = 0, h* 4 ± 0, 

tl 4 


where 


F[rAs) = , t + l 


h 4 — h 4 — sin(h 4 ) 


4 L 

The general solutions (with energy-momentum sources and in vacuum cases) 
are constructed by a corresponding redefinition of coefficients in the formu¬ 
las from the previous subsection. We note that we can consider both type 
of anisotropic solitonic polarizations, depending on angular variable (p or 
on extra dimension coordinate <j. Such classes of solutions of the Einstein- 
Dirac equations describe three dimensional spinor wave packets induced and 
moving self-consistently on solitonic gravitational locally anisotropic configu¬ 
rations. In a similar manner, we can consider Dirac wave packets generating 
and propagating on locally anisotropic black hole (with rotation ellipsoid 
horizons), black tori, anisotropic disk and two or three dimensional black 

m 


hole anisotropic gravitational structures 


Finally, we note that such 


gravitational solitons are induced by Dirac field matter sources and are dif¬ 
ferent from those soliton solutions of vacuum Einstein equations originally 
considered by Belinski and Zakharov |[TT] . 

Finally, we conclude that we have argued that the anholonomic frame 
method can be applied for construction on new classes of Einstein-Dirac 
equations in five dimensional (5D) space-times. Subject to a form of metric 
ansatz with dependencies of coefficients on two holonomic and one anholo¬ 
nomic variables we obtained a very simplified form of field equations which 
admit exact solutions. We have identified two classes of solutions describing 
Taub NUT like metrics with anisotropic dependencies on angular parameter 
or on the fifth coordinate. We have shown that both classes of anisotropic 
vacuum solutions can be generalized to matter sources with the energy- 
momentum tensor defined by some wave packets of Dirac fields. Although 
the Dirac equation is a quantum one, in the quasi-classical approximation we 
can consider such spinor fields as some spinor waves propagating in a three 
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dimensional Minkowski plane which is imbedded in a self-consistent manner 
in a Taub-NUT anisotropic space-time. At the classical level it should be 
emphasized that the results of this paper are very general in nature, depend¬ 
ing in a crucial way only on the locally Lorentzian nature of 5D space-time 
and on the supposition that this space-time is constructed as a trivial time 
extension of 4D space-times. We have proved that the new classes of so¬ 
lutions admit generalizations to nontrivial topological configurations of 3D 
dimensional solitons (induced by anisotropic spinor matter) defined as solu¬ 
tions Kadomtsev-Petviashvili or sine-Gordon equations. 



CHAPTER 3. ANISOTROPIC TAUB NUT - DIRAC SPACES 



Part II 

Anisotropic Spinors 
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Ill 


Spinor variables and interactions of spinor fields on Finsler spaces were 
used in a heuristic manner, for instance, in works mm, where the problem 
of a rigorous definition of spinors for locally anisotropic spaces was not con¬ 
sidered. Here we note that, in general, the nontrivial nonlinear connection 
and torsion structures and possible incompatibility of metric and connec¬ 
tions makes the solution of the mentioned problem very sophisticate. The 
geometric definition of locally anisotropic spinors and a detailed study of the 
relationship between Clifford, spinor and nonlinear and distinguished connec¬ 
tions structures in vector bundles, generalized Lagrange and Finsler spaces 
are presented in Refs. [[1631 . |162| , |165| . 


The purpose of this Part is to summarize our investigations 163, 162 


165| , |186| , |169|| on formulation of the theory of classical and quantum held 
interactions on locally anisotropic spaces. We receive primary attention to 
the development of the necessary geometric framework: to propose an ab¬ 
stract spinor formalism and formulate the differential geometry of locally 
anisotropic spaces (the second step after the definition of locally anisotropic 
spinors in [|163|, |162||). The next step is the investigation of locally anisotropic 


interactions of fundamental fields on generic locally anisotropic spaces ||165| . 

For our considerations on the locally anisotropic spinor theory it will 
be convenient to extend the Penrose and Rindler abstract index formalism 
m, m s (see also the Luehr and Rosenbaum index free methods [j91|j ) 
proposed for spinors on locally isotropic spaces. We note that in order to 
formulate the locally anisotropic physics usually we have dimensions d > 4 
for the fundamental locally anisotropic space-time. In this case the 2-spinor 
calculus does not play a preferential role. 
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Chapter 4 

Anisotropic Clifford Structures 


If a nonlinear connection structure is defined on a vector (covector, or higher 
order vector-covector) bundle, or on a pseudo-Riemannian spacetime, the ge¬ 
ometrical objects on this space are distinguished into some ’’horizontal” and 
’’vertical” (co-vertical, or higher order vertical-covertical) invariant compo¬ 
nents. Our idea on definition of Clifford and spinor structure on such locally 
anisotropic spaces is to consider distinguished Cliffor algebras, which con¬ 
sists from blocks of usual Clifford algebras for every horizontal and vertical 
subspace (for every ’’shall” of higher order anisotropies). For symplicity, we 
restrict our constructions only to vector bundles (the covector bundles with 
respective Clifford co-algebras are similar dual constructions | [199(1, we can for 


instance to develop a respective theory fo Clifford co-structures on Hamilton 
and Cartan spaces). 


4.1 Distinguished Clifford Algebras 


The typical fiber of a vector bunde (v-bundle) £<* , 7iy : HE © VE —> E is 
a d-vector space, E = hE © vE, split into horizontal hE and vertical vE 
subspaces, with metric G(g,h ) induced by v-bundle metric (|1.39|) . Clifford 
algebras (see, for example, Refs. [^3], |1 54| . |129|| ) formulated for d-vector spaces 
will be called Clifford d-algebras ||163| , 162|| . In this section we shall consider 
the main properties of Clifford d-algebras. The proof of theorems will be 

B 


based on the technique developed in Ref. 


correspondingly adapted to 


the distinguished character of spaces in consideration. 

Let k be a number field (for our purposes k = TZ or k = C,1Z and C, 
are, respectively real and complex number fields) and define E, as a d-vector 
space on k provided with nondegenerate symmetric quadratic form (metric) 
G. Let C be an algebra on k (not necessarily commutative) and j : E —> C 
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a homomorphism of underlying vector spaces such that j{u) 2 = G(u) ■ 1 (1 
is the unity in algebra C and d-vector u E IF). We are interested in definition 
of the pair (C, j) satisfying the next universitality conditions. For every 
fc-algebra A and arbitrary homomorphism ip : T —> A of the underlying d- 
vector spaces, such that ( <p{u)) 2 —> G (u) -1, there is a unique homomorphism 
of algebras i/j : C —> A transforming the diagram 1 into a commutative one. 



Figure 4.1: Diagram 1 


The algebra solving this problem will be denoted as C (. F , A) [equivalently as 
C (G) or C {IF)] and called as Clifford d-algebra associated with pair {IF, G). 

Theorem 4.1. The above-presented diagram has a unique solution ( C,j) up 
to isomorphism. 


Proof: (We adapt for d-algebras that of Ref. [|33|, p. 127.) For a 
universal problem the uniqueness is obvious if we prove the existence of solu¬ 
tion C (G) . To do this we use tensor algebra G F ) = ®C p q r s {IF) =®^L 0 T l {IF ), 
where T° {IF) = k and T l {IF) = k and T l {IF) = IF®...®IF for i > 0. Let I {G) 
be the bilateral ideal generated by elements of form e{u) = u®u — G {u) ■ 1 
where u E IF and 1 is the unity element of algebra C {IF). Every element 
from / {G) can be written as JT A,e (iq) /q, where A j, /q E C{IF) and tq E IF . 
Let C {G) —C{IF)/I {G) and define j : IF —■> C {G) as the composition of 
monomorphism i : IF —> L l {IF) C F{F) and projection p : C {IF) —> C {G) . 
In this case pair {C {G) ,j) is the solution of our problem. From the general 
properties of tensor algebras the homomorphism ip : T —> A can be extended 
to C{F) , i.e., the diagram 2 is commutative, where p is a monomorphism 


C{IF) 



Figure 4.2: Diagram 2 

of algebras. Because {tp {u)) 2 = G {u) ■ 1, then p vanishes on ideal I {G) and 
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in this case the necessary homomorphism r is defined. As a consequence of 
uniqueness of p, the homomorphism r is unique. 

Tensor d-algebra C(F) can be considered as a Z/2 graded algebra. Really, 
let us introduce £ (0) (JF) = T 2t (IF) and C^HF) = T 2l+1 {F ). 

Setting (G) = I ( G ) fl C^ a \F). Define (G) as p , where p : 

C (F) —> C (G) is the canonical projection. Then C {G) = G® (G)©Cd) (G) 
and in consequence we obtain that the Clifford d-algebra is Z/2 graded. 

ft is obvious that Clifford d-algebra functorially depends on pair (. F , G). 
If / : F —» F' is a homomorphism of k-vector spaces, such that G' (/(«)) = 
G (u), where G and G' are, respectively, metrics on F and F', then / induces 
an homomorphism of d-algebras 

C (/) : C (G) -> C (G') 

with identities C (cp ■ f) — C {p) C (/) and C ( Id?) = Idc{T)- 

If A a and are U/2-graded d-algebras, then their graded tensorial 
product A a ® B 13 is defined as a d-algebra for k-vector d-space A a <8 B fj with 
the graded product induced as ( a ® b) (c <g> d) = (—1)“ /3 ac<g>bd , where b e B a 
and c E A a (a, (3 — 0,1). 

Now we reformulate for d-algebras the Chevalley theorem ||45|| : 


Theorem 4.2. The Clifford d-algebra C ( hF © vF,g + h) is naturally iso¬ 
morphic to C(g) ® C (. h ). 

Proof. Let n : hF —► C (g) and n' : vF —> C (h) be canonical maps and 
map 

m : hF © vF —> C(g) ® C (h) is defined as m(x, y) = n(x) © 1 + 1 © n'(y), 
x E hF,y E vF. We have (m(x,y)) 2 = [(n(x)) 2 + (n' (y)) 2 ] ■ 1 = [g (x) + 
h (y)]. Taking into account the universality property of Clifford d-algebras 
we conclude that m induces the homomorphism 

C : C {hF © vF, g + h) —* C {hF, g) ®C {vF, h). 

We also can define a homomorphism 

v : C {hF, g) ©C (■ vF , h) —>■ C {hF © vF, g + h) 

by using formula v {x © y) = 6 {x) 6' {y), where homomorphysms 5 and 5' 
are, respectively, induced by imbeddings of hF and vF into hF © vF : 

5 : C {hF, g)^C {hF ®vF,g + h), 


5’ : C {vF, h) C {hF © vF, g + h ). 
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Because x G (g) and y G C^ ( g ) , we have 

5 (. x ) 5' (y) = (—1) (q) S' (y) 5 (. x ). 

Superpositions of homomorphisms ( and v lead to identities 

V C = ^C{hT,g)®C{vT,h)i C v = ^C{hT,g)®C(vT,h)- ( 4 - 1 ) 

Really, the d-dalgebra C (hp © vP ', g + h) is generated by elements of type 
m(x,y). Calculating 

v( (m (x, y)) = v (n (x) © 1 + 1 © n (y)) 

= S (n(x)) S (n (y)) = m (x, 0) + m(0, y) = m (x, y ), 

we prove the first identity in (|4.1| ). 

On the other hand, d-algebra C [hp, g) ©C (vP, h ) is generated by el¬ 
ements of type n (x) © 1 and 1 © nl (y ), we prove the second identity in 

(B- 

Following from the above -mentioned properties of homomorphisms ( and 
v we can assert that the natural isomorphism is explicitly constructed. □ 


In consequence of theorem £h2] we conclude that all operations with Clif¬ 
ford d-algebras can be reduced to calculations for C ( hp , g) and C (■ vP , h) 
which are usual Clifford algebras of dimension 2 n and, respectively, 2 m [^3|, 


Of special interest is the case when k — IZ and P is isomorphic to vector 
space IZ p+q,a+b provided with quadratic form —x\ — ... — x^ + Xp +q — y\ — ... — 
y\ + ... + yl +b - In this case, the Clifford algebra, denoted as ( C p ’ q ,C a,b ) , is 
generated by symbols e^\ e^\ ..., e^, e^\ e^\ ..., e^_ b satisfying properties 
0 of = -1 (1 < i < p ), (ej) 2 = -1 (1 <j<a), {e k f = 1 (p+1 < k < p+q), 
(i ej ) 2 = 1 (n + 1 < s < a + b), CiCj = —ejei, i ^ j. Explicit calculations 
of C p,q and C a,b are possible by using isomorphisms |83], |129|| 


c p+n ’ q+n ~ c p ’ q © m 2 in) ©... © m 2 (k) = c p ’ q © m 2 u (n) ^ m 2 „ ( c ™), 


where M s (H) denotes the ring of quadratic matrices of order s with coeffi¬ 
cients in ring A. Here we write the simplest isomorphisms C 1,0 ~ C, C 0,1 ~ 
1Z®7Z, and C 2,0 = H, where by H is denoted the body of quaternions. We 
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summarize this calculus as (as in Ref. 


0 ) 


G°’° = 77, G 1 ’ 0 = C, G 0 ’ 1 = 77 © 77, G 2 ’ 0 = H, G 0 ’ 2 = M 2 (77), 

C 3 ’° = H ® Ft, G 0 ’ 3 = M 2 (77), 

G 4 ’ 0 = M 2 (Fl),C 0A = M 2 (Ft),C 5fi = M 4 (C), 

C °’ 5 = M 2 (Ft)®M 2 (H),C e ’° = M 8 (n),C °' 6 = M 4 (H), 
c 7 ’ 0 = Ms (77) © M 8 (77), G 0 ’ 7 = M 8 (C), 

G 8 ’ 0 = M 16 (77), G 0 ’ 8 = Mie (77). 

One of the most important properties of real algebras G 0,p ( C 0,a ) and 
C p, ° ( C a ’°) is eightfold periodicity of p(a). 

Now, we emphasize that 77 2n -spaces admit locally a structure of Clifford 
algebra on complex vector spaces. Really, by using almost Hermitian struc¬ 
ture J a 13 and considering complex space C n with nondegenarate quadratic 
form 


^2 i^i 2 ’ *«» G ° 2 

a= 1 


induced locally by metric ( [l.f9| ) (rewritten in complex coordinates z a = x a + 
iy a ) we define Clifford algebra 

" -V-' 


where *C l = C®rC — C © C or in consequence, *C n ~ C n '°®TzC ~ C 0)n ®TzC. 
Explicit calculations lead to isomorphisms C 2 = G 0,2 ®^ ~ M 2 (1Z)®rC ~ 


M 2 ^ C n j , G 2p ~ M 2P ( C ) and G 2p+1 ~ M 2V (C) © M 2 p (C), which show that 

complex Clifford algebras, defined locally for 77 2n -spaces, have periodicity 2 
on p. 

Considerations presented in the proof of theorem O show that map j : 
IF —> C (IF) is monomorphic, so we can identify space IF with its image in 
C (IF, G ), denoted as u —■> u, if w G G® (JF, G) (n g G^ 1 ) (JF, G)) ; then 
u = u ( respectively, u = —u ). 


Definition 4.1. The set of elements u G G (G)*, where C (G)* denotes the 
multiplicative group of invertible elements of C (IF, G) satisfying TOFu^ 1 G JF, 
is ca/Zed f/ie twisted Clifford d-group, denoted as V (IF). 


Let p : T (IF) —> GL (IF) be the homorphism given by u —> pw, where 
Pu (w) = uwu _1 . We can verify that kerp = 77*is a subgroup in T (JF). 
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Canonical map j : IF —> C (IF) can be interpreted as the linear map 
IF —> C (IF) 0 satisfying the universal property of Clifford d-algebras. This 
leads to a homomorphism of algebras, C (IF) —> C (IF ) 1 , considered by an 
anti-involution of C (IF) and denoted as u —> t u. More exactly, if u\...u n 6 IF , 
then t u = u n ...u\ and t u = t u = (—l) n u n ...u\. 

Definition 4.2. The spinor norm of arbitrary u G C (IF) is defined as 
S (u) — -neC (IF). 

It is obvious that if u, u\ u" G T (IF ), then S(u, u') = S (u) S (u') and 
5 (uu'u") = S(u)S (u') S (u "). For u, u' G IFS (u) = -G (u) and S (u, u') = 
S (u) S (v!) = S (uu'). 

Let us introduce the orthogonal group O (G) C GL (G) defined by metric 
G on IF and denote sets SO (G) = {mgO (G ), det \u\ = 1}, Pin (G) = {u6 
f (IF ), S (u) = 1} and Spin (G) = Pin (G) HC° (IF) .For IF = IZ n+m we write 
Spin (n + m) . By straightforward calculations (see similar considerations in 
Ref. |Q) we can verify the exactness of these sequences: 

1 -> Z/2 -> Pin (G) —► 0(G) ^ 1, 

1 -> Z/2 -> Spin (G) SO (G) -> 0, 

1 —> Z/2 —> Spin (n + m) —> SO (n + m) —*• 1. 


We conclude this section by emphasizing that the spinor norm was defined 
with respect to a quadratic form induced by a metric in v-bundle £<* (or by 
an iL 2n -metric in the case of generalized Lagrange spaces). This approach 
differs from those presented in Refs. [|19j and [|124| . 


4.2 Anisotropic Clifford Bundles and Spinor 
Structures 

There are two possibilities for generalizing our spinor constructions defined 
for d-vector spaces to the case of vector bundle spaces enabled with the 
structure of N-connection. The first is to use the extension to the category 
of vector bundles. The second is to define the Clifford fibration associated 
with compatible linear d-co nn ection and metric G on a vector bundle (or 
with an // 2n -metric on GL-space). Let us consider both variants. 

4.2.1 Clifford d-module structure 

Because functor IF —> C(IF) is smooth we can extend it to the category 
of vector bundles of type ^ = {7r rf : HE ®VE —> E}. Recall that by T 
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we denote the typical fiber of such bundles. For £^ we obtain a bundle of 
algebras, denoted as C (£<*), such that C (£,d) u — G (IF U ). Multiplication in 
every fibre defines a continuous map C (£d) x C (£d) —> C (£, d ). If £<* is a vector 
bundle on number field k, the structure of the C (^)-module, the d-module, 
the d-module, on £^ is given by the continuous map C (£<*) Xe £,d ^ £,d with 
every fiber T u provided with the structure of the C (IF U ) —module, correlated 
with its ^-module structure, Because T C C {IF ), we have a fiber to fiber 
map T x E £d —> £d, inducing on every fiber the map T u x E £ d(u ) -> Oi(u) 
(7^-linear on the first factor and fc-linear on the second one ). Inversely, 
every such bilinear map defines on ^ the structure of the C (£d)-module 
by virtue of universal properties of Clifford d-algebras. Equivalently, the 
above-mentioned bilinear map defines a morphism of v-bundles m : £,* —► 
HOM (£ d , £ d ) [HOM (£ d , £ d ) denotes the bundles of homomorphisms] when 
(m (n)) 2 = G (u) on every point. 

Vector bundles £d provided with C (^-structures are objects of the cat¬ 
egory with morphisms being morphisms of v-bundles, which induce on every 
point morphisms of C (7F U ) —modules. This is a Banach category con¬ 

tained in the category of finite-dimensional d-vector spaces on filed k. We 
shall not use category formalism in this work, but point to its advantages 
in further formulation of new directions of K-theory (see , for example, an 
introduction in Ref. |83|) concerned with locally anisotorpic spaces. 

Let us denote by H s (£, GL n+m (71)) the s-dimensional cohomology group 
of the algebraic sheaf of germs of continuous maps of v-bundle £ with group 
GL n+m (7 Z) the group of automorphisms of IZ Tl+m (for the language of al¬ 
gebraic topology see, for example, Refs. [Q and [[T|]). We shall also use 
the group SL n+m (71) = {A C GL n+m (71) ,detR = 1}. Here we point out 
that cohomologies H s (M,Gr) characterize the class of a principal bundle 
7 T : P —> M on M with structural group Gr. Taking into account that we 
deal with bundles distinguished by an N-connection we introduce into consid¬ 
eration cohomologies H s (£,GL n+m (TZ)) as distinguished classes (d-classes) 
of bundles £ provided with a global N-connection structure. 

For a real vector bundle £, d on compact base £ we can define the orientation 
on £d as an element a d G H 1 (£, GL n+m (71)) whose image on map 

H 1 (£, SL n+m (71)) H 1 (£, GL n+m (71)) 

is the d-class of bundle £. 

Definition 4.3. The spinor structure on £ d is defined as an element 
fid G H 1 (£, Spin (n + m)) whose image in the composition 

H 1 (£, Spin (n + m)) H 1 (£, SO (n + m)) -*• H v (£, GL n+m (71)) 
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is the d-class of £. 

The above definition of spinor structures can be reformulated in terms of 
principal bundles. Let fa be a real vector bundle of rank n+m on a compact 
base £. If there is a principal bundle Pd with structural group SO (n + m) [ 
or Spin (n + m)], this bundle £^ can be provided with orientation (or spinor) 
structure. The bundle Pd is associated with element ad G H 1 (£, SO(n + m)) 
[or [3d G H 1 (£, Spin (■ n + m)). 

We remark that a real bundle is oriented if and only if its first Stiefcl- 
Whitney d-class vanishes, 

Wi (£,d) e H 1 (£,Z/2) =0, 

where H 1 (£,.2/2) is the first group of Chech cohomology with coefficients 
in Z/ 2, Considering the second Stiefel-Whitney class w 2 (Cl) £ H 21 (£,i?/2) 
it is well known that vector bundle Cl admits the spinor structure if and 
only if w -2 (£<*) = 0. Finally, in this subsection, we emphasize that taking into 
account that base space £ is also a v-bundle, p : E —> M, we have to make 
explicit calculations in order to express cohomologies H s (£, GL n+m ) and 
H s (C SO (n + m)) through cohomologies H s (M,GL n ) , H s (M, SO (m)) , 
which depends on global topological structures of spaces M and £. For general 
bundle and base spaces this requires a cumbersome cohomological calculus. 

4.2.2 Anisotropic Clifford fibration 

Another way of defining the spinor structure is to use Clifford fibrations. 
Consider the principal bundle with the structural group Gr being a sub¬ 
group of orthogonal group O ( G ), where G is a quadratic nondegenerate form 
(see (|1.39|) ) defined on the base (also being a bundle space) space C The fibra¬ 
tion associated to principal fibration P (£, Gr) [or P (H 2n , Gr)] with a typical 
fiber having Clifford algebra C (G) is, by definition, the Clifford fibration 
PC (C Gr ). We can always define a metric on the Clifford fibration if every 
fiber is isometric to PC (£, G) (this result is proved for arbitrary quadratic 
forms G on pseudo-Riemannian bases ||15d|| ). If, additionally, Gr C SO (G) 
a global section can be defined on PC (G). 

Let V (C Gr) be the set of principal bundles with differentiable base £ 
and structural group Gr. If g : Gr —* Gr' is an homomorphism of Lie groups 
and P (£, Gr) C V (£, Gr) (for simplicity in this section we shall denote 
mentioned bundles and sets of bundles as P, P' and respectively, V,V), we 
can always construct a principal bundle with the property that there is as 
homomorphism f : P' —> P of principal bundles which can be projected to 
the identity map of £ and corresponds to isomorphism g : Gr —> Gr'. If the 
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inverse statement also holds, the bundle P' is called as the extension of P 
associated to g and / is called the extension homomorphism denoted as g. 

Now we can define distinguished spinor structures on bundle spaces (com¬ 
pare with definition 2.3 ). 


Definition 4.4. Let P G V (£, O (G)) be a principal bundle. A distinguished 
spinor structure of P , equivalently a ds-structure of f is an extension P of P 
associated to homomorphism h : PinG —> O (G) where O ( G ) is the group of 
orthogonal rotations, generated by metric G, in bundle £. 


So, if P is a spinor structure of the space £, then P E V (£, PinG ). 

The definition of spinor structures on varieties was given in Ref. ||50|| . In 
Refs, fyl and |]5l| it is proved that a necessary and sufficient condition for 


a space time to be orientable is to admit a global field of orthonormalized 
frames. We mention that spinor structures can be also defined on varieties 
modeled on Banach spaces []l|. As we have shown in this subsection, similar 
constructions are possible for the cases when space time has the structure of 
a v-bundle with an N-connection. 


Definition 4.5. A special distinguished spinor structure, ds-structure, of 
principal bundle P = P (£, SO (G)) is a principal bundle P — P (£, SpinG ) 
for which a homomorphism of principal bundles p : P —> P, projected on the 
identity map of £ (or of H 2n ) and corresponding to representation 

R : SpinG -»• SO (G ), 


is defined. 


In the case when the base space variety is oriented, there is a natural 
bijection between tangent spinor structures with a common base. For special 
ds-structures we can define, as for any spinor structure, the concepts of spin 


tensors, spinor connections, and spinor covariant derivations (see Refs. ||162 

IM 


4.3 Almost Complex Anisotropic Spinor 
Structures 


Almost complex structures are an important characteristic of FF -spaces. 


We can rewrite the almost Hermitian metric [|108| , flOOfl , in complex form 


163 
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G = H ab (z, £) dz a (g) dz b , 


(4.2) 


where 


z a = x a + iy a , z a = x a - iy a , H ab (z, z) = g a b (x, y) \ x 


x=x(z,z) 
y=y(z,z) ’ 


and define almost complex spinor structures. For given metric (O) on 
H 2n - space there is always a principal bundle P u with unitary structural 
group U(n) which allows us to transform H 2n - space into v-bundle £ u ~ 
P u x u(n) L£ 2n ■ This statement will be proved after we introduce complex 
spinor structures on oriented real vector bundles f83 



SO{2n) 


Spin c (2n ) 


Figure 4.3: Diagram 3 

Let us consider momentarily k = C and introduce into consideration 
[instead of the group Spin(n )] the group Spin c Xz /2 U (1) being the factor 
group of the product Spin(n ) x U (1) with the respect to equivalence 

{y, z) ~ {~y, ~a), yeSpin(m). 

This way we define the short exact sequence 

1 -»• U (1) -»• Spin c (n) ^ SO {n) -»• 1, 

where p c (y, a) = p c (y) . If A is oriented , real, and rank n, 7 -bundle 7 r : 
E\ —> M n , with base M n , the complex spinor structure, spin structure, on 
A is given by the principal bundle P with structural group Spin c (m) and 
isomorphism A ~ P x Spin c (n)dL n . For such bundles the categorial equivalence 
can be defined as 


e c : (M n ) (. M n ) , (4.3) 

where e c ( E c ) = P A s P in c {n) E c is the category of trivial complex bundles 
on M n ,£c {M n ) is the category of complex v-bundles on M n with action of 
Clifford bundle C (A), PAs P i n c (n) and E c is the factor space of the bundle 
product P Xu E c with respect to the equivalence (p,e) ~ (pg^ 1 , ye) ,P £ 
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P, e G P c , where p G Spin c (n) acts on E by via the imbedding Ppm (n) C 
C 0,n and the natural action U (1) C C on complex v-bundle £ c , E c = totft, 
for bundle n c : E c —> M n . 

Now we return to the bundle £. A real v-bundle (not being a spinor 
bundle) admits a complex spinor structure if and only if there exist a ho¬ 
momorphism a : U (n) —> Spin c ( 2 n) making the diagram 3 commutative. 
The explicit construction of a for arbitrary 7 -bundle is given in Refs. 


S3 


and |H. For P 2n -spaces it is obvious that a diagram similar to ( |4.3|) can be 


defined for the tangent bundle TM n , which directly points to the possibility 
of defining the c Ppm-structure on P 2 n -spaces. 

Let A be a complex, rankn, spinor bundle with 


r : Spin c (n) x z/2 U (1) — U (1) (4.4) 

the homomorphism defined by formula r (A, 5) = <5 2 . For P s being the prin¬ 
cipal bundle with fiber Spin c (n) we introduce the complex linear bundle 
L (A c ) = Ps Xspin c (n) C defined as the factor space of Ps x C on equivalence 
relation 


(pf , Z) rsj (p, l (t) 1 Z) , 

where t G Spin c (■ n ). This linear bundle is associated to complex spinor 
structure on A c . 

If A c and A c are complex spinor bundles, the Whitney sum A c © A c is 
naturally provided with the structure of the complex spinor bundle. This 
follows from the holomorphism 

uj' : Spin c (■ n) x Spin c (n') —>■ Spin c (n + n '), (4.5) 

given by formula [(/?, z ), (/?', z')\ —> [u> (/ 3 , ft ), zz'] , where u is the homomor¬ 
phism making the following diagram 4 commutative. Here, z,z' G U (1). It 

Spin(n) x Spin(n ') _„ Spin(n + n ') 

0{n) x 0(n') -► 0(n + n') 


Figure 4.4: Diagram 4 

is obvious that L (A c © A c ) is isomorphic to L (A c ) © L (A c ) . 

We conclude this section by formulating our main result on complex 
spinor structures for W 2 n -spaces: 
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Theorem 4.3. Let X° be a complex spinor bundle of rank n and H 2n -space 
considered as a real vector bundle A C ©A C provided with almost complex struc¬ 
ture J a p] multiplication on i is given by ^ ^ ^ ^ . Then, the diagram 

5 is commutative up to isomorphisms e c and ? c defined as in (2.f9), 7 1 is 
functor E c E c 0 L (A c ) and £°’ 2n ( M n ) is defined by functor Sc ( M n ) —> 
Sp 2n (M n ) given as correspondence E c —> A (C n ) 0 E c (which is a catego- 
rial equivalence), A ( C n ) is the exterior algebra on C n . W is the real bundle 
A c © A c provided with complex structure. 



Figure 4.5: Diagram 5 

Proof: We use composition of homomorphisms 

/i : Spin 0 (2 n) -A SO (n) -A U (n) -A Spin c (2 n) x^ 2 U (1), 

commutative diagram 6 and introduce composition of homomorphisms 

p : Spin 0 (n) A Spin c (n) x Spin c (n) ^ Spin c (n) , 

where A is the diagonal homomorphism and a f is defined as in ( |4.5| ). Using 
homomorphisms ( |4.4j) and ( |4.5|) we obtain formula /i (t) — /i (f) r (f) . 

Now consider bundle P Xs P in c (n) Spin 0 (2n) as the principal Spin 0 (2n)- 
bundle, associated to M © M being the factor space of the product P x 
Spin 0 (2n) on the equivalence relation ( p,t,h ) ~ (p, p (t ) -1 h) ■ In this case 
the categorial equivalence ( |4.3|) can be rewritten as 

€ (E ) P X Spin c (n) Spin (277.) A Spi n c (2n)E 

and seen as factor space of P x Spin 0 (2n) Xm E° on equivalence relation 

(. pt , h , e) ~ ( p , p ( ty 1 h, e) and ( p , h±, h 2 , e) ~ (p, hi, 1 e) 

(projections of elements p and e coincides on base M ). Every element of 
e° (E°) can be represented as PN. S pi n ^{n)E c , i.e., as a factor space PAE° on 
equivalence relation (pt, e) ~ (p, p° ( t ), e), when t e Spin 0 (n). The complex 
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Spin(2n ) C Spin c (2n) 

P 

SO(n) - ~SO(2n) 


Figure 4.6: Diagram 6 


line bundle L (A c ) can be interpreted as the factor space of 
P y.spin c (n) C- on equivalence relation ( pt,S) rsj (p, r (t) 1 5) . 

Putting (p, e ) <8) (p, 5) (p, Se ) we introduce morphism 

e c (E) x L (A c ) -> e c (A c ) 

with properties (pt , e) <8 ( pt , 5) —> ( pt , Se) = (p, p c (f) -1 5e) , 

(p, p c (t)^ 1 e) 8) (p, /(f) -1 e) —■> (p, p c (£) r (t) 1 <5e) pointing to the fact 
that we have defined the isomorphism correctly and that it is an isomorphism 
on every fiber. □ 
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Chapter 5 

Spinors and Anisotropic Spaces 


The purpose of this Chapter is to show how a corresponding abstract spinor 
technique entailing notational and calculations advantages can be developed 
for arbitrary splits of dimensions of a d-vector space T = hT © vT, where 
dim hT = n and dim vT = m. For convenience we shall also present some 
necessary coordinate expressions. 

The problem of a rigorous definition of spinors on locally anisotropic 
spaces (anisotropic spinors, d-spinors) was posed and solved ||163 


162, 189 


in the framework of the formalism of Clifford and spinor structures on v- 
bundles provided with compatible nonlinear and distinguished connections 
and metric . We introduced d-spinors as corresponding objects of the Clifford 
d-algebra C [T. G ), defined for a d-vector space T in a standard manner 
(see, for instance, |||) and proved that operations with C(T,G) can be 
reduced to calculations for C (hT, g ) and C (■ vJ -, h) , which are usual Clifford 
algebras of respective dimensions 2 n and 2 m (if it is necessary we can use 
quadratic forms g and h correspondingly induced on hT and vT by a metric 
G (11.39| )). Considering the orthogonal subgroup 0(G) C GL( G) defined by 
a metric G we can define the d-spinor norm and parametrize d-spinors by 
ordered pairs of elements of Clifford algebras C (hT , g) and C ( vT , h) . We 
emphasize that the splitting of a Clifford d-algebra associated to a v-bundle 
£ is a straightforward consequence of the global decomposition defining a 
N-connection structure in £. 

In this Chapter, as a rule, we shall omit proofs which in most cases are 
mechanical but rather tedious. We can apply the methods developed in 
127], [T2|, g2! IH n a straightforward manner on h- and v-subbundles in 


order to verify the correctness of affirmations. 


127 
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5.1 Anisotropic Clifford Algebras, 
Spinors and Twistors 


In order to relate the succeeding constructions with Clifford d-algebras [|163| , 


162|| we consider a locally anisotropic frame decomposition of the metric 


(ED- 

(«) = (“(«) lj («) G s? , (5.1) 

where the frame d-vectors and constant metric matrices are distinguished as 


la («) = j 


ii ( u ) o 


0 1 % («) 


,G, 


a/3 


OR 
0 h 


0 


ab 


(5.2) 


gjj and are diagonal matrices with gjr = hsz = ± 1 . 

To generate Clifford d-algebras we start with matrix equations 


Oa<7p T i (5-3) 

where / is the identity matrix, matrices erg (cr-objects) act on a d-vector space 
T = hT © vT and theirs components are distinguished as 


&OL 



W? 0 1 

0 “ {ot)f)]' 


(5.4) 


indices (3, 7 ,... refer to spin spaces of type S = S^) © i>(„) and underlined 
Latin indices j,k,... and b, c,... refer respectively to a h-spin space S(h) and 
a v-spin space S( v ), which are correspondingly associated to a h- and v- 
decomposition of a v-bundle S^. The irreducible algebra of matrices erg 
of minimal dimension N x N, where N = lV( n ) + lV( m ), dim S(h)=N( n ) and 
dim iS(y) —N ^, has these dimensions 


/ 2 ( n -b/ 2 , n = 2k + 1 
(n) ““ \ 2 n / 2 , n = 2k] 

_ f 2 ( - m ~ 1 ^ 2 , m — 2k + 1 
(m) “ \ 2 m / 2 , m = 2k, 

where k — 1,2,... . 

The Clifford d-algebra is generated by sums on n + 1 elements of form 
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and sums of m + 1 elements of form 


A 2 I + B a a~ a + + D abc a^ + .. 


abc ^ 


ab 


abc 


with antisymmetric coefficients C u = C^\ C a * = C^\ D ljk = D^ k \ D°^ c = 
D^,... and matrices a Tj = a$<J^,<J~b = = a {i a 3 a k], ■■■ ■ Rcall A we 

have 2" +1 coefficients (^A x , C l \ D t]k \ ... j and 2 m+1 coefficients 

^A 2 , C a D a ^ c ,... j of the Clifford algebra on T. 

For simplicity, in this subsection, we shall present the necessary geometric 
constructions only for li-spin spaces S(h) of dimension Nr n y Considerations for 
a v-spin space S( v ) are similar but with proper characteristics for a dimension 
Af(m) • 

In order to define the scalar (spinor) product on S^) we introduce into 
consideration this finite sum (because of a finite number of elements agj : 


<±, -E& = 44+ Ii (^)|K)i+ 5 r 


a- 




W j yk+ 


3! 


Tijk) 


(<y 


ijkyl 

) m 


+ 


(5.5) 


which can be factorized as 


l±>E bn = N (n) (±) e a - for 11 = 2k 


(5.6) 


and 


(+) ^L = 2AT (n) efcme^, ( ) E^ = 0 for n = 3(mod4), 

{+)E tm = °> { ~ )E km = 2 N {n) 6krne lJ - for 7 1 = l{modA). 


(5.7) 


and 


Antisymmetry of and the construction of the objects 
( |5.7|) define the properties of e-objects and e^m which have an eight-fold 

periodicity on n (see details in [|129|| and, with respect to locally anisotropic 
spaces, ||163|| ). 

For even values of n it is possible the decomposition of every h-spin space 
^(/pinto irreducible h-spin spaces S(h) and Sh \ (one considers splitting of h- 
indices, for instance, /= L © L 1 , m = M © ...; for v-indices we shall write 

a = A © A', b = B ©£>',.••) and defines new e-objects 


e Zm = 1 ((+) e Zm + (-) e hn .J &nd = I ((+)<£& _(-) _ ( 5 . 8 ) 


We shall omit similar formulas for e-objects with lower indices. 
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We can verify, by using expressions (|5.7|) and straightforward calculations, 
these parametrizations on symmetry properties of e-objects 


J,m _ 


e LM = e ML 0 


and = 


0 0 

g ~iM _ ~ML 

for n = 0(mod8); 


e lrn = (-)gim = ^ where {+) = ^ ^ (5.9) 


J,m _ 


^ lm _ 


o o 

C L'M o 


= --C) e hn = 2 ™If or n = i( mo d8); 

0 e LM ' = -e M ' L 
0 0 

for n = 2(mod8); 


and ^ = 


6^ = __(+) e Un = _ e rnZ ; where Hgim = g ? &nd 

= -We 12 = -e^for n = 3(mod8); 


f LM _ _ £ ML g 


and = 


0 0 
0 = 
for n = 4(mod8); 


e— = — O e M _ _ e mL where (+) e M _ g d 
2 

^ = -^ H e— = -^for n = 5(mod8); 


_ 


o o 

£ L'M g 


and ^ = 


g ~LM' =e M'L 
0 0 
for n = 6(mod8); 


e lm _ _ rnl wh {+) lm _ g g 

2 

^ = ^ni for n = 7( mo d 8 ). 


Let denote reduced and irreducible h-spinor spaces in a form pointing to 
the symmetry of spinor inner products in dependence of values n = 8k + l 
(k = 0,1,2,...;/ = 1,2, ...7) of the dimension of the horizontal subbundle 
(we shall write respectively A and o for antisymmetric and symmetric inner 
products of reduced spinors and <0> = (A, o) and <) = (o, A) for correspond¬ 
ing parametrizations of inner products, in brief i.p., of irreducible spinors; 
properties of scalar products of spinors are defined by e-objects ( |5 . 9|) ; we 
shall use o for a general i.p. when the symmetry is not pointed out): 
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S[h) 

(8k) = 

= S 0 © S' 0 ; 




S(h) 

(8k 

+ 

1) = 

= Sw (i.p. is defined 

by an 

' ) e-object); 

S(h) 

00 

+ 

2 ) = 

r = (So, So), or 

1 S' 0 — (S~, S~); 




S(K) 

(8k 

+ 

3) = 

= (i.p. is dehned 

by an 

(+ ' ) e-object); 

S( h ) 

(8k 

+ 

4) = 

= S a ©S' a ; 




S(h) 

(8k 

+ 

5) = 

= ^ (i.p. is dehned 

by an 

^ ^-object), 

S(h) 

(8k 

+ 

6 ) = 

r = (So, S 0 ), or 

1 S' 0 — (S~, S~); 




S(h) 

(8k 

+ 

7) = 

= <S<; +) (i.p. is dehned by an ^■'e-obj 

ect) 


(5.10) 


We note that by using corresponding e-objects we can lower and rise 
indices of reduced and irreducible spinors (for n = 2, 6(mo<i4) we can exclude 
primed indices, or inversely, see details in [|127| , |128| , |129|| ). 

The similar v-spinor spaces are denoted by the same symbols as in ( |5.10|) 
provided with a left lower mark ”|” and parametrized with respect to the 
values m = 8 k' + l (k’=0,l,...; 1=1,2,...,7) of the dimension of the vertical 
subbundle, for example, as 


S {v) (8k') = S !o © Sj 0 ,S (w) (8k + 1 ) = s/ o \ ... (5.11) 

We use -overlined symbols, 

S w (8k) = S 0 @%,S (h) (8k + l)=St\- (5-12) 


and 


<S( v )(8k') — S | 0 © ( 8 k! + 1) — <5, 


— c( - ) 


(5.13) 


respectively for the dual to (|5.10|) and (|5.11|) spinor spaces. 

The spinor spaces (|5.10| )- (|5.13 ) are called the prime spinor spaces, in brief 
p-spinors . They are considered as building blocks of distinguished (n,m)- 
spinor spaces constructed in this manner: 


(2.65) 
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^( 00 , 00 ) 

5(oo, 

S(a,a ) 
S(a|°,o) 


So © s' G © s,o © sj 0 ,5( oo , o |°) = s 0 0 s; 0 s,o © sj 0 , 

°°) = So © S' 0 © S|o © Sj 0 ,5(o| 000 ) = So © S'„ © S|o © s; o , 


= 5 


(+) or. c(+) of A\ _ c(+) op. c(+) 

A ®‘- 5 |a>‘-H a ’ ) — ^A © ^|A ’ 


(5.14) 


Sa ffi S 0 © <5|<^, 5(a|°,^ ) — Sa © , 


Considering the operation of dualisation of prime components in (|5.14|) we 
can generate different isomorphic variants of distinguished (n,m)-spinor spa¬ 
ces. 

We define a d-spinor space «S( nim ) as a direct sum of a horizontal and a 
vertical spinor spaces of type (|5.14|) , for instance, 

So © S|o © Sj 0 , «S(8fc,8fc'+l) = 


5, 


(8k,8k') 


= So 




Si 


(8fc+4,8fc'+5) 


= Sa©S / a ©5, 1 a 


:(-) 


The scalar product on a S^ m ) is induced by (corresponding to fixed values 
of n and m ) e-objects ( |5.9| ) considered for h- and v-components. 

Having introduced d-spinors for dimensions (n, m ) we can write out the 
generalization for locally anisotropic spaces of twistor equations ||128|| by 
using the distinguished cr-objects (|5.4j) : 


(©«) 


••7 




G 


af3 


O 


5ujt 
'£ 6vT 


v--7 


(5.15) 


- 5uO n + m 

where |/3| denotes that we do not consider symmetrization on this index. The 
general solution of (|5.15|) on the d-vector space T looks like as 


u/ = Qi. + M a (a 3 )e-n-, (5.16) 

where Q- and n~ are constant d-spinors. For fixed values of dimensions n and 
m we mast analyze the reduced and irreducible components of h- and v-parts 
of equations ( |5. 15D and their solutions (|5.16|) in order to find the symmetry 
properties of a d-twistor Z Q defined as a pair of d-spinors 


Z“=(w“, <), 


where G <S( njTO ) is a constant dual d-spinor. The problem of 

definition of spinors and twistors on locally anisotropic spaces was firstly 
considered in ||189|| (see also [|156|| ) in connection with the possibility to extend 
the equations ( |5. 15|) and their solutions (|5.16[) , by using nearly autoparallel 
maps, on curved, locally isotropic or anisotropic, spaces. 
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5.2 Mutual Transforms of Tensors and Spi¬ 
nors 


The spinor algebra for spaces of higher dimensions can not be considered as 
a real alternative to the tensor algebra as for locally isotropic spaces of di¬ 
mensions n — 3,4 ||1271, |128|, |129|| . The same holds true for locally anisotropic 


spaces and we emphasize that it is not quite convenient to perform a spinor 
calculus for dimensions rt, rn » 4. Nevertheless, the concept of spinors is 
important for every type of spaces, we can deeply understand the fundamen¬ 
tal properties of geometical objects on locally anisotropic spaces, and we shall 
consider in this subsection some questions concerning transforms of d-tensor 
objects into d-spinor ones. 


5.2.1 Transformation of d-tensors into d-spinors 

In order to pass from d-tensors to d-spinors we must use cr-objects (ED 
written in reduced or irreduced form (in dependence of fixed values of 
dimensions n and m ): 


Mj, (O—> (^“W-,0a)-,-,(o-i)jfc, (5.17) 


a\/?7 


\bc 


\AA' 


It is obvious that contracting with corresponding cr-objects (|5.17| ) 
introduce instead of d-tensors indices the d-spinor ones, for instance, 


we can 


a )tL = (a s )^ n 


UAB’ — (e a )AB'Ua-, — ( (jfc )yCfe) •••• 


For d-tensors containing groups of antisymmetric indices there is a more 
simple procedure of theirs transforming into d-spinors because the objects 

... (5.i8) 

can be used for sets of such indices into pairs of d-spinor indices. Let us enu¬ 
merate some properties of cr-objects of type ( |5.18|) (for simplicity we consider 
only h-components having q indices i,j, k, ■■■ taking values from 1 to n; the 
properties of v-components can be written in a similar manner with respect 
to indices a, b, c... taking values from 1 to m): 


{ symmetric on k,l for n — 2q = 1, 7 (mod 8); 
antisymmetric on k,l for n — 2q = 3, 5 ( mod 8) 




(5.19) 
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for odd values of n, and an object 



is 


symmetric on /, J (/', J') for n — 2q = 0 (mod 8 ); 
antisymmetric on I, J (/', J') for n — 2q = 4 (mod 8 ) 


j (5.20) 


or 



(5.21) 


with vanishing of the rest of reduced components of the d-tensor (cy with 
prime/unprime sets of indices. 

5.2.2 Fundamental d—spinors 

We can transform every d-spinor £— = (£k £-) into a corresponding d-tensor. 
For simplicity, we consider this construction only for a h-component £- on a 
h-space being of dimension n. The values 


CH-(o ,t '" 3 )sP ( n is odd ) 


(5.22) 


or 



or i 1 '(a t "^)i'j i ) (n is even) (5.23) 


with a different number of indices taken together, defines the h-spinor 


C to an accuracy to the sign. We emphasize that it is necessary to choose 


only those h-components of d-tensors (|5.22| ) (or ( |5.23| )) which are symmetric 


on pairs of indices aj3 (or IJ (or I'J' )) and the number q of indices i...j 


satisfies the condition (as a respective consequence of the properties (|5.19|) 


and/or ([5W]), (^2TJ)) 


n- 2q = 0,1,7 (mod 8 ). (5.24) 

Of special interest is the case when 


(5.24) 



(5.25) 


or 



(5.26) 
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If all expressions ( |5.22| ) and/or (|5.23|) are zero for all values of q with the 
exception of one or two ones defined by the condition ( |5.25| ) (or ( p.26| )), the 
value £* (or t; 1 (C 1 ')) is called a fundamental h-spinor. Defining in a similar 
manner the fundamental v-spinors we can introduce fundamental d-spinors 
as pairs of fundamental h- and v-spinors. Here we remark that a h(v)-spinor 
€ (£“) ( we can also consider reduced components) is always a fundamental 
one for n{m) < 7, which is a consequence of ( |5.24|) ). 

Finally, in this section, we note that the geometry of fundamental h- and 
v-spinors is similar to that of usual fundamental spinors (see Appendix to the 

m: 


monograph 


We omit such details in this work, but emphasize that 


constructions with fundamental d-spinors, for a locally anisotropic space, 
must be adapted to the corresponding global splitting by N-connection of 
the space. 


5.3 Anisotropic Spinor Differential Geome¬ 
try 


The goal of the section is to formulate the differential geometry of d-spinors 
for locally anisotropic spaces. 

We shall use denotations of type 

v a = ( v \ v a ) G a Q = (<x\ a a ) and C“ = (C 1 , C“) 6 <7- = (a 1 , a*) 


for, respectively, elements of modules of d-vector and irreduced d-spinor fields 
(see details in ||163|| ). D-tensors and d-spinor tensors (irreduced or reduced) 


will be interpreted as elements of corresponding a -modules, for instance, 


LX 

Q 0 ... 


_ a 7 

e a p - 


G a 


tW 

) S JK’N ' 


c Mi' 

a JK'N' 


We can establish a correspondence between the d-metric g a p (|1.39|) and 
d-spinor metric ( e-objects (|5.9| ) for both h- and v-subspaces of S ) of a 
locally anisotropic space £ by using the relation 


9aP = ~ N(n) + N(m) ( 5 - 27 ) 


where 


(a a (u)ri = l°(u)(a a ri (5.28) 

which is a consequence of formulas ( t5.11) -( ^~6|) . In brief we can write ( |5.27|) 
as 


9a/3 — e «i 


( 5 . 29 ) 
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if the cr-objects are considered as a fixed structure, whereas e-objects are 
treated as caring the metric ” dynamics ” , on locally anisotropic space- 
times. This variant is used, for instance, in the so-called 2-spinor geometry 


128|, |129| and should be preferred if we have to make explicit the algebraic 


symmetry properties of d-spinor objects. An alternative way is to consider 
as fixed the algebraic structure of e-objects and to use variable components 
of er-objects of type ( |5.28| ) for developing a variational d-spinor approach to 
gravitational and matter held interactions on locally anisotropic spaces ( the 
spinor Ashtekar variables |2DJ are introduced in this manner). 

We note that a d-spinor metric 


f e ii 0 \ 

\ 0 6ab J 


on the d-spinor space S = (iSy,), Sm) can have symmetric or antisymmetric h 
(v) -components e y - (e^) , see e-objects fl5.9| ). For simplicity, in this section (in 
order to avoid cumbersome calculations connected with eight-fold periodicity 
on dimensions n and m of a locally anisotropic space S ) we shall develop 
a general d-spinor formalism only by using irreduced spinor spaces S^,) and 
<S(v)- 


5.4 D-covariant derivation 


Let £ be a locally anisotropic space. We define the action on a d-spinor of a 
d-covariant operator 

V ct = (Vi, Va) = K)- 1 - 2 ^!^ = (fa )* 1 * 3 Vi 1I2, (^Vaa) 

(in brief, we shall write 


V OL — V-l-2 — (Vili2, TJ —1—2 )) 


as a map 


Vr 


a- 


§_ _ 

O'a — 


satisfying conditions 


+ V~) = V«(- + V aV~i 


and 


v«(/(-) = /v^-+^-vJ 
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for every rj- e a- and / being a scalar field on S. It is also required that 
one holds the Leibnitz rule 


(V aCp)V~ = Va(C^h-) - (p V a V~ 

and that y Q is a real operator, i.e. it commuters with the operation of 
complex conjugation: 


VaV’a /3 7... — 


Let now analyze the question on uniqueness of action on d-spinors of an 
operator satisfying necessary conditions . Denoting by VaP and two 
such d-covariant operators we consider the map 

(Vi 1} - V a) ■ V- dL«e' ( 5 ' 3 °) 

Because the action on a scalar / of both operators v«' ) and Va must be 
identical, i.e. 


Va ] f = V otf 1 


(5.31) 


the action (|5.30Q on / = ujqIJ- must be written as 


(Vi 1] - V a )(w/) = 0. 


'■y '■y 

In consequence we conclude that there is an element O a a € cr aia2 p~ for 
which 


ryl 1 ) n = v 7 fl+f) 


ltd 


(5.32) 


and 


02^/3 ©a!a 2 /3 ^7 ■ 


The action of the operator (|5.30| ) on a d-vector iA = u-1-2 can be written by 
using formula Q5.32| ) for both indices /3 and (3 0 : 

(V? , -V«)i' 4& = e„/‘zA + 

= (e„f'y 2 4 + e„f>y a = qV 7 . 


where 


n / 3 — n - 1 - 2 — © - 2 - i - 0 - 2 A - 1 (5 

V a 7 — V Si&j 1 j 7 2 — a 7 2 w Way l a 7 2 ■ oc V 
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The d-commutator V[aV/ 3 ] defines the d-torsion. So, applying operators 
vjlvj 1 and V[aV/ 3 ] 011 / = we can write 


T 


(!)t 

a/3 


- n /3 = Q y 3 a ~ Q 


f3a 


a/3 


with Q 1 a p from (|5.33|) . 

The action of operator on d-spinor tensors of type Xa^o^..- 1 - 2 
must be constructed by using formula (|5.32| ) for every upper index 


and formula (|5.33|) for every lower index . 


5.5 Infeld - van der Waerden coefficients 


Let 


c a l SI 1 SI 1 SI 1 SI 0. SI 0. SI 

°a — (4 >4 i-i® N (n)!“l >4 ) •") 


; N(m) 


be a d-spinor basis. The dual to it basis is denoted as 

c o /r 1 r 2 c N(n) r 1 r 2 r N(m)\ 

y - = pi -4 -,-A A -A_ s, j 


A d-spinor k— G a — has components k— = 4, Taking into account that 

4* —^{3 T/gJ3_— V 0/3) 
we write out the components ^ as 

S^-Sp-S 1 1 V o /3 K 1 = 5 , - (Jr 2 K ~ + «- 4 2 V a /3 4 ' 

= Va^^+^-T 2 ^ ( 5 - 34 ) 

'■y 

where the coordinate components of the d-spinor connection 77 ^ are defined 
as 


7 a/3e — 4 V a/3 4 • (5.35) 

We call the Infeld - van der Waerden d-symbols a set of cr-objects (cr a )-- 
parametrized with respect to a coordinate d-spinor basis. Defining 

Va (^"a) - * ~ Va/3) 


introducing denotations 
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and using properties (|5.34|) we can write relations 


/“A !t T-y K 0 13 ,_ 6 ft 

L a °0 V« K -V a O' - K i a g 


and 


\3 Va h/? — Va h/3 TV/ a 0 


(5.36) 


(5.37) 


for d-covariant derivations Va^ and Va Up- 


We can consider expressions similar to (|5.36|) and (|5.37|) for values having 
both types of d-spinor and d-tensor indices, for instance, 


E n ^ £ Va ¥ = Va¥ - ¥v¥ + ¥ n , 


(we can prove this by a straightforward calculation of the derivation 

V«(9« T \ 1 *?))• 

Now we shall consider some possible relations between components of 
d-connections n f" aS and Y 7 aT and derivations of (cr a )-- . We can write 


r a /? 7 = £v 7 ^aV 7 (¥- = Cv 7 (M-¥¥) 

= v 7 M- + v 7 4 - + ¥ v 7 ¥) 

= 1%. v 7 (apr + v 7 ¥ + ¥ V 7 ¥), 


where = (oVr) Q , from which it follows 

M^Vapf-T a rt = (a^) 0 V 7 + ¥7- 7 a + ¥v¥ 

Connecting the last expression on f3 and u and using an orthonormalized 
d-spinor basis when y- p = 0 (a consequence from (|5.35| )) we have 

W = N(n) + N(m) (F ~^ =2 “ M' V, M M ), (5.38) 

where 


r - 7 ^ (5.39) 

We also note here that, for instance, for the canonical and Berwald con¬ 
nections, Christoffel d-symbols we can express d-spinor connection (|5.39p 
through corresponding locally adapted derivations of components of metric 
and N-connection by introducing respectively the coefficients of the Barwald, 
canonical or another type d-connections. 
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5.6 D-spinors of Anisotropic Curvature and 
Torsion 

The d-tensor indices of the commutator A a p can be transformed into d-spinor 
ones: 


□«g = (<T a/3 )ag A af3 = (Dy , Daft), (5.40) 

with h- and v-components, 

n R = (cr Q/3 )ijA Q/3 and cy = (cr al 3 )abA a p, 

being symmetric or antisymmetric in dependence of corresponding values of 
dimensions n and m (see eight-fold parametizations (|5.18| )- (|5.20| )). Consid¬ 
ering the actions of operator (|5.40|) on d-spinors 7 C and /i 7 we introduce the 
d-spinor curvature X s as to satisfy equations 


□aJ ^ = x s _ v- 


(5.41) 


and 


^7 -^7 aj3^C 


The gravitational d-spinor ^ 0 / 3^8 is defined by a corresponding symmetriza- 
tion of d-spinor indices: 


^ a 0"/6 A^(a|/3|75) • 


(5.42) 


I 

We note that d-spinor tensors X s and \lare transformed into similar 
2 -spinor objects on locally isotropic spaces ||128|, |129|| if we consider vanishing 


of the N-connection structure and a limit to a locally isotropic space. 

Putting 6 ^ - instead of p 7 in ( |5.41|) and using (|5.42|) we can express 
respectively the curvature and gravitational d-spinors as 


X^Sa0 C)t 


and 




^ 7 Saj3 

The d-spinor torsion T -1-2 ^ is defined similarly as for d-tensors) by 
using the d-spinor commutator (|5.40|) and equations 

°ng/ = T l112 afi V 2l 7 2 /• 

















5.6. D-SPINORS OF ANISOTROPIC CURVATURE AND TORSIONUl 


The d-spinor components R y 7 of the curvature d-tensor R 1 5 a/3 

can be computed by using the relations ( |5.39|) , (|5.40|) and (|5.42|) as to satisfy 
the equations (the d-spinor analogous of equations (|1.79|) ) 




7,7, 


-i- 2 y7 1 7 2j 


aj3 


(5.43) 


here d-vector V-O 2 is considered as a product of d-spinors, i.e. V-O 2 = 
vA fTA . We find 


= { x 0k+ TLlLl ^ ^ i uz ai ) s iA ( 5 - 44 > 

+( x Uk +r ~' T ~A_ ^w)v- 

It is convenient to use this d-spinor expression for the curvature d-tensor 


R. 


AQ.2 
AA 


= I X. 


{Y - 1 i T- 1 - 2 o/4i \ A -2 

( A Tj 9LiOL 2 yi_ 2 A 1 ' Alsh) °1 2 

Y - 2 . I rpZiZ? ~,4 2 \ X 4i 

7 2 QLiQL 2 yy _l " 1 « i “24 1 /3 2 I Z 1 Z 2 X 2 ) °Xi 


in order to get the d-spinor components of the Ricci d-tensor 


D P 4 l 4 2 __ Y -1 I r T 1 —l—t, 

^i 7 2 «i «2 “i“ 2 ^ii 2 7j “i“ 2 ii 7 2 " 1 ” «i“ 2 ^i 7 2 ' Z1Z2X1 


ii 




_ l _ y - 2 - i - T - 1 - 2 0,^2 

v 7 2 «i« 2 4i7 2 0,007,(50 / 


“1“^ ' XlX 2 7 2 

and this d-spinor decomposition of the scalar curvature: 


(5.45) 


= jya = .Y aA „ a + T-'- a ^ y. (5.46) 


1 -vm 2 <5 2 ni I rpZi±_ 2 i£ 2 i£l o 2 

012^2^1 (^2 ' (Ll^2—2 

Putting (2.96) and (2.97) into (2.43) and, correspondingly, (2.41) we find 
the d-spinor components of the Einstein and & a p d-tensors: 


1 —1—2 hl.2—1 

'^"l ^”2 ^2 ^'l S 0 


n — 

KJT ryQ, 


( ^7 1 7 2 Oi«2 X Xi ^1—2— 1 X 2 + T 1 2 “I«2^i7 2 ^ 1 XiZ 2 7 1 ( 5 - 47 ) 

+x. 


! I rpZll.2 ^0 2 

X 2 nin 2 4 i 7 2 QL1QL2X1—2 1 -i— 27 2 




^ihi A 


.2 I rp- 

-£1 + ± 


,ziz 2 y P 0 M, 
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and 
$ 


70; 


= $ 


hl2^ 2 (n + m) £ ^-E 1 H 2 




ilE —2 


(5.48) 


+T Zl12 ^ ^ 

P2H1 1 T-ilaPx 


- — \x - 1 1 Tni 2 

2 L li «1«2 ^i 1 2 ^ «l«2^ll- ' 


, V—2—2—^ , rjiZll.2 P . 2—1 *2 1 

+ ^2—2—1 + £1 ^2 7 M 2 4 2 J 


5i 

■ifl ■ — 1 — 2^1 


I X - 2 + T-l -2 ^ 6.2 

— 7 2 “ia 2 ^l7 2 “l“2l!^2 f ^1^27 2 J 


The components of the conformal Weyl d-spinor can be computed by 
putting d-spinor values of the curvature dEH) and Ricci ( EH) d-tensors 


into corresponding expression for the d-tensor (|1.82| ). We omit this calculus 
in this work. 






Chapter 6 

Anisotropic Spinors and Field 
Equations 


The problem of formulation gravitational and gauge field equations on differ¬ 
ent types of locally anisotropic spaces is considered, for instance, in [|109| , |27| , 
[L9[ and ||186|| . In this section we shall introduce the basic field equations for 
gravitational and matter field locally anisotropic interactions in a generalized 
form for generic locally anisotropic spaces. 


6.1 Anisotropic Scalar Field Interactions 


Let <p ( u ) = (ipi (u ), Lp 2 (u) ipk (w)) be a complex k-component scalar field 
of mass fj, on locally anisotropic space £. The d-covariant generalization of the 
conformally invariant (in the massless case) scalar field equation [|128| , |129 
can be defined by using the d’Alambert locally anisotropic operator 0, |lf 
□ = D a D a , where D a is a d-covariant derivation on £ constructed, for 
simplicity, by using Christoffel d-simbols (all formulas for held equations and 
conservation values can be deformed by using corresponding defrormation d- 
tensors Pj^ from the Cristoffel d-simbols, or the canonical d-connection to 
a general d-connection into consideration): 


. n + m — 2 4— . , . . 

(□ + 27 7 -t R + n )<p ( u ) — 0. (6.1) 

4 [n + m — 1) 

We must change d-covariant derivation D a into °D a = D a + ieA a and take 
into account the d-vector current 

+« 0) ( u ) = ( u ) D a ip (u) - Djp (■ u))tp (u)) 


143 






















144 CHAPTER 6. ANISOTROPIC SPINORS AND FIELD EQUATIONS 


if interactions between locally anisotropic electromagnetic field ( d-vector 
potential A a ), where e is the electromagnetic constant, and charged scalar 
field <p are considered. The equations ( |6.1|) are (locally adapted to the N- 
connection structure) Euler equations for the Lagrangian 


£ 101 («) = vis! 


g“' 3 'W (11) Sgif (u) 



n + m — 2 
4 (n Pm— 1) 


(p(u)cp(u) , 

( 6 . 2 ) 


where \g\ = detg a0 . 

The locally adapted variations of the action with Lagrangian ( |6.2| ) on 
variables ip ( u ) and Tp ( u ) leads to the locally anisotropic generalization of the 
energy-momentum tensor, 


E^ can) ( u) = S a ip (u) 5 0 ip (u) + 8 0 (p (u) S a (p ( u) 


1 

v'Wl 


g a0 £ {o) («), 


(6.3) 


and a similar variation on the components of a d-metric ( 1.3f ) leads to a 
symmetric metric energy-momentum d-tensor, 


r(o) 

J a 0 


u) = E { 


(0 ,can) 
(a/3) 


U 


n + m — 2 
2 (n + m — 1) 


+ DfaDg) ~ 9aP\ ^ (u) <f («) . 

(6.4) 


Here we note that we can obtain a nonsymmetric energy-momentum d-tensor 
if we firstly vary on G a0 and than impose the constraints of compatibility 
with the N-connection structure. We also conclude that the existence of a 
N-connection in v-bundle £ results in a nonequivalence of energy-momentum 
d-tensors o and nonsymmetry of the Ricci tensor (see (|1 . 77|) ), 

nonvanishing of the d-covariant derivation of the Einstein d-tensor (|1.85|) , 
D a G a/3 0 and, in consequence, a corresponding breaking of conservation 
laws on locally anisotropic spaces when D a E a/3 ^ 0 [|108|, |109||. The prob¬ 


lem of formulation of conservation laws on locally anisotropic spaces is dis¬ 
cussed in details and two variants of its solution (by using nearly autoparallel 
maps and tensor integral formalism on locally anisotropic multispaces) are 
proposed in [ 16fj| . In this section we shall present only straightforward gen¬ 
eralizations of field equations and necessary formulas for energy-momentum 
d-tensors of matter fields on £ considering that it is naturally that the con¬ 
servation laws (usually being consequences of global, local and/or intrinsic 
symmetries of the fundamental space-time and of the type of field interac¬ 
tions) have to be broken on locally anisotropic spaces. 
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6.2 Anisotropic Proca equations 

Let consider a d-vector field ip a (u) with mass /j 2 (locally anisotropic Proca 
field ) interacting with exterior locally anisotropic gravitational held. From 
the Lagrangian 


£ (1) («) = sM 


(«) (a) + mVo («) ¥>” («) 


(6.5) 


where / Q/ g = D a tpp — Dpip a , one follows the Proca equations on locally 
anisotropic spaces 


D a f a P (u) + (u) = 0. (6.6) 

Equations (|6.6| ) are a hrst type constraints for (3 — 0. Acting with D a on 
(|6.6|), for n ^ 0 we obtain second type constraints 


D a (p a (u) = 0. 


(6.7) 


Putting (|6.7| ) into ( |6.6| ) we obtain second order held equations with re¬ 
spect to ip a : 


□V2 a (u) + R a /3T 13 (u) + fi 2 <p a (u) = 0. (6.8) 


The energy-momentum d-tensor and d-vector current following from the ( |6.8|) 
can be written as 


E ap (u) = -9 er (fprfas + fas Ur) + ^ (<P a <Pt3 + VpVa) 


9a0 

\Ai\ 


£ (1) (u). 


and 


Ja } N = i (f a p ( U ) </ H - (■ u) fa/3 (u)) . 

For fi = 0 the d-tensor f a p and the Lagrangian ( |6.5|) are invariant with 
respect to locally anisotropic gauge transforms of type 

tp a (u) ip a (u) + 5 a A (u), 

where A (u) is a d-differentiable scalar function, and we obtain a locally 
anisotropic variant of Maxwell theory. 
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6.3 Anisotropic Gravitons and Backgrounds 

Let a massless d-tensor field h a> g (u) is interpreted as a small perturbation 
of the locally anisotropic background metric d-field g a p (u ). Considering, for 
simplicity, a torsionless background we have locally anisotropic Fierz-Pauli 
equations 


nh a/ 3 (u) + 2 R-rapv (u) h TV (u) = 0 (6.9) 

and d-gauge conditions 

D a hp (u) = 0, h (u) = hp(u) = 0, (6.10) 


where R ra pv (u) is curvature d-tensor of the locally anisotropic background 
space (these formulae can be obtained by using a perturbation formalism with 
respect to h a/ 3 (u) developed in Jf5| ; in our case we must take into account 
the distinguishing of geometrical objects and operators on locally anisotropic 
spaces). 

We note that we can rewrite d-tensor formulas ( |6.1| )-( |6TT0| ) into similar 
d-spinor ones by using formulas (|5.27) )- (|5.29|) , ( f5.39|) , ( f5.41| ) and (|5.45|) —(|6TG| ) 
(for simplicity, we omit these considerations in this work). 


6.4 Anisotropic Dirac Equations 


Let denote the Dirac d-spinor held on S as if) (u) = {^-(u)) and consider as 
the generalized Lorentz transforms the group of automorphysm of the metric 
G~p (see the locally anisotropic frame decomposition of d-metric ( [5.3|) ). The 
d-covariant derivation of held if} (u) is written as 



+ — 

4 ap 7 


u) l“(u)a ,3 a 



( 6 . 11 ) 


where coefficients = (D 7 / 3 ) lg a Q ; generalize for locally anisotropic spaces 
the corresponding Ricci coefficients on Riemannian spaces m. Using a- 
objects a a (u) (see (|5.28|) and (|5.4|) ) we dehne the Dirac equations on locally 
anisotropic spaces: 


(ia a (u) V a ~ lOV 1 ^ 0, 


( 6 . 12 ) 


which are the Euler equations for the Lagrangian 

C ( 1 / 2 ) {u) = sj\g\{[ili + (u) a a (u) V^^(u) 

-(v^^ + {u))(T a (u) 'll) («)] - pil) + (u) 'll) (u)}, 


(6.13) 
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where ijj + ( u ) is the complex conjugation and transposition of the column 

^ 0 ). 


From (|6.13| ) we obtain the d-metric energy-momentum d-tensor 
E a0 2) ( M ) = 7 ^ + ( M ) ( M ) V/3^ ( M ) + ( M ) ( M ) («) 


-(V«^ + (m))<7/3 (w) ll> (w) - (V/3'0 + (w))^a («) ^ («)] 
and the d-vector source 

J a /2) («) = V> + («) («) ^ («) ■ 

We emphasize that locally anisotropic interactions with exterior gauge fields 
can be introduced by changing the locally anisotropic partial derivation from 
(|6.11| ) in this manner: 


S a + ie*B a , 


(6.14) 


where e* and B a are respectively the constant d-vector potential of locally 
anisotropic gauge interactions on locally anisotropic spaces (see ||186|| and the 
next section). 


6.5 Yang-Mills Equations in Anisotropic Spi¬ 
nor Form 

We consider a v-bundle Be, n B '■ B —> S, on locally anisotropic space S. 
Additionally to d-tensor and d-spinor indices we shall use capital Greek let¬ 
ters, <f>, Y, S, T,... for fibre (of this bundle) indices (see details in ||128|, |129 


for the case when the base space of the v-bundle ttb is a locally isotropic 
space-time). Let V Q be, for simplicity, a torsionless, linear connection in Be 
satisfying conditions: 


: T e —> Tf [or 

.© 




;0 


]. 


V (A e + V 0 ) = v A 0 + . 

V^, (/A 0 ) = A 0 V Q / + /V Q A e fe T 0 [or ~ 0 ], 

where by T° ( 5") we denote the module of sections of the real (complex) 
v-bundle Be provided with the abstract index 0. The curvature of connection 
V is defined as 
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For Yang-Mills fields as a rule one considers that Be is enabled with 
a unitary (complex) structure (complex conjugation changes mutually the 
upper and lower Greek indices). It is useful to introduce instead of K Qf3n 0 
a Hermitian matrix F a/3n 0 = i K a p Q 0 connected with components of the 
Yang-Mills d-vector potential B qE ® according the formula: 


\f ^e * = (6.15) 

where the locally anisotropic space indices commute with capital Greek in¬ 
dices. The gauge transforms are written in the form: 


Ke* ^ B a ^ = B ae * a** 9 8 e + We*V„? 1 




Pope * ^ F a 0 " = F a pz % = ’ 


where matrices $ and q~ ~ are mutually inverse (Hermitian conjugated in 
the unitary case). The Yang-Mills equations on torsionless locally anisotropic 


spaces ||186|| (see details in the next Chapter) are written in this form: 


V a F ape 

Vu^ie 




— T ^ 

— e i 

= 0. 


(6.16) 

(6.17) 


We must introduce deformations of connection of type, 

V* —> V + F a , (the deformation d-tensor P a is induced by the torsion 
in v-bundle Be) into the definition of the curvature of locally anisotropic 
gauge fields (16.151) and motion equations (|6.16| ) and (|6.17p if interactions are 
modeled on a generic locally anisotropic space. 

Now we can write out the held equations of the Einstein-Cartan theory 
in the d-spinor form. So, for the Einstein equations (|1.84|) we have 


G LI2-I-2 F ^ £ h^i £ l_i -2 K 'F^ 1 j 2 a 1 a 2 , 


with G 7 7 a t a 2 from ( [5.47D , or, by using the d-tensor (|5.48|) , 


, R A _ k 

JH 2 -I -2 + ^ 9) £ 1i«i £ 1 2 «2 — ~^Fj A 'i s p Ll g_ 2 , 


which are the d-spinor equivalent of the equations (|1.86| ). These equations 
must be completed by the algebraic equations ( |1.87|) for the d-torsion and d- 
spin density with d-tensor indices changed into corresponding d-spinor ones. 
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The theory of anisotropic spinors formulated in the Part If is extended for 
higher order anisotropic (ha) spaces. In brief, such spinors will be called ha- 
spinors which are defined as some Clifford ha-structures defined with respect 
to a distinguished quadratic form ( |1.43| ) on a hvc-bundle. For simplicity, the 
bulk of formulas will be given with respect to higher order vector bundles. To 
rewrite such formulas for hvc-bundles is to consider for the ’’dual” shells of 
higher order anisotropy some dual vector spaces and associated dual spinors. 
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Chapter 7 

Clifford Ha—Structures 


7.1 Distinguished Clifford Algebras 


The typical fiber of dv-bundle £<* , n ( [ : HE © V\E © ... © V Z E —> E is 
a d-vector space, E = hE © uiJF©... © v z E ’, split into horizontal hE and 
verticals v p E,p = subspaces, with a bilinear quadratic form G(g,h ) 

induced by a hvc-bundle metric (|1.43|) . Clifford algebras (see, for example, 
Refs, m, |I5|, |129 


formulated for d-vector spaces will be called Clifford 


d-algebras m m |189|| . We shall consider the main properties of Clifford 
d-algebras. The proof of theorems will be based on the technique developed 
in Ref. [Q correspondingly adapted to the distinguished character of spaces 
in consideration. 

Let k be a number field (for our purposes k = 7Z or k = C, 77 and C, 
are, respectively real and complex number fields) and define E, as a d-vector 
space on k provided with nondegenerate symmetric quadratic form (metric) 
G. Let C be an algebra on k (not necessarily commutative) and j : E —» C 
a homomorphism of underlying vector spaces such that j(u) 2 = G(u ) • 1 (1 
is the unity in algebra C and d-vector u G E). We are interested in definition 
of the pair (C,j) satisfying the next universitality conditions. For every 
fc-algebra A and arbitrary homomorphism (p : E —>• A of the underlying d- 
vector spaces, such that (<p(w)) 2 —> G (u) ■ 1, there is a unique homomorphism 
of algebras ^ : C —> A transforming the diagram 1 into a commutative one. 

The algebra solving this problem will be denoted as C (E, A) [equivalently 
as C (G) or C {E)\ and called as Clifford d-algebra associated with pair 
(.F,G). 

Theorem 7.1. The above-presented diagram has a unique solution ( C,j ) up 
to isomorphism. 

Proof: (We adapt for d-algebras that of Ref. |8^], p. 127 and extend 
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for higher order anisotropies a similar proof presented in the Part II). For a 
universal problem the uniqueness is obvious if we prove the existence of solu¬ 
tion C ( G ) . To do this we use tensor algebra C (t "> = ®C p q r s (IF) =®°L 0 T l (IF) , 
where T° (IF) = k and T l (IF) = k and T l (IF) = IF®...®IF for i > 0. Let I (G) 
be the bilateral ideal generated by elements of form e(u) = u ® u — G (u) ■ 1 
where u G F and 1 is the unity element of algebra £ (IF). Every element 
from I (G) can be written as JA (uf) pi, where A*, pi G C(F) and Ui G IF. 
Let C (G) =C(F)/I (G) and define j : IF —> C (G) as the composition of 
monomorphism i : IF —> L 1 (IF) C C(F) and projection p : £ (IF) —> C (G). 
In this case pair (C (G) ,j) is the solution of our problem. From the general 
properties of tensor algebras the homomorphism ip : IF —> A can be extended 
to C(F) , i.e., the diagram 2 is commutative, where p is a monomorphism 
of algebras. Because (p (u)) 2 = G (u) ■ 1, then p vanishes on ideal / (G) and 
in this case the necessary homomorphism r is defined. As a consequence of 
uniqueness of p, the homomorphism r is unique. 

Tensor d-algebra C(F) can be considered as a Z/2 graded algebra. Re¬ 
ally, let us introduce £^°^(JF) = (F) an d £^( IF) = T 2l+l (IF). 

Setting (G) = / (G) fl & a \lF). Define (G) as p (£(“) (JF)) , where p : 
C (IF) —> C (G) is the canonical projection. Then C (G) = (G)©^ 1 ) (G) 

and in consequence we obtain that the Clifford d-algebra is Z/2 graded. 

It is obvious that Clifford d-algebra functorially depends on pair (. F , G). 
If / : IF —> IF' is a homomorphism of k-vector spaces, such that G' (f(u)) = 
G (u ), where G and G' are, respectively, metrics on IF and F'. then / induces 
an homomorphism of d-algebras 

C (/) : C (G) -»• C (G r ) 

with identities C (<p ■ f) = C (p) C (/) and C (IdjI) = Idc(r)- 

If A a and B fj are Z/2-graded d-algebras, then their graded tensorial 
product A a ® B :i is defined as a d-algebra for k-vector d-space A a ® B H with 
the graded product induced as (a ®b) (c® d) = (—1) Q/3 ac®bd, where b G B a 
and c G A a (a, (3 — 0,1). 

Now we re-formulate for d-algebras the Chevalley theorem [[E|]: 
Theorem 7.2. The Clifford d-algebra 

C (hlF © V\IF © ... © v z lF, g + h\ + ... + h z ) 
is naturally isomorphic to C(g) ® C (h\) ® ... ® C (h~). 

Proof. Let n : liF —> C (g) and n( p ^ : v^F —> C (h( p )) be canonical 
maps and map 


m : hF © v\F © ... © v z F —> C(g) ® C (hi) ® ... ® C (h z ) 
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is defined as 


m(x,y { i), ...,yp)) = 

n(x) ©1©... ©1 + 1© n'(yp)) © ... <8) 1 + 1 8)... 8) 1 8) n'(yp)), 


x e hiF, 2 /( 1 ) e V(i)F, ...,yp) e up)JF. We have 


(m(x,y {1) ,...,y {z) )) 2 = (n (x)) 2 + (ri (yp))) 2 + ... + (ri (yp)))‘ 


= [9 (x) + h (y (1) ) + ... + h (y {z) )}. 

Taking into account the universality property of Clifford d-algebras we con¬ 
clude that m i + ... + m z induces the homomorphism 


C, '. C (hj~ © V\J~ © ... © v z J~ ", y © h\ © ... © Zp) 
C (hiF , g) ©C (viIF, Zp) ©...C (mJZ 7 , Zp). 


We also can define a homomorphism 

v : C (hF, g ) ©C (-ip.? 7 , Zip)) <8>...<8>C (ipJZ 7 , Zip)) —> 

C (hF © V\F © ... © v z F, g + Zpi) + ... + Zip)) 

by using formula v (x © yp) © ... © yp)) = <5 (x) 5{ 1} (yp)) ...5f z) (yp)) , where 
homomorphysms 8 and 5)^,..., 8F are, respectively, induced by imbeddings 
of hF and V\F into hF © v\F © ... © v z F : 

8 : C (hF, g) —> C (hF © v\F © ... © v z F, g + h p) + ... + Zip)) , 

5|i) • C (y\F, Zp 1 )) —■> C (hF © rp.7 7 © ... © v z F, g + /ip) + ... + Zip)) , 


5p) : C (y z F , Zip)) —> C ( hJ- © ip.7 7 © ... © v z F, g + Zip) + ... + Zip)) . 
Superpositions of homomorphisms ( and v lead to identities 




Idc(hT,g)®C(v l T,h w )®...®C(v z T,h( z) )-’ 

^C{hT,g)§iC(v 1 T,h (1) )%...§iC(v z T,h (z) )- 


(7.1) 


Really, d-algebra C (hi Z 7 © v\F © ... © v z F, g + Zip) + ... + Zip)) is generated 
by elements of type m(x,y^ p, ...yp)). Calculating 


(m (x, |/(i), ...yp))) = u(n (x) © 1 © ... © 1 + 1 © rip) (y(i)) © ... © 1 
+... + 1 © .... © n'p) (yp } )) = 5 (n (x)) 8 (n' (1) (yp))) ...8 (n( z) (yp } )) 

= m (x, 0,..., 0) + m( 0, yp), ..., 0) + ... + m(0,0,..., yp } ) 

= m (x, yp), ...,yp)) , 
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we prove the first identity in (|7.1| ). 

On the other hand, d-algebra 

C {hlF, g) ®C [viT, h^) ®...< 8)0 ( v z T , h^ z )) 


is generated by elements of type 


n (x) ® 1 ® ... 0 , 1 ® n ' (1 ) ( 2 /( 1 )) ® ... ® 1 , ...1 ® .... ® ( j /( z )) , 


we prove the second identity in (|7.1|). 

Following from the above-mentioned properties of homomorphisms ( and 
v we can assert that the natural isomorphism is explicitly constructed. □ 

In consequence of the presented in this section Theorems we conclude 
that all operations with Clifford d-algebras can be reduced to calculations for 
C (hlF, q ) and C hi v \) which are usual Clifford algebras of dimension 

2 n and, respectively, T'" [|1 M. 


Of special interest is the case when k — TZ and T is isomorphic to vector 
space 7 ^p+q,a+ b provided with quadratic form 


2 2 1 2 2 2 1 1 2 

~ x i ~ ••• - X P + x p+q -y x - ... -y a + ... + y a+b . 

In this case, the Clifford algebra, denoted as ( C p,q , C a,b ) , is generated by 
symbols e^ \ e£\ ..., e^, \ e 2 \ e ^a+b satisfying properties 

(e-i ) 2 = -1 (1 < i < p ), (e.jf = -1 (1 < j < a ), 

(e k f = 1 (p + 1 < k<p + q), 

(ej) 2 = 1 (n + 1 < s < a + b), e t ej = — e^e*, % 7 ^ j. 

Explicit calculations of C p,q and C a,b are possible by using isomorphisms 

mm 

C P+n,q+n _ ® M 2 (TZ) ® ... ® M 2 (TZ) 

^ C P ’ q ® M 2 n (TZ) = M 2 n (C™) , 


where M s (A) denotes the ring of quadratic matrices of order s with coeffi¬ 
cients in ring A. Here we write the simplest isomorphisms C 1,0 ~ C, O 0,1 ~ 
TZ © TZ and C 2,0 = H, where by H is denoted the body of quaternions. 

Now, we emphasize that higher order Lagrange and Finsler spaces, de¬ 
noted H 2n - spaces, admit locally a structure of Clifford algebra on complex 
vector spaces. Really, by using almost Hermitian structure J a @ and consid¬ 
ering complex space C n with nondegenarate quadratic form \z a \ 2 , z a G 

C 2 induced locally by metric (|1.43|) (rewritten in complex coordinates z a = 
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x a + Wa) we define Clifford algebra C n = C 1 0 0 C where C 1 = 

n 

C® R C — C © C or in consequence, *C n ~ C n, ° <S>n C ~ C 0 ’" 0^ C. Explicit 
calculations lead to isomorphisms 

*C‘ 2 = C 0 ’ 2 M 2 (77) 0^ C « M 2 , C 2p « M 2P (C) 

and 


C 2p+1 (C)0 M 2 p (C), 

which show that complex Clifford algebras, defined locally for H 2n - spaces, 
have periodicity 2 on p. 

Considerations presented in the proof of theorem 2.2 show that map j : 
F —> C (JF) is monomorphic, so we can identify space F with its image in 
C (F, G ), denoted as u —> u, if u G (JF, G) ^ (JF, G)) ; then 

u — u ( respectively, u = —u ). 

Definition 7.1. 27ie set of elements u G C (G )*, where C (G)* denotes the 
multiplicative group of invertible elements of C (JF, G) satisfying uTu~ x G JF, 
is called the twisted Clifford d-group, denoted as T (IF). 

Let p : T (JF) —> GL (IF) be the homorphism given by u —► pu, where 
Pu (w) = uwu _1 . We can verify that kerp = 77*is a subgroup in T (IF). 

The canonical map j : IF —> C (IF) can be interpreted as the linear map 
IF —> C (IF) 0 satisfying the universal property of Clifford d-algebras. This 
leads to a homomorphism of algebras, C (IF) —> C (IF )*, considered by an 
anti-involution of C (IF) and denoted as u —> t u. More exactly, if u\...u n G F, 
then t u = u n ...u\ and t u = t u= (—l) n u n ...Ui. 

Definition 7.2. The spinor norm of arbitrary u G C (F) is defined as 
S (u) — t u-ueC(F ). 

It is obvious that if u, u f , u" G T (F ), then S(u, u') = S (u) S (u') and 
S (uu'u") = S (u) S (u') S (u"). For u, u' G FS (u) = —G (u) and S (u, u') = 
S (u) S (u') = S (uu'). 

Let us introduce the orthogonal group O (G) C GL (G) defined by metric 
G on F and denote sets 

SO (G) = {ueO(G ), det \u\ = 1}, Pin (G) = {« G f (F ), S (u) = 1} 


and Spin (G) = Pin (G) D C° (F). For F = lZ n+m W e write Spin (n E ) ■ By 
straightforward calculations (see similar considerations in Ref. |Q) we can 
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verify the exactness of these sequences: 

1 -> Z/2 -> Pin (G) -> 0 (G) -► 1, 

1 -»■ Z/2 -f Spin (G) -»• SO (G) -> 0, 

1 —> Z/2 —> Spin (n®) —> SO (n®) —> 1. 


We conclude this subsection by emphasizing that the spinor norm was defined 
with respect to a quadratic form induced by a metric in dv-bundle £ <z> . This 
approach differs from those presented in Refs. 


19 and 124 


7.2 Clifford Ha—Bundles 

We shall consider two variants of generalization of spinor constructions de¬ 
fined for d-vector spaces to the case of distinguished vector bundle spaces 
enabled with the structure of N-connection. The first is to use the exten¬ 
sion to the category of vector bundles. The second is to define the Clifford 
fibration associated with compatible linear d-connection and metric G on a 
dv-bundle. We shall analyze both variants. 

7.2.1 Clifford d—module structure in dv—bundles 

Because functor F —> C(F) is smooth we can extend it to the category of 
vector bundles of type 

£ <2> = {n d : HE <Z> © V X E <Z> © ... © V Z E <Z> E <z> }. 

Recall that by F we denote the typical fiber of such bundles. For £ <2> we 
obtain a bundle of algebras, denoted as G (£ <2> ), such that G (£ <2> ) u = 
G {E u ). Multiplication in every fibre defines a continuous map 

C (£ <2> ) x G (£ <2> ) - G (£ <2> ). 

If £ <2> is a distinguished vector bundle on number held k, the structure of 
the G (£ <2> )-module, the d-module, the d-module, on £ <2> is given by the 
continuous map G (£ <2> ) x#£ <2> —> £ <2> with every hber T u provided with 
the structure of the G (E u ) —module, correlated with its fc-module structure, 
Because T C C (IF), we have a hber to hber map F x E £ <2> —> £ <z> , 
inducing on every hber the map F u x^ > —> (72.-hnear on the hrst 
factor and fc-linear on the second one ). Inversely, every such bilinear map 
defines on £ <2> the structure of the G (£ <2> )-modulc by virtue of universal 
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properties of Clifford d-algebras. Equivalently, the above-mentioned bilinear 
map defines a morphism of v-bundles 


m : f 


< 2 > 


HOM (f <z> , £ <2> ) [HOM (f <z> , £ <2> ) 


denotes the bundles of homomorphisms] when (m(u)) = G (u) on every 

point. 

Vector bundles £ <2> provided with C (£ <2> )-strnctures are objects of the 
category with morphisms being morphisms of dv-bnndles, which induce on 
every point u G £ <2> morphisms of C (7F U ) —modules. This is a Banach 
category contained in the category of finite-dimensional d-vector spaces on 
hied k. 

Let us denote by H s (£ <z> , GL nE (7Z )), where tie = n+mi + ...+m z , the 
s-dimensional cohomology group of the algebraic sheaf of germs of continuous 
maps of dv-bundle £ <z> with group GL nE (7 Z) the group of automorphisms of 
7Z nE (for the language of algebraic topology see, for example, Refs. |83|] and 
[|L|]). We shall also use the group SL nE (7Z) = {lc GL nE (7 Z) , det A = 1}. 
Here we point out that cohomologies H s (M,Gr ) characterize the class of a 
principal bundle tt : P —> M on M with structural group Gr. Taking into 
account that we deal with bundles distinguished by an N-connection we intro¬ 
duce into consideration cohomologies H s (£ <z> , GL nE (7Z)) as distinguished 
classes (d-classes) of bundles £ <z> provided with a global N-connection struc¬ 
ture. 

For a real vector bundle £ <2> on compact base £ <z> we can define the 
orientation on £ <2> as an element G H 1 (£ <z> ,GL nE (71)) whose image 
on map 


H 1 (£ <z> , SL nE (71)) ^ H 1 (£ <z> , GL nE (71)) 


is the d-class of bundle £ <z> . 


Definition 7.3. The spinor structure on £ <2> is defined as an element 
fid G H 1 (£ <z> , Spin (ue)) whose image in the composition 

H 1 (£ <z> , Spin (n E )) ^ H 1 (£ <2> , (n E )) ^ H 1 (£< 2 >, GL nE (71)) 

is the d-class of £ <z> . 

The above definition of spinor structures can be re-formulated in terms 
of principal bundles. Let £ <2> be a real vector bundle of rank n+m on a 
compact base £ <z> . If there is a principal bundle Pd with structural group 
SO('He) or Spin(n E )\, this bundle £ <2> can be provided with orientation (or 
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spinor) structure. The bundle Pd is associated with element 
a d e H 1 (£ <z> , SO{n <z> )) [or j3 d e H 1 (£ <z> , Spin (n E )). 

We remark that a real bundle is oriented if and only if its first Stiefel- 
Whitney d-class vanishes, 

W! (^eH 1 (Z,Z/ 2) = 0, 

where H 1 (£ <z> , Z/2) is the first group of Chech cohomology with coef¬ 
ficients in Z/ 2, Considering the second Stiefel-Whitney class w 2 (£ <2> ) G 
H 2 (£ <Z> ,Z/ 2) it is well known that vector bundle £ <2> admits the spinor 
structure if and only if w 2 (£ <z> ) = 0. Finally, we emphasize that tak¬ 
ing into account that base space £ <z> is also a v-bundle, p : E <z> —> 
M, we have to make explicit calculations in order to express cohomologies 
H s (£ <z> , GL n+m ) and H s (£ <2> , SO (n + m)) through cohomologies 

H s (M, GL n ), H s (M, SO (m,)), ...H s (M, SO (m z )), 

which depends on global topological structures of spaces M and £ <z> . For 
general bundle and base spaces this requires a cumbersome cohomological 
calculus. 

7.2.2 Clifford fibration 

Another way of defining the spinor structure is to use Clifford fibrations. 
Consider the principal bundle with the structural group Gr being a sub¬ 
group of orthogonal group O ( G ), where G is a quadratic nondegenerate 
form ) defined on the base (also being a bundle space) space £ <z> . The fibra¬ 
tion associated to principal fibration P (£ <z> , Gr) with a typical fiber having 
Clifford algebra C (G) is, by definition, the Clifford fibration PC (£ <z> , Gr). 
We can always define a metric on the Clifford fibration if every fiber is iso¬ 
metric to PC (£ <z> , G) (this result is proved for arbitrary quadratic forms G 
on pseudo-Riemannian bases ||154|| ). If, additionally, Gr C SO (G) a global 
section can be defined on PC (G). 

Let V (£ <z> ,Gr) be the set of principal bundles with differentiable base 
£ <z> and structural group Gr. If g : Gr —* Gr 1 is an homomorphism of Lie 
groups and P (£ <z> , Gr) C V (£ <z> , Gr) (for simplicity in this subsection we 
shall denote mentioned bundles and sets of bundles as P , P' and respectively, 
V,V), we can always construct a principal bundle with the property that 
there is an homomorphism / : P' —> P of principal bundles which can be 
projected to the identity map of £ <z> and corresponds to isomorphism g : 
Gr —> Gr'. If the inverse statement also holds, the bundle P' is called as the 
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extension of P associated to g and / is called the extension homomorphism 
denoted as g. 

Now we can define distinguished spinor structures on bundle spaces . 


Definition 7.4. Let P e V (£ <z> , O (G)) be a principal bundle. A distin¬ 
guished spinor structure of P, equivalently a ds-structure of £ <z> is an ex¬ 
tension P of P associated to homomorphism h : PinG —> O ( G ) where O (G) 
is the group of orthogonal rotations, generated by metric G, in bundle £ <z> . 


So, if P is a spinor structure of the space £ <z> , then P e V (£ <z> , PinG ). 
The definition of spinor structures on varieties was given in Ref. ||50| . In 
Refs, fyl and fl5l] it is proved that a necessary and sufficient condition for 


a space time to be orientable is to admit a global field of orthonormalized 
frames. We mention that spinor structures can be also defined on varieties 
modeled on Banach spaces [|I]. As we have shown similar constructions are 
possible for the cases when space time has the structure of a v-bundle with 
an N-connection. 


Definition 7.5. A special distinguished spinor structure, ds-structure, of 
principal bundle P = P (£ <z> , SO (G)) is a principal bundle 
P = P (£ <z> , SpinG) for which a homomorphism of principal bundles p : 
P —> P, projected on the identity map of £ <z> and corresponding to repre¬ 
sentation 


R : SpinG -> SO (G ), 

is defined. 

In the case when the base space variety is oriented, there is a natural 
bijection between tangent spinor structures with a common base. For special 
ds-structures we can define, as for any spinor structure, the concepts of 
spin tensors, spinor connections, and spinor covariant derivations (see Refs. 
11 ). 


162, 189, 


7.3 Almost Complex Spinor Structures 


Almost complex structures are an important characteristic of P 2n -spaces and 
of oscillator bundles Osc k=2kl (M), where k\ = 1, 2,... . For simplicity in this 


subsection we restrict our analysis to the case of P -spaces. We can rewrite 
the almost Hermitian metric 


109||, P 2n -metric in complex form [|163||: 


G — Hob ( 2 , £) dz a ® dz b . 


( 7 . 2 ) 
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where 


z a = x a + iy a , z a = x a - iy a , H ab {z, z ) = g ab ( x , y) \ u= 


x=x(z,z) 
y=y(z,z) ’ 


and define almost complex spinor structures. For given metric ( [7.21 ) on 
H 2n -space there is always a principal bundle P u with unitary structural 
group U(n) which allows us to transform H 2n -space into v-bundle ~ 
P u x u(n) TT 2n . This statement will be proved after we introduce complex 
spinor structures on oriented real vector bundles 


m 


Let us consider momentarily k = C and introduce into consideration 
[instead of the group Spin[n )] the group Spin c x 2 / 2 U (1) being the factor 
group of the product Spin(n ) x (/ ( 1 ) with the respect to equivalence 

(y, z) ~ ( -y , -a), ye Spin(m). 


This way we define the short exact sequence 

1 — U (1) — Spin c (n) -5 SO ( n ) -» 1, 


(7.3) 


where p c (y, a) = p c (y). If A is oriented , real, and rank n, 7 -bundle 7 r : 
E\ M n , with base M n , the complex spinor structure, spin structure, on 
A is given by the principal bundle P with structural group Spin c (m) and 
isomorphism A ~ P ^s P in c {n ) H n (see (|7.3|) ). For such bundles the categorial 
equivalence can be defined as 


: El (M r ‘ 




(. M r 


(7.4) 


where e c ( E c ) = P A s P in c (n) E c is the category of trivial complex bundles 
on M n , ££ (M n ) is the category of complex v-bundles on M n with action of 
Clifford bundle C (A), PA Sp i n c (n) and E c is the factor space of the bundle 
product P x M E c with respect to the equivalence (p,e) ~ (pg^ 1 ,ge) ,p e 
P, e e E c , where g G Spin c (n) acts on E by via the imbedding Spin (n) C 
C 0,n and the natural action U (1) C C on complex v-bundle £ c , E c = tot£, c , 
for bundle n c : E c —> M n . 

Now we return to the bundle £ = £ Kl> . A real v-bundle (not being a 
spinor bundle) admits a complex spinor structure if and only if there exist a 
homomorphism a : U (n) —> Spin c (2 n) making the diagram 3 commutative. 
The explicit construction of cr for arbitrary 7 -bundle is given in Refs. 


33 


and El- For P 2n -spaces it is obvious that a diagram similar to ( |7.4|) can be 


defined for the tangent bundle TM n , which directly points to the possibility 
of defining the ^pin-structure on P 2 n -spaces. 

Let A be a complex, rankn, spinor bundle with 














7.3. ALMOST COMPLEX SPINOR STRUCTURES 


163 


the homomorphism defined by formula r (A, 5) = 5 2 . For P s being the prin¬ 
cipal bundle with fiber Spin 0 (n) we introduce the complex linear bundle 
L (A c ) = P s x Spin c (n) C defined as the factor space of Ps x C on equivalence 
relation 


(pt, z ) ~ {p, 1 {t) 1 z) , 

where t G Spin 0 (n). This linear bundle is associated to complex spinor 
structure on A c . 

If A c and A c are complex spinor bundles, the Whitney sum A c © A c is 
naturally provided with the structure of the complex spinor bundle. This 
follows from the holomorphism 

u/ : Spin c (n) x Spin 0 (n') —> Spin 0 (n + n '), (7.6) 

given by formula [(/?, z ), (/?', z')\ —> [u> (/ 3 , (3 '), zz'\ , where u is the homomor¬ 
phism making the diagram 4 commutative. Here, z,z' G U (1). It is obvious 
that L (A c © A c/ ) is isomorphic to L (A c ) © L (A c, j . 

We conclude this subsection by formulating our main result on complex 
spinor structures for H 2n - spaces: 

Theorem 7.3. Let A c be a complex spinor bundle of rank n and H 2n -space 
considered as a real vector bundle A C ©A C provided with almost complex struc¬ 
ture J a multiplication on i is given by ^ ^ ^ ^ . Then, the diagram 5 

is commutative up to isomorphisms e c and e c defined as in 0),n is functor 
E C ^E C ®L (A c ) and £°’ 2n (M n ) is defined by functor £ c ( M n ) -> £° c ’ 2n (. M n ) 
given as correspondence E c —> A ( C n )®E c (which is a categorial equivalence), 
A ( C n ) is the exterior algebra on C n . W is the real bundle A c © A c provided 
with complex structure. 

Proof: We use composition of homomorphisms 

p : Spin c (2 n) SO (n) -A U (n) -A Spin c (2 n) x.z /2 U (1), 

commutative diagram 6 and introduce composition of homomorphisms 

p : Spin c (n) A Spin c (n) x Spin c (n) ^ Spin c (n ), 

where A is the diagonal homomorphism and uj c is defined as in ( |7.6| ). Using 
homomorphisms (|7.5|) and ( ( |7.6|) ) we obtain formula p (t) — p (t) r (t). 

Now consider bundle P x Sp i n c {n) Spin 0 (fin) as the principal Spin 0 (2n)- 
bundle, associated to M © M being the factor space of the product P x 
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Spin c (2 n) on the equivalence relation ( p, t, h ) ~ ( p, p ( t ) 1 h) . In this case 
the categorial equivalence ( |7.4| ) can be rewritten as 

€ (E ) P Xspin^n) Spin (277.) Agpi n c( 2 n ')E 

and seen as factor space of P x Spin c (2 n) E c on equivalence relation 

(pt, h, e) ~ (p, p (ty 1 h, e ) and (p, h lt h 2 , e) ~ (p, h lt h^e) 

(projections of elements p and e coincides on base M). Every element of 
e c (E c ) can be represented as P/A Sp in c {n)E c , i.e., as a factor space PAE C on 
equivalence relation (pt, e) ~ (p, p c ( t ), e), when t e Spin c (n). The complex 
line bundle L (A c ) can be interpreted as the factor space of 
P x Spi n c (n) C on equivalence relation ( pt,5 ) (p, r ( t) 1 5) . 

Putting (p, e) ® (p, S ) (p, Se) we introduce morphism 

e c (E) x L (A c ) -> e c (A c ) 


with properties 


(pt, e) 0 (pt, 6) -> (pf, <Je) = (p, p c (t) 1 5e) , 

(p, p c (ty 1 e ) ® (p,l (ty 1 e) -»• (p,p c (f)r (f) _ 1 5e) 

pointing to the fact that we have defined the isomorphism correctly and that 
it is an isomorphism on every fiber. □ 


Chapter 8 

Spinors and Ha—Spaces 


8.1 D—Spinor Techniques 


The purpose of this section is to show how a corresponding abstract spinor 
technique entailing notational and calculations advantages can be developed 
for arbitrary splits of dimensions of a d-vector space T = hT@V\T@...®v z T, 
where dim hJ 7 = n and dim v v T = m p . For convenience we shall also present 
some necessary coordinate expressions. 

The problem of a rigorous definition of spinors on la-spaces (la-spinors, 
d-spinors) was posed and solved ||163|, |162|, |165|| in the framework of the 


formalism of Clifford and spinor structures on v-bundles provided with com¬ 
patible nonlinear and distinguished connections and metric. We introduced 
d-spinors as corresponding objects of the Clifford d-algebra C (JF, G), de¬ 
fined for a d-vector space T in a standard manner (see, for instance, [ P^] ) 
and proved that operations with C (JF, G) can be reduced to calculations 
for C (/rjF, g ), C (rqJF, hi) ,... and C {y z T ’, h z ), which are usual Clifford alge¬ 
bras of respective dimensions 2 ”, 2 mi ,... and 2 mz (if it is necessary we can 
use quadratic forms g and h p correspondingly induced on hj 7 and v p T by 
a metric G ( |1.43|) ). Considering the orthogonal subgroup 0(G) C GL(G) 
defined by a metric G we can define the d-spinor norm and parametrize 
d-spinors by ordered pairs of elements of Clifford algebras C (hJ 7 , g) and 
C [y p T,h p ) ,p = 1,2We emphasize that the splitting of a Clifford d- 
algebra associated to a dv-bundle £ <z> is a straightforward consequence of 
the global decomposition defining a N-connection structure in £ <z> . 

In this subsection we shall omit detailed proofs which in most cases are 
mechanical but rather tedious. We can apply the methods developed in 
127], [I2| [129], H n a straightforward manner on h- and v-subbundles in 


order to verify the correctness of affirmations. 


165 
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8.1.1 Clifford d—algebra, d—spinors and d—twistors 

In order to relate the succeeding constructions with Clifford d-algebras [|163| . 


162|| we consider a la-frame decomposition of the metric ( |1.43| ): 

G<„><„> (u) = itl («) ifl («) G <s><?> , 

where the frame d-vectors and constant metric matrices are distinguished as 


]<a> 

L <a> 


(u) 


G 


<a><(3> 


( Vj (u 

) 

0 

\ 

0 

K\ («) 

0 


V 0 

0 

ia z 

l a z 

(u) 

) 

( 

0 ... 

0 ^ 



0 

... 

aibi 

0 

1 


V 0 

0 0 

^ a z b z ) 




g^j and h ?j f bi ,..., are diagonal matrices with g Ti = = ... = 

± 1 . 

To generate Clifford d-algebras we start with matrix equations 



z 


where I is the identity matrix, matrices <7<a> (cr-objects) act on a d-vector 
space T = hT © v\T © ... © v z T and theirs components are distinguished as 



r 

( 

( "dr 

0 

0 

\ 


cr <2> — < 

{&<&>)(} = 


0 

(©iJbj 1 

0 




< 

V 

0 

0 


) 

> 


indices f3, 7 ,... refer to spin spaces of type S = S(h) © S( Vl ) © ... © S( Vz ) 
and underlined Latin indices j,k,... and b 1 ,c 1 , ...,b z ,c z ... refer respectively 
to li-spin space <S(m and v p -spin space St Vp ), (p = l,2,...,z) which are cor¬ 
respondingly associated to a h- and v p -decomposition of a dv-bundle £ <z> . 
The irreducible algebra of matrices < 7 <a> of minimal dimension N xN, where 
N = N( n) + N (mi) + ... + N (mz) , dim S (h) =N {n) and dimS (Vp) =N {mp) , has these 
dimensions 


f 2 ©- 1 © 2 , n — 2k +1 
\ 2 © 2 , n = 2k] 

2 {m p - 1 )/ 2 ; mp = 2k p +l 

2 m \ rn p = 2k p 
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where k — 1, 2, k p = 1, 2,.... 

The Clifford d-algebra is generated by sums on n + 1 elements of form 
A 1 I + B i a~ i + C T >a Tl + D T *a~ !i + ... (8.3) 

and sums of rn p + 1 elements of form 


A 2{p) I + B a *Oa v + C apbp a~ 


+ D ap 


<7- 


+ ... 


with antisymmetric coefficients 


fjij _ (j93] (ja p b p _ ^j[a p bp] jjijk _ jj[ijk] jyipb p Cp _ jj[a p bpCp\ 


and matrices 


a v ~ a ' a 'f 


G~ 


G [a p G'fo 


a ijk ~ a [i a 3 a %\i 


Really, we have 2 n+1 coefficients ^Ai,C lj , D ljk , and 2 mp+1 coefficients 

(A 2 ( p ), C a C p , D a C pCp , ...) of the Clifford algebra on IF. 

For simplicity, we shall present the necessary geometric constructions only 
for h-spin spaces S(h) of dimension N( n y Considerations for a v-spin space 
£(„) are similar but with proper characteristics for a dimension 

In order to define the scalar (spinor) product on S(h) we introduce into 
consideration this finite sum (because of a finite number of elements a& v): 


(±, 4L 


^ ( cr l)fc( crt )”i + 2| 






+ + ••• 

(8.4) 

which 

can be factorized as 




(±) #L = N in) (±) e^- for n = 2k 

(8.5) 

and 

(+, dL 

= 2N^ekmeF-, = 0 for n = 3(mod4), 

(8.6) 


(+, 4. 

= 0, = 2N^ekrnUI for n = l(modA). 



Antisymmetry of and the construction of the objects ( ^.3|) -( ^6|) 

define the properties of e-objects ^ 6km and ekm which have an eight-fold 
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periodicity on n (see details in ||129|| and, with respect to locally anisotropic 
spaces, ra). 

For even values of n it is possible the decomposition of every h-spin space 
S(h) into irreducible h-spin spaces Spq and S| /() (one considers splitting of 
h-indices, for instance, l_= L © L', m = M © M',for v p -indices we shall 
write a = A p © A' b = B p ® B' ...) and defines new e-objects 


e— _ I ((+) e hn + (-) and pm = I ((+) e M _(-) pm) ( 8 .7) 


We shall omit similar formulas for e-objects with lower indices. 

In general, the spinor e-objects should be defined for every shell of an¬ 
isotropy according the formulas (|5.9| ) where instead of dimension n we shall 
consider the dimensions m p , 1 < p < z, of shells. 

We define a d-spinor space <S( n , mi ) as a direct sum of a horizontal and a 
vertical spinor spaces of type (|5.4|) , for instance, 

S(8k,8k') — So © S' a © S| 0 © S( 0 , S(sk,8k'+1) — S 0 © Sq © \ 


B(8k+4,8k'+5) ~ Sa © S' A © «S| A \ ... 

The scalar product on a is induced by (corresponding to fixed values 

of n and m± ) e-objects (0 considered for h- and Vi-components. We 
present also an example for «S( nimi+ ... +mz ) : 


5, 


(8fc-|-4,8fc( 1 )-|-5,...,8fe(p)+4,...8fc( z )) 
(-) 


[Sa © S' A © 5, (1)a © ... © S|(p)A © Sj( p ) A © ... © S|( z )o © S| Wo . 

Having introduced d-spinors for dimensions (n, m\ + ... + m z ) we can 
write out the generalization for ha-spaces of twistor equations [|1 2 8|j by using 
the distinguished cr-objects Q . 2|) : 


(<7 (<a>) 


••7 


SCO? 


- (5u < ^ > ) n + mi + ... + m z 


G 




<a></3> 


5ujP 


( 8 . 8 ) 


where |/?| denotes that we do not consider symmetrization on this index. The 
general solution of (|8.8| ) on the d-vector space T looks like as 


u- 


2 = + ti <a> (CT <a> )i-n s , 


(8.9) 


where D- and n- are constant d-spinors. For fixed values of dimensions n 
and m = m\ + ...m z we mast analyze the reduced and irreducible components 
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of h- and v p -parts of equations (|8.8p and their solutions (|8.9|) in order to find 
the symmetry properties of a d-twistor Z“ defined as a pair of d-spinors 


Z“ = (uAtt'), 


where 7Tg' = Tip G S( 7 i, mi ,...,m z ) is a constant dual d-spinor. The problem of 


definition of spinors and twistors on ha-spaces was firstly considered in ||189 
in connection with the possibility to extend the equations ( |S.9|) 


(see also ||156 


and theirs solutions 


by using nearly autoparallel maps, on curved, 


locally isotropic or anisotropic, spaces. We note that the definition of twistors 
have been extended to higher order anisotropic spaces with trivial N- and 
d-connections. 


8.1.2 Mutual transforms of d-tensors and d-spinors 


The spinor algebra for spaces of higher dimensions can not be considered 
as a real alternative to the tensor algebra as for locally isotropic spaces of 
dimensions n = 3,4 ||127|, |128|, |129||. The same holds true for ha-spaces and 


we emphasize that it is not quite convenient to perform a spinor calculus for 
dimensions n,m >> 4. Nevertheless, the concept of spinors is important for 
every type of spaces, we can deeply understand the fundamental properties 
of geometical objects on ha-spaces, and we shall consider in this subsection 
some questions concerning transforms of d-tensor objects into d-spinor ones. 


8.1.3 Transformation of d-tensors into d-spinors 

In order to pass from d-tensors to d-spinors we must use cr-objects ( B-2|) 
written in reduced or irreduced form (in dependence of fixed values of 
dimensions n and m ): 


v-7 


( cr < a >; /3 

( cr < a>) AA 


<v a >)(<7 <3 > v„ .... (*<*>)-,.... 


( 8 . 10 ) 


W II', 


It is obvious that contracting with corresponding cr-objects (|8.10|) we can 
introduce instead of d-tensors indices the d-spinor ones, for instance, 


ujtL = ( a < s> )tlw. 


<«> j 


^AB' — (c r<a> )AB'W<a>, ...,C- — ( a 


For d-tensors containing groups of antisymmetric indices there is a more 
simple procedure of theirs transforming into d-spinors because the objects 


o'. 


\ 5is 

a$... 7 / ’ 


( _ ab...c\de 


(, a ij - k ) 


IV 5 


( 8 . 11 ) 
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can be used for sets of such indices into pairs of d-spinor indices. Let us enu¬ 
merate some properties of n-objects of type ( |8.11|) (for simplicity we consider 
only h-components having q indices i,j, k,... taking values from 1 to n; the 
properties of v p -components can be written in a similar manner with respect 
to indices a p ,b p ,c p ... taking values from 1 to m): 


f symmetric on k, / for n — 2q = 1, 7 (mod 8); 
antisymmetric on k , / for n — 2q = 3, 5 (mod 8) 


for odd values of n, and an object 



( 8 . 12 ) 


J symmetric on I, J (/', J r ) for n — 2q = 0 (mod 8); 

( antisymmetric on I, J (/', J') for n — 2q = 4 (mod 8) 


\IJ> ,/ sj'i r n + 2q = 6(mod8); 

' l -D' ^ n + 2q = 2(mod8), 


(8.13) 


(8.14) 


with vanishing of the rest of reduced components of the d-tensor (cr-j- j)— with 
prime/ unprime sets of indices. 


8.1.4 Fundamental d—spinors 

We can transform every d-spinor £— = (£-, ,..., into a corresponding d- 

tensor. For simplicity, we consider this construction only for a h-component 
on a h-space being of dimension n. The values 

€H-{<? t '" 3 )gp {n is odd) (8.15) 


or 




or yyv' j )/'i' 


n is even 


(8.16) 


with a different number of indices i...j, taken together, defines the h-spinor 
to an accuracy to the sign. We emphasize that it is necessary to choose 
only those h-components of d-tensors (|8.15| ) (or ( |8.1G| )) which are symmetric 
on pairs of indices aJ5 (or IJ (or I'J' )) and the number q of indices i...j 
satishes the condition (as a respective consequence of the properties ( |8.12| ) 
and/ or (|8.13|) , (|8.14|) ) 


n — 2q = 0 , 1 , 7 (mod 8 ). 


( 8 . 17 ) 
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Of special interest is the case when 


or 


q = - {n ±L) 


(n is odd) 



(n is even). 


(8.18) 


(8.19) 


If all expressions ( |8.15| ) and/or ( 8.16 ) are zero for all values of q with the 
exception of one or two ones defined by the conditions ( |8 .1 7| ) , (|8.18|) (or 
(|8.19|) ), the value £* (or {8, 1 ')) is called a fundamental h-spinor. Defining 
in a similar manner the fundamental v-spinors we can introduce fundamental 
d-spinors as pairs of fundamental h- and v-spinors. Here we remark that a 
h(vp)-spinor £* (£“ p ) (we can also consider reduced components) is always a 
fundamental one for n{m ) < 7, which is a consequence of ( |8.19| )). 


8.2 Differential Geometry of Ha—Spinors 

This subsection is devoted to the differential geometry of d-spinors in higher 
order anisotropic spaces. We shall use denotations of type 

v <a> = (v\v <a> ) e (T <a> = (, <j\cr <a> ) 


and 


c 2 * = (C ip ,C- p ) e = (c T ip ,v ap ) 


for, respectively, elements of modules of d-vector and irreduced d-spinor fields 


(see details in ||163|| ). D-tensors and d-spinor tensors (irreduced or reduced) 
will be interpreted as elements of corresponding cr-modules, for instance, 


n <a> rr <a> 

I </?>... ° 




-p c n -p Ip fFE 
P p ... ecT ^ 


... »«» JpKpNp 


e cr 




p*p 

JpKpNp > •' 


We can establish a correspondence between the higher order anisotropic 
adapted to the N-connection metric g a p (|1.43|) and d-spinor metric e^g (e- 
objects ( |5.9|) for both h- and v p -subspaces of £ <z> ) of a ha-space £ <z > by 
using the relation 


9<a><g> — 


N(n) + N(mi) + ... + N(m z 


x 


( 8 . 20 ) 


((c r «a> (tt) )^-(c r </3» (u) )~I)ea 7 egs, 
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where 

= 0“)( ff <a>) <E><2:> , (8.21) 

which is a consequence of formulas (|8.1|) - (|8.7| ). In brief we can write (|8.20|) 
as 


9<a></3> 


( 8 . 22 ) 


if the cr-objects are considered as a fixed structure, whereas e-objects are 
treated as caring the metric ’’dynamics ” , on higher order anisotropic space. 
This variant is used, for instance, in the so-called 2-spinor geometry ||128| , |129| 
and should be preferred if we have to make explicit the algebraic symmetry 
properties of d-spinor objects by using metric decomposition ( |3.22|) . An 
alternative way is to consider as fixed the algebraic structure of e-objects 
and to use variable components of cr-objects of type ( B-21|) for developing a 
variational d-spinor approach to gravitational and matter held interactions on 
ha-spaces ( the spinor Ashtekar variables [^Cj are introduced in this manner). 

We note that a d-spinor metric 


/ 




0 


0 

e «Ai 


\ 0 0 


0 \ 
0 

e “A ) 


on the d-spinor space S = (iSpq, S( Vl ), •••, <S( Vz )) can have symmetric or anti¬ 
symmetric h (v p ) -components e y - (e a b ) , see e-objects (|5.9|). For simplicity, 


in order to avoid cumbersome calculations connected with eight-fold period¬ 
icity on dimensions n and m p of a ha-space £ <z> , we shall develop a general 
d-spinor formalism only by using irreduced spinor spaces S(h) and <S( Vp )- 


8.2.1 D-covariant derivation on ha—spaces 

Let £ <z> be a ha-space. We define the action on a d-spinor of a d-covariant 
operator 

V <«> = (Vi, V <a>) 

= (0'<a>)- 1 - 2 Vaa2 = (^<a>)- 1 - 2 V^ ) 

= ((^) ili 2 Vili 2 , 1 )^ 2 ,..., 

1 £2 ’ - ’ )— i— 2 V( 2 ,) fi ia 2 ) 

(in brief, we shall write 

V<a> = V- 1 - 2 = (Viii2, V(l)-i-2, V(p)- 1 - 2 ) V(2)-i- 2 )) 
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as maps 


_ p P _ P 

V 9L\9L2 ' <J ~ > Cr <a> — ^QLiQ.2 


P_ P_ P _ P P _ P P _ P 

a i — a (l)ai — ( 7 {l)a 1 a 2 ’ a {p)a p ~ ( 7 {p)a 1 a 2 ’ "•> a (z)a z ~ tT (z)a 1 a 2 


satisfying conditions 

V<a>(C" + V~) = V<a>C" + V <a>V~j 

and 


V<a>(/^-) = / V<a> C- + V<a> / 

for every r/- e cr- and / being a scalar field on £ <z> . It is also required 
that one holds the Leibnitz rule 


(V<oC p)v~ = V<«> (CpJ]—) ~ C/3 V<a> V- 

and that V<a> is a real operator, i.e. it commuters with the operation of 
complex conjugation: 


77 <a>'lpgip'Y... 77 <a> (V’a (h...) 


Let now analyze the question on uniqueness of action on d-spinors of 
an operator y<a> satisfying necessary conditions . Denoting by y<a> and 
7 7< a > two such d-covariant operators we consider the map 


(77<a> - 77<a>) : 0-- 


p 


(8.23) 


Because the action on a scalar / of both operators yi' 1 and 77a must be 
identical, i.e. 

77<a>/ = 77 <a>fi 

the action ( |8.23|) on / = uJfj£- must be written as 

(77<a> - V<a>)(^/3^) = 0. 


"y '■y 

In consequence we conclude that there is an element O a a j3 ~ G a a a l3 ~ for 
which 


77^) n 
V OL^CLfr S 

^P_ 


Y7 71 + © "rA 

V D_-^Oz_2 S I ^ ’ 

'■y 

77a 1 a 2 ^ — ®QLiQL2P ' 


(8.24) 
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The action of the operator (|3.23|) on a d-vector v <l3> = v- 1-2 can be written 
by using formula (|8.24| ) for both indices j3 and /3 9 : 


(vS> - v<a>)tA& = e<i>24 + eAy* 2 

= (e< A \ -- + e< A. K & 


= 0 


, <a>j 1 u 2: 
</3> 


<a><7> 


< 7 > 


where 


Q 


</3> 

<a>< 7 > 


= Q- 1 - 2 


— 1—2 


= e<-A <57. - 2 + 0<-A - 1 . (8.25) 


'<a> 7 1 L ' 7 2 


'<a> 7 1 u 7 2 


The d-connnutator V[<o>V</3>] defines the d-torsion. So, applying operators 
V[<a> V<3>] and V [<o> V</3>] on / = we can write 


rri(l)< 7 > _ t-i< 7 > .q< 7 > _ /n< 7 > 

1 <a></3> 1 <o></3> ~ hf </3><a> hj <o></3> 


with Q 


< 7 > 

<a></3> 


from (|8.25|) . 


The action of operator v<o> on d-spinor tensors of type Xa t a 2 a 3 ..~ 1 ~ 2 


must be constructed by using formula (|8.24j ) for every upper index /3 /3 ... 
and formula (|8.25|) for every lower index a_ 1 a 2 a 3 ... . 


8.2.2 Infeld—van der Waerden coefficients 

Let 


c a I £ 1 £ 1 £ 1 £ £ 1 

°a ~ (A ) a 2 J "'J ^N(n) > > "•> 5 N ( m ) 


be a d-spinor basis. The dual to it basis is denoted as 


r n I c 1 c 2 r N ( n ) c 1 c 2 c N ( m ) 

d a-=[ d i ~l°i > A “V; A 


A d-spinor /c— e a — has components ac- = ac-<5 q -. Taking into account that 


5« ~Sg “Vo/3 = Vaj3, 


a P 

we write out the components Vo/3 K - as 


/3 r- 7 


~ ~ ~ Vo/3 = 5 e - A - Vo/3 K- + 4 " Vo/3 4 " 


— Vo^^- + K 7 o/3f) 


(8.26) 













8.2. DIFFERENTIAL GEOMETRY OF HA-SPINORS 


175 


7 

where the coordinate components of the d-spinor connection J~ a g e are defined 
as 


W« = 4 2 Vs2« £ - (8.27) 

We call the Infeld - van der Waerden d-symbols a set of n-objects (cr Q )^ 
parametrized with respect to a coordinate d-spinor basis. Defining 

V<«> ( cr <a>)^“ 

introducing denotations 


7 1 <a>r = (°<a>)^ 


and using properties (|8.26|) we can write relations 


]<a> ? 0 p _ p , 5 £ 

L <a> °p V<a> ru- ~ V<a>K-^h- 7 < a >5; 

(7 _ _ (5 

0a> V<ct> FP_ — V<a> TP_ ~ <a>P' 


(8.28) 


h/3- 


for d-covariant derivations v« and Vc 

We can consider expressions similar to (|3.28| ) for values having both types 
of d-spinor and d-tensor indices, for instance, 

]<a> ;<7> X i n <7> _ 

Dry-> ‘<7> V <a> — 


(we can prove this by a straightforward calculation). 

Now we shall consider some possible relations between components of d- 
connections 7 i <ct>5 and V < <'^>< T > and derivations of (cr< a >) g ^- . We can 
write 


p<a> _ i<a> _ i<a> 

1 </3><7> — t <a> V <7> Op> 

= n*> V<7> (^)^> V<7> ((a </3> )^/^) 
= ^Wv<7> (*<*>)“ 

V<7> <5/ + 5/ V<7> <5/) 

= £ q> v<7> (^ </3 >)^ 

+/<“ > <5/^((T< /3 >)^(^ V<7> 5 * + <5/ V<7> 5/), 

where = (o~er) <a> , from which one follows 

(ff«>) £ -(o-B3) <,5> r<s <«> = 

(^) <,5> v<7> (^<«>)^+y-rW,+47y 7 >„. 
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Connecting the last expression on f3 and v_ and using an orthonormalized 
d-spinor basis when 7^ 7>)9 = 0 (a consequence from ( |S.27| )) we have 


T < 7> ^ N(n) + N(m 1 ) + ... + N(m z )( T <7> ^ (8 ' 29) 

-(^) </?> V<7> (v<p >)—), 


where 


-,W 3 


<7> 


a, = 


(8.30) 


We also note here that, for instance, for the canonical and Berwald connec¬ 
tions and Christoffel d-symbols we can express d-spinor connection (|8.30|) 
through corresponding locally adapted derivations of components of met¬ 
ric and N-connection by introducing corresponding coefficients instead of 
and than in (|8.29|) . 


p<a> 

1 <7></3> 


m 


8.2.3 D~spinors of ha—space curvature and torsion 

The d-tensor indices of the commutator A <a>< p > can be transformed into 
d-spinor ones: 


U aJ3_ 


{cr< a >< p> )aiA a p = (n^cy) 

(Ojj, ^a p b p i '-'a z b z ); 


(8.31) 


with h- and v p -components, 

a H = (^ <Q></3> )ij A <a></3> and = (a <a><l3> )abA <a><f3> , 


being symmetric or antisymmetric in dependence of corresponding values of 
dimensions n and m p (see eight-fold parametizations (|5.9|) and ( jS-lOD ). Con¬ 


sidering the actions of operator (|8.31|) on d-spinors 7 C and /z 7 we introduce 


the d-spinor curvature X s ~ a0 as to satisfy equations 


□ 




7T- and /i 7 = X y -^pUs- 


(8.32) 


The gravitational d-spinor is defined by a corresponding symmetriza- 

tion of d-spinor indices: 


A. |/j 1 75). 


( 8 . 33 ) 
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<y 

We note that d-spinor tensors X 5 ~ a g and Tq/M are transformed into similar 
2-spinor objects on locally isotropic spaces ||128| , |129|| if we consider vanishing 
of the N-connection structure and a limit to a locally isotropic space. 

Putting <5 7 - instead of /x 7 in (|8.32| ) and using (|8.33|) we can express 
respectively the curvature and gravitational d-spinors as 


X 


7 Saj3 and 'If'ySaf3 ^ 




'y <y 

The d-spinor torsion T -1-2 ^ is defined similarly as for d-tensors by using 
the d-spinor commutator (|S.31D and equations 


if = T Xl12 & V lll2 /• 

The d-spinor components R Xl ~ 2 aj 3 °f th e curvature d-tensor i? 7 s a/3 
can be computed by using relations ( |3.30|) , and (|8.31|) and ( |8.33| ) as to satisfy 
the equations 

-fv- i'V o _ \ T 7"ft-, fir. T~) Mo 


(□«2 - = R lt 


,VM, 


here d-vector VAN is considered as a product of d-spinors, i.e. VAN = 
v~A /i -2 . We find 


^ = {VX + r " T ~Aj A U r_ sll )^ b (8.34) 

+ ( x iA +TUa oi a ZiL 21 )x~'- 

It is convenient to use this d-spinor expression for the curvature d-tensor 


7 i 7 2 


R - 1 - 2 = (X - 1 -I- T- lZ2 o/—i ) A —2 

~ -* 1 -^ J 0 2 L r 1 r 2 7 1 I 




7, 


Y -2 4- T z i z 2 ^£2 U 5i 

^S 2 ^ ' XiK 27 ? j °7 


in order to get the d-spinor components of the Ricci d-tensor 


JD D —1—2 V" 2-1 I 

■ n '7l7 2 —1—2 UlU 2 —1—2 Tx ^1^2^l7 2 ” r 

rplNLl , 'lA <5o , 


(8.35) 


7 <h + X - 2 x +r- 112 - vb 

«1«2«i7 2 ' 11127J 7 2 «1« 2 7i7 2 


, 7 £ 2 

1 lll27 2 


and this d-spinor decomposition of the scalar curvature: 


qH = „ lSl = (8.36) 


-1 — 1—2 

. Q2^2d*i - f I ■ 7 7 ”^ 7 ”2 CK2dlj 

—2—2—1 —1 —2 ^ T.lX.2—2 
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Putting flS.35|) and ( |8.36| ) into (|1.78|) and, correspondingly, (|9.14|) we find 
the d- spinor components of the Einstein and I ) < a >< 3 > d-tensors: 


G 


<7 >< a > 


= G 


— V - 1 r F- 1-2 

—1—2—7 X «l«2^l7 2 ~ l ” UlU2^l7 2 ' X1Z27! 


1 X —2 I T'- 1 X 2 —o 2 

" r 7 2 ai«2^i7 2 ~ l ~ ' XiX 2 7 : 

1 „. - 

2 1 - 


. r X 2 1 T XiX 2 ^! /fi 

l 2 -2^ Ba 7 


I XlX 2 ^! 


+ 




X^^'2 f "2—1 1 rri—1—2 ’2' B ] X 1 

A J*a +T 7 XsiiJ 


(8.37) 


and 


$ 


<7 ><a> 


= <f> 


[v i& X „ „ + 


W.&- 2 (r» + m 1 + •• , + m.) X, &X 


nXlX 2 ^! P_ 2 itl | Y^Ea-l _l 71 X 1 X 2 —2—1 X 

X «5 2 ~ 


P-2G 7 XiX 2 /h 


+ /^i +T “ 


T 


X 1 X 2 X 


P r w - 1 4 - 7 ^ 1 X 2 1 

O L " 7, “102^17, nia 2 5i7 9 1 XiX27, 


h 


2 li 


X, - 


^2 1 71 X 1 X 2 i 

«l“2«l7 2 ' “l^T^X ' —1—22.2 ' 


(8.38) 


The components of the conformal Weyl d-spinor can be computed by 
putting d-spinor values of the curvature (|8.34j) and Ricci ( |S.35| ) d-tensors 
into corresponding expression for the d-tensor ( |1 . 77| ) . We omit this calculus 
in this work. 




















Chapter 9 

Ha-Spinors and Field 
Interactions 


The problem of formulation gravitational and gauge field equations on dif¬ 
ferent types of locally anisotropic spaces is considered, for instance, in ||1Q9 


[27| . |Kfj and ||186|| . In this Chapter we shall introduce the basic field equations 
for gravitational and matter held la-interactions in a generalized form for 
generic higher order anisotropic spaces. 


9.1 Scalar field ha—interactions 


Let <p ( u ) = (ipi (u) , ip 2 {u)ipk (w)) be a complex k-component scalar held 
of mass /i on ha-space £ <z> . The d-covariant generalization of the conformally 
invariant (in the massless case) scalar held equation ||128| , |129|| can be dehned 
by using the d’Alambert locally anisotropic operator |f|, |168(| □ = D <a> D <a> , 
where D <a> is a d-covariant derivation on £ <z> and constructed, for sim¬ 
plicity, by using Christoffel d-symbols (all formulas for held equations and 
conservation values can be deformed by using corresponding deformations d- 
tensors P' K ^g> <7> from the Cristohel d-symbols, or the canonical d-connection 
to a general d-connection into consideration): 


( D + _ yy P + ( M ) — 0; (9-1) 

where tie — n + m\ + ... + m z .We must change d-covariant derivation D <a> 
into °D <a> = D <a> + ieA <a> and take into account the d-vector current 

J<1> {u) = ( u) D <a> ip (u) - D <a> lp (u))<p (u)) 
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if interactions between locally anisotropic electromagnetic field ( d-vector 
potential A <a> ), where e is the electromagnetic constant, and charged scalar 
held <p are considered. The equations ( |9.1|) are (locally adapted to the N- 
connection structure) Euler equations for the Lagrangian 


£ ( °) (u) = 

VWl 


(9.2) 


g<axp> s<a>(p S</3>lp - ( ^2 + _ 2 [ y j <p (u) ip (u) 


where \g\ = detg <a><f3> . 

The locally adapted variations of the action with Lagrangian (|9.2|) on 
variables ip ( u ) and Tp ( u) leads to the locally anisotropic generalization of the 
energy-momentum tensor, 

E <a>%> ( u ) = S< a> Tp (■ u) 5 <p> ip (■ u ) + (9.3) 

S<p>T (u) 6 <a> ip (u) - —g <a><p> C [Q) (u ), 

V 1^1 

and a similar variation on the components of a d-metric (|1.43|) leads to a 
symmetric metric energy-momentum d-tensor, 


do) / 

J <a><(3> v 

he — 2 
2 {n E - 1) 


-i(0,can) 
J {<a><P>) 


(9.4) 


\R(<a></3>) + -D(<a>-0</3>) 9<a></3>^\ T (u) T (u) ■ 


Here we note that we can obtain a nonsymmetric energy-momentum d- 
tensor if we firstly vary on G <a>< g > and than impose the constraint of 
compatibility with the N-connection structure. We also conclude that the 
existence of a N-connection in dv-bundle £ <z> results in a nonequivalence 

nonsymmetry of the Ricci 


of energy-momentum d-tensors ( }).3| ) and 
tensor, nonvanishing of the d-covariant derivation of the Einstein d-tensor, 
D«*> G <a>< P> ^ 0 and, in consequence, a corresponding breaking of con¬ 
servation laws on higher order anisotropic spaces when D <a> E <a><l3> ^ 0 
. The problem of formulation of conservation laws on locally anisotropic 
spaces is discussed in details and two variants of its solution (by using nearly 
autoparallcl maps and tensor integral formalism on locally anisotropic and 
higher order multispaces) are proposed in ||168| . 


In this Chapter we present only straightforward generalizations of held 
equations and necessary formulas for energy-momentum d-tensors of matter 
fields on £ <z> considering that it is naturally that the conservation laws 
(usually being consequences of global, local and/or intrinsic symmetries of 
the fundamental space-time and of the type of held interactions) have to be 
broken on locally anisotropic spaces. 
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9.2 Proca equations on ha—spaces 

Let consider a d-vector field tp <a > (w) with mass /i 2 (locally anisotropic Proca 
field ) interacting with exterior la-gravitational field. From the Lagrangian 


£ (1) H = V\g\ 


-\f <«><e> M f <a><l3> 


(9.5) 


where f <a ></ 3 > = D <a> (p < p > — D < p > <p <a> , one follows the Proca equations 
on higher order anisotropic spaces 

D <a> f <a><0> {u) + /iV </3> (u) = 0 . (9.6) 


Equations (|9.6| ) are a first type constraints for (3 = 0. Acting with D <a> on 
(|9.6|), for /i 7 ^ 0 we obtain second type constraints 

D <a> <p <a> (u) = 0 . (9.7) 


Putting ( P77| ) into ( EgP we obtain second order field equations with re¬ 
spect to ip <a > '■ 


□<?<«> ( u) + R <a ><,(u) + A<V<a> (u) = 0. 


(9.8) 


The energy-momentum d-tensor and d-vector current following from the ( |9.8| ) 
can be written as 


EHxp> («) = 


(/ 


/< 


<0><t>J< a><£> 


A f <a><e>f<0><T>) 


+h 2 {v<a>T<P> + T<0>T<a>) ~ 9<C ^^ > 


and 


J<1> (w) = i (/<a></3> («) <d </3> H - T </3> («) f<a></3> («)) • 

For n = 0 the d-tensor f <a ></ 3 > and the Lagrangian ( |ih5l) are invariant 
with respect to locally anisotropic gauge transforms of type 

T<a> (u) —> <£<«> (w) + 5 <a> A («) , 

where A (w) is a d-differentiable scalar function, and we obtain a locally 
anisotropic variant of Maxwell theory. 
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9.3 Higher order anisotropic Dirac equations 


Let denote the Dirac d-spinor field on £ <z> as ip(u) = (ip-(u)) and con¬ 
sider as the generalized Lorentz transforms the group of automorphysm of 
the metric G < ~ >< ^ > (see ( |1.43|) ).The d-covariant derivation of field ip(u) is 
written as 


V<a>^ = 


1 


£<a> + ^5/37 ( M ) ^<a> ( M ) 


U ) o^cD 


Tp, 


(9.9) 


where coefficients C = (D <7> /g a> ) /g <a> /^ 7> generalize for ha-spaces the 
corresponding Ricci coefficients on Riemannian spaces [^0[. Using cr-objects 
<r <a> ( u ) (see (|8.2| ) and (|8.12| )- (|8.14| )) we define the Dirac equations on ha- 
spaces: 


{ia <a> (u) V<«> - h# = 0, 


which are the Euler equations for the Lagrangian 

£ (1/2) (u) = y/\i\{[ip + (u) a <a> (u) V <a>ip 


u 


(9.10) 


(V<«>'0 W))a <a> (u) ^ (u)] - /i^ + (u) ip (tt)}, 


where ip + (u) is the complex conjugation and transposition of the column 
ip{u). 

From Q9.10) we obtain the d-metric energy-momentum d-tensor 


E <a></3> = jVP + ( M ) a «*> ( U ) V</3>^ ( M ) + V> + ( u ) °<P> 0) V <a>1p («) 


-(v<a>'0 (u))<r< 0 > (u) Ip (u) - (N7<p>ip + ( u))(j <a> (u) ip (u)] 

and the d-vector source 

J<S (u) = ip + (u) a <a> (u) ip (u). 

We emphasize that locally anisotropic interactions with exterior gauge fields 
can be introduced by changing the higher order anisotropic partial derivation 
from (|9.9|) in this manner: 


S a —> 5 a + ie*B a , 


where e* and B a are respectively the constant d-vector potential of locally 
anisotropic gauge interactions on higher order anisotropic spaces (see [|186| 
and the next section). 
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9.4 D—spinor Yang—Mills fields 


We consider a dv-bundle Bj?. tt b : B —> £ <z> on ha-space £ <z> . Additionally 
to d-tensor and d-spinor indices we shall use capital Greek letters, <f>, T, 
S, \k,... for fibre (of this bundle) indices (see details in 


128, 129 for the case 


when the base space of the v-bundle ir B is a locally isotropic space-time). 
Let v <Q> be, for simplicity, a torsionless, linear connection in Be satisfying 
conditions: 


© © r -e -e i 

A_<a> ' 1 1 <a> L UI <a>J > 

V (A e + u e ) = v A 0 + v z/6> , 

-X-<a> v > y~<oi> y—<a> ’ 

V (/A e ) = A e v / + /V A e , f e T e [or 

-Y_<a> w ' ——— <Q;> " J —<a> ’ J l 



5 


where by T e ( S e ) we denote the module of sections of the real (complex) 
v-bundle B b provided with the abstract index 0. The curvature of connection 
V is defined as 

-X-<a> 


A'<«x?>nA n = (v <t>> V <(J> - V <e> V <a> ) A e 

For Yang-Mills fields as a rule one considers that Be is enabled with 
a unitary (complex) structure (complex conjugation changes mutually the 
upper and lower Greek indices). It is useful to introduce instead of A' <a>< 0 >r2 
a Hermitian matrix F <a>< | ) >Q = i /v <o>< 0 >n connected with components of 
the Yang-Mills d-vector potential according the formula: 


Y<„x*>e = Y |<a> B<ME - iB l<£lM B <eG l 9 - 11 ) 

where the locally anisotropic space indices commute with capital Greek in¬ 
dices. The gauge transforms are written in the form: 


R $ 

n <a>e 

T? ^ 

r <a><0>E 


q <E> „ <f> ^ © 


<a>0 


<«;© “ 9e ~ + is e V <Q> 9© 0 


Z7> $ _ 771 _ <P„ 

r <a><! 3>§ r <a><!3>’E S ^ 


© 

$ „ <I>, 


where matrices $ and q a ^ are mutually inverse (Hermitian conjugated in 
the unitary case). The Yang-Mills equations on torsionless locally anisotropic 
spaces [|186|| (see details in the next Section) are written in this form: 


V <a> F < 




<a></3>© 


= J. 


vp 

</3> © j 


</3><7>]© 


= 0 . 


(9.12) 
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We must introduce deformations of connection of type v* —> V a + Pai 
(the deformation d-tensor P a is induced by the torsion in dv-bundle Be) into 
the definition of the curvature of gauge ha-fields ( |9.11|) and motion equations 
( P.12| ) if interactions are modeled on a generic higher order anisotropic space. 


9.5 D—spinor Einstein—Cartan Theory 


The Einstein equations in some models of higher order anisotropic super¬ 
gravity have been considered in ||169| . |172|| . ffere we note that the Einstein 
equations and conservation laws on v-bundles provided with N-connection 
structures were studied in detail in ||108| , |109| , ^|, pf 93| , |191 , 


16411 . In Ref. 


186[ we proved that the locally anisotropic gravity can be formulated in a 


gauge like manner and analyzed the conditions when the Einstein gravita¬ 
tional locally anisotropic field equations are equivalent to a corresponding 
form of Yang-Mills equations. Our aim here is to write the higher order 
anisotropic gravitational field equations in a form more convenient for theirs 
equivalent reformulation in higher order anisotropic spinor variables. 


9.5.1 Einstein ha—equations 

We define d-tensor & < a>< 0 > as to satisfy conditions 

— 2 $ <q>< ^ > = R< a ><i 3> ; ; ; R 9<a></3> 

71 + 171 1 + ... + 7TL Z 


which is the torsionless part of the Ricci tensor for locally isotropic spaces 
1281, |129|, he. <f> 


<a> > = 0- The Einstein equations on higher order anisotrop¬ 


ic spaces 


G<a><0> + ^ 9<a><0> ~ KE< a ><p>, 


(9.13) 


where 


G <a><!3> ~ R<a><0> — g R 9<a><0> 

is the Einstein d-tensor, A and k are correspondingly the cosmological and 
gravitational constants and by E <a>< p > is denoted the locally anisotropic 
energy-momentum d-tensor, can be rewritten in equivalent form: 


< l<a></3> — ~^(E<a></3> 


n + m i + ... + m z 


-E 


<T> 

<T> 


9<a><0>) ■ (9-14) 
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Because ha-spaces generally have nonzero torsions we shall add to (|9.14|) 
(equivalently to ( |9 • 1 3|) ) a system of algebraic d-held equations with the source 
S < ?p ><J> being the locally anisotropic spin density of matter (if we consider 
a variant of higher order anisotropic Einstein-Cartan theory ): 


r r<l> I ox<7> r r<S> _ o<7> 

1 <a></3> zo [<a> 1 </3>]<5> hD <a></3>. 


(9.15) 


From (|9.15|) one follows the conservation law of higher order anisotropic spin 
matter: 


V<7 > S< <aXP> 


r J 1 <6> _ 771 

1 <5>< 7 >° <a><p> ~ rj <(3><a> 


E 


<a></3> ■ 


9.5.2 Einstein-Cartan d—equations 


Now we can write out the held equations of the Einstein-Cartan theory in 


the d-spinor form. So, for the Einstein equations (|1.78|) we have 


^4i42-1-2 ^ '^7 1 Ol £ 7 2 «2 ’ 


with C 7 7 from (|8.37|) , or, by using the d-tensor ( |8.38| ), 


<f> 




, R _ \ 

< A O ) £ h^i £ l 2 ^ ~ 


2 £/ 7i7 2 «i« 2 ’ 


which are the d-spinor equivalent of the equations (|9.14|) . These equations 
must be completed by the algebraic equations (|9.15|) for the d-torsion and d- 
spin density with d-tensor indices changed into corresponding d-spinor ones. 


9.5.3 Higher order anisotropic gravitons 

Let a massless d-tensor held h <a>< p > ( u ) is interpreted as a small perturba¬ 
tion of the locally anisotropic background metric d-held g <a ></ 3 > (w) • Con¬ 
sidering, for simplicity, a torsionless background we have locally anisotropic 
Fierz-Pauli equations 


a h<a></3> ( U ) + 2 R<T><a></3Xu> (u) fl <T><V> ( U ) — 0 


and d-gauge conditions 


D <a >h<% («) = 0, h ( u) = h<%>(u) = 0, 
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where R< T ><a></ 3 ><u> (u) is curvature d-tensor of the locally anisotropic 
background space (these formulae can be obtained by using a perturbation 
formalism with respect to h <a>< p > ( u ) developed in |75| ; in our case we must 
take into account the distinguishing of geometrical objects and operators on 
higher order anisotropic spaces). 

Finally, we remark that all presented geometric constructions contain 
those elaborated for generalized Lagrange spaces ||108|, |109|| (for which a tan¬ 


gent bundle TM is considered instead of a v-bundle £ <z> ) and for construc¬ 
tions on the so called oscillator bundles with different prolongations and ex¬ 
tensions of Finsler and Lagrange metrics ||11C1||. We also note that the higher 


order Lagrange (Finsler) geometry is characterized by a metric of type (dmet- 


1 d 2 C 


richcv) with components parametized as g tJ = ± [9ij — 9 g y iQ y j 
Ka, = 9ij , where C = C (x, 2 / ( i), j/ (2) , V( z )) (A = A (x, y$), ••••, V{z))) 


i a 2 a 2 


and 


is a Lagrangian (Finsler metric) on TM^ (see details in ||108|, |109|, p 6 
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Chapter 10 


Metrics Depending on Spinor 
Variables 

10.1 Lorentz Transformation 

We present the transformation character of the connection, the nonlinear 
connection and the spin connection coefficients with respect to local Lorentz 
transformations which depend on spinor variables, vector variables as well as 
coordinates. 

For any quantities which transform as 

/ (x, y,C,I) -»• /' V, ?) = U (x, y, f,f) (10.1) 

— cx. 

their derivatives with respect to x l ,y l ,£ a and C, under Lorentz transforma¬ 
tions 


x‘ : = x‘, / = y‘,c = A^, c = A- S V (10.2) 

will be given as follows 

du_ df d_r_ dtf« 9fdk-^ r 

dx x dx x df a dx x 13 df dx x ’’ 

I \ 3U _ df ,df_SJf f df_d_<h~l_ 

’ a& » + aq ae« 47 gf su 4 ’ 

ac df „ dfd\\ r df_ dk-v 

1 or df aqay 47 af af ’ 

dU_ = df.dfff, df dk-fy , 
dy x dy x dfp dy x 7 dy x 
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(10.3) 
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Taking into account that (2.23) of ||123|| , namely: 


0 M 

dx x 


d Ar d — ad 
+ N a \-^z —b N 


dx x 






- (ry, + c?N aX + N°c; a ) y-A 

0 M 


dx x 


(ffiV) 


d 

dyA 


(10.4) 


(where the nonlinear connection coefficients N a \ and N° are given in ||121|| ), 
we substitute (|10.3|) in (|10.4|) , then the nonlinear connection coefficients have 
to be transformed for Lorentz scalar quantities as 


„ - 9 WA / 3 

O) + 

a'-'vfy 


(10.5) 


a') N'“ = < A~f + 


dx x 


In the above mentioned (|10.5|) a), a’) the relation d^/dx x = d^'/dx x was 
used for [*]-differential operators. For the calculation of the transformation 
character of nonlinear connection coefficients n a \, n", Uq“, n°p a , ng a are 


used the relations 
cA 


/}[*]' /jW flM' /}[*] 

\a _ a— la _ 

~ A pnr’Hr ~ A 0 


d£a ^ 11 dig' d^a “ p <9£° ’ dy x dy ,x ' 
Also by means of (2.23) b), c), d) of ||123|| and ( |10.3| ) we obtain 


aWA 7 


n /3\ ~ h-(3 n ot\ + QyX 

T / N — //3 - U -'V 

b) < 


= A-y^+ 


fly 


7 r, 


c) n 


■10/3 


= A"Wa Ahf + 


aWA 7 

9£ a 


e 


•7 j i 


(/) = 


d) n'pa = 


d') n(f Q 


m ^A" 1 * 

A'/ ( A~ F 15 n? + -^-£ 7 

V | A 7 n° a AAl l ) 

A a | A 0 n 'ia + ^-S 4 7 I > 

9Wa-V 


A 5 af^A-^+r ^ 7 

di 


7/ 
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Consequently, [*]-derivatives of the quantities |10.1|) will satisfy the following 
relations: 


b) 

c) A~q 1/3 
d) 


aw u 

dx x 

ehu 

dy x 

aw U 

dip 

d [ * ] U 
a 0 tt/3 

di 


df , Ar , df a df ( * )/t /T 9/' 

+ + ^ ^ - r rA , w , (io.6) 


<9(£ A 

dy' x 

df 


+ n, 


, df , _ /Q df Wlt /T df 


aX 


di' a 


+ n‘ 


X rCz/CX. W rA 


, ~/0aff_ , -■ 
+ ^ ^ +n ' 
df , ~, 0 df 


di 

//3a df 


cfx v 


dy ,K1 


0 q? //3 
df 


-^/(*)/ca it df 

c r y dy ,^ 


di 


_L 4- r7 //3 — — nd*) Ka v 'r 

■la + n 0a an + ' i 0a _/1 '-'t V 




0q at/9 


ar 

dy'K 


We have Lorentz-scalar quantities 


/' ( 7 , v, £', ?j = f , 


(10.7) 


then, the 


f $[*] f <g[*] f $[*] f 

dx x ’ <9?/ A ’ d£ a ’ < 9 £ Q 


are transformed as Lorentz-scalar and spinors adjoint to each other, respec¬ 
tively. Consequently [*]-differentiation are covariant differential operators 
for Lorentz-scalar quantities. The spin connection coefficients a;j^ A , 6 ^ x , 1 

d\*l 3 will be transformed by Lorentz transformations as follows: 

We consider the relation (3.23) a) of [|123||, namely: 


u 


abX 


(jJ 


abX 


-p(*)/L 

vX 


d [ * ] h% 

dx x 

d^h'X 

dx x 


p(*) n 
vkXU 


+ ffix) V 
+ r 


( 10 . 8 ) 


also for the tetrads h'f and h'£ valid the relation h'f = L b a h'f (4.1) of |121| ), 
then taking into account (| 10 . 8 ) we take the transformation formula of spin 
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connection coefficients u 


abX ’ 


<o 

>>) if 


rcrd [«] , V'' ] K h ,4 

L a L b UJ cd\ + ricd^bi 


TCT(ln[*\ , 


dx x 

di * ]L Mi cd Ll 


c) 6, 


[*\>P _ 


ab 


A-O 

7 


dy x 

/)[*] T c 

O'TKLt + 


d) 0 W ' 


a&/3 


= A\ 


f )W T c T d \ 
U cd'r L a- L b + 


c)WL 


0 ~r7 Lb n dc 


(10.9) 


where the connection coefficients r^ p , M are Lorentz-scalar and simi¬ 
lar procedures are considered for the transformed connection coefficients of 
°ab\i Q l ab P ’ i ] / 3 > using the relations (3.23) b),c), of |I23 . 


Next, we shall derive the transformation character of the spin connection 
coefficients C ^ K , C under Lorentz transformations. If 

we take the relation (3.6) a) of [|123||, 


Nr A = r 


( 10 . 10 ) 


and 


7V' = 

^ t\ ^ r\ S/c? 


( 10 . 11 ) 


and we substitute ( |10.5|) a) in (|10.11|) , then we get the required transforma¬ 
tion formula, 


\ ~p(*) ,<5 _ A-1(5 A/3p(*)e , ^A-W 

1 «A • /V e /3A ^ ^ A A e ’ 


( 10 . 12 ) 


f>) Cl 1 = A7 u AiC^‘ + ^Na: u 


dy 


A £ ’ 


c) = 

<i) CM' 4 = A“ 


~ <0WA e 

A-15 , 11_« a -15 

a £ o 7 ^ a 7 


a: 1p . 


A)W A^ 

A7/^(*)/3A ” 15 4- __£A -1<S 

A £°7 a A 3 + A 7 


Finally, from (3.20) of [|123|| and (|10.5|) , (|10.12|) , arbitrary terms a\, b\, 







































10.2. CURVATURE 


193 


—Oi 

(3 , (3 a are transformed as follows 


a\ 


bx 


(3 a 

Pa 


' 7r ( 

a x + (3 


an 

dx x 


Zp + ? 


dA~p a ' 
dx x 


Pat 


bx + P 


■m 


OR 1 , 


P' 1 A* + P 


dy x ' 7 


e 7 +r 


A-yy +p 


./ 7 


9YA 
dio ) 


Ze + f 

'dA\' 

\ ~e 

A 

)e £ + e 



aWA-iA 

<V J 

(d^R-p 1 

dy x 




P' v 

P'r 


10.2 Curvature 


In this section we shall present the form of the curvature of the above- 
mentioned spaces. There must exist ten kinds of curvature tensors corre¬ 
sponding to four kind of covariant derivatives with respect to x\y x ,^ a ,^ , 
(coordinates, vector variables, spinor variables). 

If we denote with M, n the number of curvatures and the kind of covariant 
derivatives, then we have generally, N = n(n+ l)/2. In our case N — 10, n = 
4. Like in mi (paragraph 5), here, they appear three different expressions 
of the above-mentioned ten curvature tensors which are closely related to 
each other. The relation between ten curvature tensors T ! p XY and ten spin- 
curvature tensors T^xy will be the following: 


TabXY - TPxyKh^b 


(10.13) 


which arises from integrability conditions of the partial differential equations 
(cf. (3.22) of PI ). 


The curvature tensors which are calculated below come from the Ricci 
identities [|13G| , P5[ , as well as the commutation formula of the [*]-differential 
operators d^/dx x and d^'/dy x . 


The curvature tensors Tp XY are defined as follows 


R 


uXk, 




, -phR-pM/i _ p(*) r p 

TK 7 JK. 


dx K dx x 

_( A W 2[*]7r<[*]M A[*]r r [ 

' a Xk. "T/I Xk^u 


(*)m 

tA 


*u 

VT 
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where 41, 41, 41 are given by 

41 = a ^-c 0 ^ Xk -A{ k c^-aIc^, 

7l*h _ 4 M 7 , ni£. a _ V C 1 4 - r° 

— ^Xk + L '0 ^AkA'O? + /1 Ak°7£’ 

4t = 4„ + (<W) -V + AL (c; t f ), 

a'‘iiv T> a^iv,, 

7Ak <Tr A ’ 

J(¥ <9MlV 7 dWm 
Xk - ~lhA lh*-’ 

4t = 1 [- (r; A + cr v.a + iv?c T g »i 

[- ( r ™ + c?N m + jv«c;„) v] ■ 


Similarly, the curvatures P^ Xa an d ^Aa can defined as follows 


DM 

*~v\OL 


f>i l 

^uXk 


^ ^ vX ® ^'va ~p(*)r /^i(*)fi _ 'p (*)/ i /'"'<(*)7 

' ^ vX ra A rX ^ va 


dC 


dx x 


-1 e!z.c!^ 7 + 4111 + 41 ct> 


7 A v 


Xk 


ow 44 <9 w rH 


dx K 


dy > 


v\ 1R 


pM^O)* 

^ ifc ^rA 


nW pdfiAO' 1 nW7p[*]/j 1 

JJ 'yXK ( ~ , u + -^Ak + -^Ak °^-r 


The quantities 41, 41 41 an d 41’ 41 4*1 are defined respectively 

to 41,41,41- A a matter of fact the expressions are too big to be 
presented for all ten curvature tensors, we prefer to give an algorithm for the 
general case, presenting the following the Table |10.1| of symbols for nonlinear 
connection. 

In general for each of the ten curvature tensors, we have 


r pM 

X uXY 


0 M ConX^x 
dY 

+ConX» v ConY^ 


d^ConYlX 


dX 


(10.14) 


_ A 1 1 C 

1 A 7 A'V l ' 


uX 
7=?[*]M7 


tY 


ConY^yCoriX'^ 

1 A[*hp[*]/i 1 a W r (7[*h 

1 A AyO u-y ' ■ n -w'~', Jn - 


XY^ 
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coordinate 

vector 

spinors 

connection 

coefficients 

N 7 y 

NX- 

-Nx 

x i 

3. 

S3 

t-H 

N aX 

NX 

{K\ + C pa N aX + N%C p a ) y T 

y \ 

^vol 

^qA 

™A 

[C p x + C pa n aX + n x C p a) y T 

t* 

£f[*]P7 

n 0 

-pa 

n 0 

(C pa + C pa n° 0 a + n f o a C p 3 ) yT 

r 

C VA 

n° 

n pa 

P 

n 0a 

(C™ + &*%. + < C r„) V T 


Table 10.1: Nonlinear connections 


where the coefficients are given by 


A 


7 XY 

' [*b 
l a :y 

: [*]p 
l xy 


A 


Aac 


= A 


7 XY 


A 7 


7 Ak 


c5a 


iXY 


a £ h7° 


X £ r<o 

7^> 


— Ayy + C'o £ A 5X y - AyyC ’ ( ] 5 + AyyC^, 

= W + (<??V) A 4 .yk + A £ vy , 


*]p _ 


<9MN 7X aWN 
<)Y 
aWN 7 

dY 

d^N p x 
dY 


jY 


ax 

aWN 7 

ax ’ 
a w N^ 
ax ’ 


ConX. p x represent the connection coefficients 


■p(*)p yx[*]P y~*MP7 

I UK j L'1/7 j ; *-y t / Qf 


. We 


can write down all ten curvatures using the algorithm presented the above 
and adopt the following symbolism: 

We can write down all the spin-curvature tensors using the symbolism of 
Table |10 .2| with appropriate indices. The spin curvature tensros T a b XY are 
defined in ( |10.15| ). According the Tables | 10 . 2 | and |10.3| our general formula 
becomes 

d [ * ] sp.ConX abX dWsp.ConX ab Y hni ,> 

- W - dx - (10 ' 15) 

+sp.ConX acX sp.ConY^y — sp.ConY acY sp.ConX£ x 

_ ( a M d*h 1 A [*]7 fl W 1 XM r nM X 

^ A 7 AU" °ab A XY°alry + A XY U abrJ J 

where sp.ConX abX represent the spin connection coefficients <nj* feA , 9^ x , 6 ^°, 
@ab\ with before dehned a[* xy , Ayy, A XX- 


T, 


abXY 
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These spinor-curvature tensors will also appear in Ricci’ formulae for a 
Lorentz vector field. To examine the transformation character of the curva¬ 
ture tensors it is convenient to divide them into the parts t£ xy and T^ Y , 


rpH _ rp(0)n _ rp( 

1 uXY ~ 1 uXY 1 vXY i 




where 


p(0)/x 

vXY 


0 M ConX^x 
dY 


aw ConY^y 


dX 


+C onX T vX C onY^y 


C onYlyC onX ^ x , 


T 


(!)/* 


vXY 


aW p-yW/^7 t W7ri[*]/i I XM' r /^WA‘ 
^-'yXY^V T ~r ±^. vv y>, JT . 


'■XY^-Yt 


The curvature tensors T^ XY are expected to have the same transformation 
character as T^° XY and T^ XY and are confirmed to transform as tensors or 
spinors under general coordinate transformations and local Lorentz transfor¬ 
mations by formulae ( |10.3|) , ( |10.5|) and (|10.12|) . The arbitrary terms of spin 
connection coefficients are contained only in the parts T^ XY , the arbitrariness 
disappear completely by virtue of the homogeneity of C’l*!' 1 , C^ in , C'C)! 1 . 
Therefore, T^ XY as well as T^ XY are defined unambiguously. The following 
conditions are imposed on Tj) XY and T^ XY and, therefore, on TL xy . 


X 

- Y 

rrifl 

1 vXY 

rn5 

1 eXY 

T X y 

am 

am 

AW 
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— X 

R 

X 

V 
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X 

-z 
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E 
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-z 
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T 

F 

F 

F 

X 

-y 

W 

T 

X 

D 

D 

D 

i 

-Z 

Q 

0 

P 

B 

B 

B 

Z 

-z 

s 

K 

P 

V 

V 

V 

Z 

-y 

n 

U 

V 

G 

G 

G 

z 

-z 

Q 

0 

p 
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$ 
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y 

-y 

z 

Y 

V 

H 

H 
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Table 10.2: Curvatures 

Contractions of £, £, y x with the curvature tensors give the following: 
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The above mentioned structures and properties of curvature tensors T^ XY 
are transformed to those of spin-curvature tensors T abX Y through the rela¬ 
tions (|10.13|) . Also, the integrability conditions of the partial differential 
equations of Ricci formulae for a spinor field, led to another spin-curvature 
tensors T b XY which are related to T abX Y by the relation of 

T‘ X y = ilW (S“*)‘ + iT X y l‘, 


where if is the unit matrix, T^ xy , T X y are defined by (|10.17|) and (|10.18|) 
respectively, T abX Y are given by (|10.15|) and S ab and (3.18) of 


coordinate 

vector 

spinors 

Spin connection 
coefficients 1 

Spin connection 
coefficients 2 

coef. Xx 

x x 

R 

“abX 

1 uk 

R 

a x 

y\ 

a{*\ 

u abX 


6 w 

u x 


U ab 


t ]a 

r 

fl[*l 

°ab\ 


aL* 1 


Table 10.3: Spin Connections 


Again, in order to present the spin-curvature tensors T b XY we are going 
to use an algorithm along with appropriate columns in the Tables |10.2| and 
10.3|. The general formula is 


t: 


eXY 


d^sp.ConX 5 eX 
dY 


& 


^sp.ConY^ Y 


dX 

+sp.ConX J eX sp.ConY-y — sp.ConY^ Y sp.ConXp 


(10.17) 


where sp.ConX 3 eX represent the spin connection coefficients and are 
defined as before. 

The spin-curvature tensors T X y consisting of the arbitrary terms of t!^ 1 , 
cffi, C are defined as follows 


Txy = 


d^coefX x 0M coefYy 
dY dX 

+i ( coefX x coefYy — coefYy coefX x ) 


-A 


^XY YXY 


-nl*h A I X 

Pxy ' A xyPxy ' 


(10.18) 
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where the coefXx are defined in Table |10.3| . If we want to write down all ten 
spin-curvature tensors Txy we must use the corresponding column in Table 
10. 2| . These objects are defined uniquely on account of the conditions (3.27) 
or (3.28) of |]1 2 3f and the homogeneity properties of T^, C\^/\ C^ in , C\*o'\ 


There are imposed on T X y conditions similar to (|10.16| ) : that is contractions 
of £, £, y x with the spin-curvature Txy results 


£ = 0 . 


(10.19) 


Now, from ( |10. 13| ) , (|10.171) together with (|10.16|) , (|10.19|) , it is easily shown 
that the similar conditions to (|10.14|) on T^ XY must be imposed on T^ XY . 























Chapter 11 

Field Equations in Spinor 
Variables 


11.1 Introduction 


The introduction of a metric that depends on the position variables 

x as well as on the spinor variables u assigns a non-Riemannian structure 
to the space and provides it with torsion. This procedure enables the con¬ 
struction of a non-localized (bi-local) gravitational field, identical to the one 
proposed by Yukawa ||214|| that allows a more general description of elemen¬ 
tary particles. Further arguments have been developed by some other authors 
[ |78l , |121| , |152|| . In our context each point of the space-time is characterized 
by the influence of two fields: an external one which is the conventional field 
in Einstein's sense, and an internal one due to the introduction of the spinor 
variables. These fields are expected to play the role of a geometrical unifi¬ 
cation of the fields. If u is represented by a vector ?/, then we work in the 
Finslerian framework |I4|, m m- A more general case of the gauge ap¬ 
proach in the framework of Finslcr and Lagrange geometry has been studied 
e.g. in JT5|, 0 £3 


115 


In the following, we consider a space-time and we denote its metric tensor 


by 


g»v(z M ), 


(here Z A1 = (x M , £ Q , £“), x 11 , £ Q , £“ represent the position and the 4-spinor 
variables £ denotes the Dirac conjugate of £) ||152|| . With the Greek letters 


A,/r, v and cc, (3 ,7 we denote the space-time indices and the spinor indices, 
also Latin letters a, b , c are used for the Lorenz (flat) indices. The (*)- 
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differential operators are defined as 


*(.) _ 
d M Q Z M 


$(*) Qi*) Q(*) 

dxv ’ <9£ a ’ d£ a J ’ 


( 11 . 1 ) 


with 


d(* 


dx x 

aw 

dio 

W 


d 

dx x 

d 

dia 

_d_ 

W a 


AT d —a d 

N a \——b N\ 


dQ 


dQ 


+><?“ J- + 1° d 


dta 

0 3 a 

+ + % 


d&' 

d 


here N a \, IV°, fjg a , (3a 0 , r)p a , '% a are the nonlinear connections ||121| . 

In onr study, field equations are obtained from a Lagrangian density of 
the form 




(11.2) 


here is the set 


= {A“ (x, e, o, uj;^(x, ? , o,f>M‘ b (x, ? , o,e Mab “(x, (, ()}. 

Thus L is a function of the tetrad field, of the spin connection coefficients 
and of their (*)-derivatives. the variables h, k/*), $(*), $(*) are considered as 
independent. 

It is known that gravity can be described by the tetrad field and the 
Lorenz connection coefficients ||134fl . The variation of the Palatini action 
with respect to h and a; yields a set of two equations: 


- RIP = 0 

m 2 ^ 


oMKK-KK) \ =o 


((-) 


(11,3) 


is the determinant of the tetrad /i“ and D^ is the gauge covariant deriva¬ 
tive 


D, 




LU 


/n 


where the sum is taken over all Lorentz indices. 





















11.2. DERIVATION OF THE FIELD EQUATIONS 


201 


In spaces whose metric tensor depends on spinor variables, an analogous 
method can be applied, but instead of one connection we have three connec¬ 
tions: 






So we choose a Lagrangian density of the form (|1 1. 2|) from which four equa¬ 
tions are obtained. The analogous gauge covariant derivatives of D M appear 
naturally as 


O) DM = <?« + ]>><•>, 
b)DM = + 

c) D { * )a = d ( * )a + ^0 ( * )Q (11.4) 


Transformation laws of the connection coefficients oJ^ x (x, £, £), 0^ ba {x, £, £) 
and 6 { * b )a under local Lorenz transformations are the expected trans¬ 

formation laws for the gauge potentials ||134| 


«) “ab\ 

b) o ( ; b ya 


c ) e 


(*y 

aba 


M jj.) , UTk, 

a b^cdX ' Q x A 
L a L b U cd + 


bo 


d^/3 


J bc 






rcrdflW | d( * ] K 
-^a-^b^cd/3 ' 


be 


(11.5) 


The matrices L and A belong to the vector and spinor representations of the 
Lorentz group, respectively. 


11.2 Derivation of the field equations 

The field equations will be the Euler-Lagrange equations for a given La¬ 
grangian. We postulate the explicit form of the Lagrangian density 

L(v^),ctV A) ). (11.6) 

But first we observe that the metric tensor q uu and the tetrad are related 
by (of. |3) 


a ) h^h^Tjab, 
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b) <r (*,£,o 


v^ab 


KKn 


(11.7) 


where r} a b is the Minkowski metric tensor and it is of the form 
diag(+ 1, —1, —1, —1). From the relations [p06|| : 


a) 9 = ~h 2 , b ) dg = gg^dg^, (11.8) 


and using (|11.7|) , we get 




(11.9) 


where g =det ( ) 

Now we postulate the Lagrangian density in the form 


L = h(R + P + Q + S), 


( 11 . 10 ) 


where R, P,Q, S are the scalar curvatures obtained by contraction of the spin 
curvature tensors: 


r = KKRp, p = KKP^pl™, (11.11) 

_ r \ p\abfia n _ qa qab/3 

Va6/3aV > J J abf3 J a 


The spin curvature tensors are given by the components 


P 


ab 

Xa 


d^J* )ab d^e { a * )ab 

dQ* dx x 

+AO ( : ,cb - 0£M' )rt - (»“*%*« + Fief), 


( 11 . 12 ) 
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-jraba. 

A 


Qaba 

^p 


R 


ab 

/us 



Q 


ab 

/ 3 a 


Q(*) UJ (*') ab Q(*)Qi*)aba 

d£ a dx x 

+Lu^ a d { * )aab - di* )aa LU { * )cb - ( 9 ab0 F% x + E^df), 

8^J; )ab Q(*)Q(*) aba 

d£ a W~ 

+e {*)aQ{*)cab _ 0(*)aa 0 (*)cb _ + Hj*0*), 

0(*)g j )ab d^el* )ab 

dx" dx M 

- ( 9 “ w ^„ + Ay A 

d^p^ _ d^p^ a 

dia dig 

+&ol* )ca - &e£ )cf> - {9 1 ab K^ a + J^ a 9 abl ), 
d^9 { * )ab d^9 ( * )ab 

d£ a dx x 

+«S‘ e U - e V» { U - (o^Xdc + 


where the coefficients are defined 


A/3fj,v 

EpXa 

Fpx 

/~iOL 

P 

J'ypa 



_ d^Np u -p = d^N^ _ gdjyf 
dx u dxv ^ dx" dx M 


d^Np X 

£)(*) tiS 
° 'Pa T?P 

d^Nx 

* 

d£ a 

dx x ’ Xa 

d£ a 

dx x 

d^Npx 

° VP AP»_ 

d^Nx 

d&fjg a 

dQy 

dx x ’ A 

9£a 

dx x 

* 

o 

i 

0 « 

H u 7 « 

d ( * ] Vop 

dWr% a 

dQ, 

d£p 1 p 

dia 

d£P ’ 

d^Vjp 

< 9 w n° 

1 7 “ 7 y 7 _ 

d { * ] Vop 

d^Voa 

d£ a 

d£P ’ ?<* 

d£ a 

d£9 ’ 

d i*)rjOP 

H Ti0a _ 

dWftf 

d^rf 0 a 

d^a 

1 “ 

dice 

d^p 


The Lagrangian (|11.10| ) is the only possible scalar that can be made 
from the curvature tensors (|11.12|) and it must be the sum of the first-order 
quantity R and the second-order quantities P, Q and S. The mixing of the 
quantities of different order is not impossible. It is known that the Einstein- 
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Maxwell Lagrangian is the sum of the first-order quantity R and the second- 
order quantity F ltl/ F lw . So, our Lagrangian ( |11.10| ) is physically acceptable. 
The Euler-Lagrange equations for the objects 




are of the form 


& 


(*) 

M 


dL \ 91 

J ~ ~ °’ 


(11.13) 


where was defined in (|1 1. 1|) . From the variation of L with respect to the 
tetrad we have 

dL 


SK 


= o. 


Taking into account Qll.81 ), and (|11.9|) we get the equation 


where 


and 


Hi - = 0, 


H b = R b + P b = hTR 4- P a P 

11 v lh v ' 1 v IL a 1L LH' ' ,l a 1 Cfia 1 v i 


H = R + P. 

From the variation of L with respect to ujf* 1 we get 

dL dL 


df? - TT-mr + &* ) 

A 4 o/q(*) (*)a&\ 


d(d ( ; j u 


d (*) 


d(d(*'> a ujl*^ ab ) 
dL dL 


(11.14) 

(11.15) 

(11.16) 

(11.17) 

(11.18) 


° d(dPU* )ab ) dU* )ab 


= 0. 


The spin-connection coefficients ui*’ iab are contained in R and P: 


h{R + P) = hKK(R ab + P“PT). 


From relation (|11.18|) we get the following variation of the term hR with 


respect to 


0M d(hR) dMa d(hR) 

M d(d^U* )ab ) d(d(*FU* )ab ) 

d i hR ) d ( hR ) 

“ d(d£ ) ui* )ab ) duj { : )ab ' 


+ 


(11.19) 
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By a direct calculation, the first term of (|11.I9|) can be written as 

syihKK - kk)}. 

The second and the third terms of (|11.19|) are equal to zero. The fourth term 
equals 

h(KK - KK)AI + hkk - kkUT- ( n - 2 °) 

Consequently, the first and the fourth terms can be rewritten as 

D^Hh-x - KK% 

where we have used the gauge covariant derivative I)[' from [ [TTh] i. Contri- 
bution from the P-part is equal to 


a<.) d AA , + a w« d An 


( ,j a(hp) a(hP) 

^a 


(*) (*)a6\ 


didS’ul' 


duj, 


(*)ab ’ 


( 11 . 22 ) 


The first term of (|11.22| ) is equal to zero.The second and the third terms can 
be written as 


dPWKK). 

respectively. The fourth term may be written as 


(11.23) 

(11.24) 


- hhKP^jy™ - hhWPljw*. 


The sum of (|11.23|) , (|11.24j ) and ( jll.25|) is equal to 

DMfWiXfO + DM°(hhXP‘Z). 

So, ( |11.22|) is written in the form 


(11.25) 

(11.26) 


flf’NW - kk)\+NH hKKK) + £> ( * , “(v»>rd“) = (n-27) 

Taking the variation of L with respect to 8a we have contributions from 
(P + Q + S). The field equation is 


gM d AAU + a M« 


d(d)d<e 


i*)a(*) ab \ 


+W- 


d(dM«ol* )ab ) 

d(hL ) d(hL) 

dol* )ab 


(11.28) 


d{d^6. 


(*)fl(*)abs 


0. 
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We proceed in the same way as before. The contribution from the hP term 

is 


-D^OMXPZ). (11.29) 

The contribution from the hQ term gives 

Df(2hQ^). (11.30) 

Similarly, the hS term yields 

2 DW(hS^). (11.31) 

So, the third equation is written in the form 

0\ h KKPZ) - D ( ;\2hQ'f l ) - 2 D^(hS^) = 0. (11.32) 

Finally, the variation with respect to 6^ a yields the equation ’’conjugate” 

to ( ITTT32D 

D$\WKPZJ - DW(2hQ» Hal3] ) - 2 D$\hS*J = 0. (11.33) 


11.3 Generalized Conformally Flat Spaces 


In this Section we study the form of the spin-connection coefficients, spin- 
curvature tensors, and the field equations for generalized conformally flat 
spaces (GCFS) (M, g^ w (x, £, £) = where rj flu represents the Lo¬ 

renz metric tensor 7/ /t „ =diag(+, —, —, —), and £, £ are internal variables. The 
case of conformally related metrics of the Riemannian and the generalized 
Lagrange spaces has been extensively studied in || 112 |, | 115 || . It is remarkable 


that in the above mentioned GCFS spaces, some spin-connection and spin- 
curvature tensors vanish. 

As pointed out in 


121 , the absolute differential DV M of a vector field 


R M (x, £.£) is expressed in terms of the coefficients 


{r 




, O ^ , ^i/a J • 


(11.34) 


Considering the absolute differentials of the spinor variables 

DC = dC - N a \dx x - - Dl^, 

DC = dC - N° x dx x - fjfDC - DCvo 0 , 
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which depend on the nonlinear connections: 

{N a \ , Nl, r}% 3 , vf rf al3 , rife}, 


(11.35) 


and expressing DV M in terms of dx x ,Df ai Dt; a , we obtain the connection 
coefficients 


va. V ? ^VOL J 


(11.36) 


related to the coefficients ( |11.34| ) via the non-linear connections ( |11.35| ) ||121| . 

By imposing the postulates of the length preservation for the parallel 
vector fields and symmetry of the derived coefficients 


rp(*) pw ri \ 

t//U’ ^ v\ii ^u^aS 

in the first two tensor indices, we have the relations: 


(11.37) 


1 /0« 


p(*) _ 


^9vn 


9 fiv 


d(*) 


9v\ 


dx x dx^ 

_ 1 &9i 

~ 2 dp 


(11.38) 


where + r t 


Vfl * 


Theorem 11.1. For the GCFS spaces we infer the following: 
(a) The coefficients \11.3% ) have the explicit form 


K,x = e 2 a (VrWx} ~ Vvx*;), C? = dfofi Cf Q = d a S?, (11.39) 

where o a = do/df ai d a = do fdffi , o x = d*o/dx x are the derivation operators 
of scalar fields involving the coefficients (\11.35 \ ). 

(b) The following relations hold: 


Kx = Kx - V° a N aX - Sfd a N a x , 

cT a = cp + 

CZ = CZ + 


(11.40) 


Proof. Computational, using the consequences (|11.38|) of the above postu¬ 
lates and identifying the absolute differentials expressed in terms of ( |11.34|) 
and flTL36D . □ 

Considering the absolute differentials of a Dirac spinor field fi>{x, £, f) and 
of its adjoint fii(x,f,f) we have the coefficients 


Jp/3 /-i0a (-10 \ 
7 A’'“p > '“paJ* 


(11.41) 
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Expressing Df> and Dp in terms of dx x , Df a , Df a , we are led to the spin- 
connection coefficients I: 


r-p*/3 s~i*(3a s~i*/3\ 
l i 7 A’ Ly 7 


(11.42) 


connected to (|11.41|) ||121|| . In a similar manner, the absolute differential of 
a Lorenz vector V a (x, £, £) produces the coefficients 


{^baXj @bai @baaf i 


(11.43) 


where the raising and lowering of the indices a,b,... = 1,... ,4 are performed 
by means of r) ab , and also the spin-connection coefficients II: 

«a,C,C,} (11-44) 

related to the coefficients (|11.43| ) and ( |11.36|) ||121|| . Similarly to the previous 
work of Takano and Ono [ 121 , we shall postulate the invariance of length of 
the parallel Lorentz vector fields, and the vanishing of the absolute differen¬ 
tials and covariant derivatives of the tetrads which involve the connection 
coefficients ( |11.36| ) and (|11.44[) . 

In the GCFS, the tetrads are given by h^x, £,£) = and lead to 

the dual entities /r(((:r,£,£) = In general, the above postulates 

produce the relations: 


u a b\ — 


OOL _ 

Vab — 


Q aba. 


^abX 


QhV 

a# + ) V, 


9K , 7 ^ 

W a +C " a 

+ hi 

Q^a ' 1/0 c 

d*hl 


h 


Libi 


(11.45) 


h 


bibi 


dx x 


r + KxK I 


lib' 


(11.46) 


For the GCFS case we are led to 


Theorem 11.2. The spin-connection coefficients (II) and the coefficients 
(\11.4dj ) are subject to 


^baX h/ia^bX 


&\11ba) d ab 0 , 0 ' aboi 0 , 

<a = >)a(X). «S = o, e: to = o, 

^ba X ^baX , 


(11.47) 

(11.48) 

(11.49) 


where h, M = e% ta and T {oh) = T ab - T ba . 
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Proof. Relations (|11.45|) imply (|11.47|) ; ( |11.46| ) and 




U baX ~ ^baX + ^ba^flX + N x 6, 


ba/3 


produce ( |11.49| ) and 


c = c+C>)”°++%?>%.+ 

So, we infer (|1 1 .47] ) and ( |11.48| ) . □ 

The connections (|11.36|) and (|11.42|) give rise to 8 curvature tensors as 


described in (5.2) of ||121|] . But also the spin-connections (II) connected to 
(|11.36|) lead to six spin-curvature tensors ( |11.12|) 


{RabXfi, PabXa, P a bXi ^ab/Si Qab/3a, Qab)' 


( 11 . 50 ) 


Taking into account Theorems |11.1| and 11.2 we can express these tensors as 
follows. 


Theorem 11.3. In the GCFS spaces the spin-curvature tensors are given by 


RabXfi = VX(b^ a ) + V^*X b) + V^*xK) ( 11 . 51 ) 

+Vx + V^aVxMf^c^d: 

T~) * TJ (y *Q! 

-^abXa VX(b^aa) i * abX VX(b&a) ? 

s a ab p = 0 , Qabp a = 0 , ® = 0 , ( 11 . 52 ) 

where a* xy = d* 2 a/dx x dx y ; x,y = {A, a, a} and yx(b°* ia) = hx b (y*Z ~ Vx a crf b - 


Proof. Relations (|11.52|) are directly implied by ( |11.48| ) and ( |11.49| ). (|11.39| ) 
leads to ( |11.51| ) after a straightforward calculation. Also, using Theorem 
Q we infer that 


where 


uj. 


abX,a 


^abX,a"> 

D 

1 abXa 

* 

^abX,ai 

d*CV a bX 

^abX,a 

d*^abX 

dt ’ 

dia 


( 11 . 53 ) 


Then ( |I1.54j) leads to (|11.51|) and (|11.52|) . 


□ 
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Relations (|11.52|) are directly implied by (|11.47|) -( |11.49|) . The relations 
(P-1.39Q leads to (|1 1.5 1|) after a straightforward calculations. Also, using 


Theorem 11.3, we infer that 


PabXa 


9*Uab\ 


PabXa 


d*UgbX 

dia 


(11.54) 


Then (|11.48| ) leads to ( |11.51|) and (|11.52| ). 

As a consequence of this theorem we state the following 


Corollary 11.1. In the GCFS space (M, g^) the Ricci tensor fields have 
the form 


K = e-pyvy; - 2i- 2 Sfrtaia}), 

Ft = -3 e-°(rt< c < a ~ "COA (11,55) 


Proof. Using Theorem |11.3| R ^ = hfR c fi lV Pf = hfPf^ Q P b ^ a we obtain rela¬ 
tions (|11.55Q . □ 

Remark (1) It follows that the scalar curvature takes the form 

R = R*h$ = -6 e- 2 (T (v bd a* db + V ef ala}). (11.56) 

Furthermore, it can be easily seen that 


P = p h v h v h = 0. (11.57) 

As we have previously remarked, the scalar curvature fields 

Q = Qab 0 aQ ab0a and 5 = S abaf} S abaf3 

vanish identically. Then the employed Lagrangian density Qll.10 ) 

L = h(R + P + Q + S'), det(g^ v ) = —/i 2 , 

reduces to L = e a (R + P ) and depends on the fields 
T e {h b v ,u*bxiKba^lb}- The Eulcr-Lagrange equations 


rt* 

°M 


dL \ 

d(duT)J 



(11.58) 


for these fields produce the field equations 

(EH), 


(EH). (HTT27D . (EH) and 


We shall obtain their form for the GCFS as follows. 
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Theorem 11.4. The field equations for the GCFS are 


Krf’Qelr - Ola)) + - o;ol) 

i _* *a Ory^cLc * *a 


i _*a o^dc^* „*ck 

+ 3 h ^a/We -&7 

= o, 

(FI) 

- 3 <w 

= 0, 

(F2) 


= 0, 

(F3) 

2a*^ d 7 lab a* ad - 2 a* a a* ab + g^ d g a b^ ad ~ 

= 0, 

(F4) 


where we have put cFf = d* 3 a/d£pd£, a dx b . 


Proof. By virtue of relations (|11.15|) and ( |11.16| ), and using Corollary |11.1 
and Remark (1), we get (FI). 

Considering Theorem |11.2| we infer that D* a = <9* and D* a = d* a . Also 
from a;^ A = uj a b\ = —^ba\, we derive D* = d*. Taking into account (|11.27|) , 
we obtain relation (F2) by a straightforward computation. Also, by means of 
Theorem |11.3| and noticing that = —3<r^ Q , after substituting to ( |11.32|) , 
we infer (F3). Finally, from (|11.33|) we derive (F4). □ 


11.4 Geodesics and geodesic deviation 

We shall now give the form of geodesics in spaces with the g^ix, £, f) metric. 

A curve c in a space (M, g^(x, £, £)) is dehned as a smooth mapping 
c : / —> U C M : t —> (x(t), £,(t), tf(t)), where 1/ is an open set of M and t is 
an arbitrary parameter. 

Definition 11.1. A curve c is a geodesic if it satisfies the set of equations: 

fiff = KxP + CTU + rnj“) = 0 , (a) 

= «ryn + cfi„ + cy?)] = o, m 

EP = f s ie + V(r^ + cfi l) + c ^)} = o. (c) (11.59) 

where x^ = dx^/ds,^ = df, a /ds,f a = df a /ds, and the coefficients r() A , T^ A , 
C^ a , Cy 3 , Cf a , C'fp satisfy the postulates imposed by Y. Takano and T. Ono 

jfm . 
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Proposition 11.1. (a) IfC= 0 and Cf a = 0, then Tf x = V Xu and relation 
( f 11.5l\ ) becomes 

d 2 x' J ' - ..dx u dx x n 

— + T^( x )X( x ))—— = 0. (11.60) 

(b) For the GCFS, equation ( \11.5t\ ) has the form 

-j-f + T() A iTi; A + x^{a a xi a + d a C) = 0. (11.61) 

In this case C = 0, Cf a = 0 hold true iff o a = d a = 0, i.e., for a depending 
only on x. 


Proof. Equations (|11.60|) and (|11.61|) are consequences of Definition (|11.59|) 
(a) and relations ( |11.39| ) . □ 


Remark (2): The spinor parts of equations (|11.60|) and (|11.61|) also write 


as 


4 - i'yTf - ^Tf - (e 7 - £ S T$)T2 = 0, (11.62) 

r + ft 1 * + CT" + (C + Ik = °> 

where 



Having the equations of geodesics, it remains to derive the equations 
of geodesic deviation of our spaces. This geodesic deviation can be given 
a physical meaning if we consider two very close geodesic curves and the 
curvature tensor is Riemannian. 

In the general case of GCFS, the spinor variables are independent of the 
position, so it is difficult to convey a physical meaning to the equations of 
geodesic deviation. For this reason it is convenient to study the deviation of 
the geodesics in the case where the spinor field = ^ Q (x /i )(and = £“(x M )) 
is defined on the manifold. This spinor field associates a spinor -and its 
conjugate-to every point of the space-time. 

In this case, from Proposition (1) and relation ( |11.60| ) the Christoffel 
symbols Tf x are symmetric in the lower indices and the equation of geodesics 
is similar to the Riemannian one, except that the connection coefficients have 
the additional dependence on the spinors f a (x fJ '),^ a (x fJ ’). Thus our approach 
is more general. The equation of geodesic deviation in our case is given by 

D 2 C A x dx» dC dx e 
ds 2 Mue ds ds ds 


0 . 


(11.63) 


























11.5. CONCLUSIONS 


213 


The above curvature tensor R x ug (xX(x)X( x )) has a modified Riemannian 
form. This equation has additional contributions from the spinor parts which 
enter the curvature tensor R and the covariant derivative. In (|11.63|) 
denotes the deviation vector, and s the arc length. 

For the GCFS, the deviation equation has the above form, where the cur¬ 
vature tensor depends on the function a(x, t;(x), t;(x)) and its derivatives, as 
we have proved in Theorem |11.3| , relation (|11.51|) . After a direct calculation 
from ( |lT63j ) and 


DA _ 73 


t a 

ab^LQ ,lj 


(11.64) 


where h bX = e r7 7j bX , = e CT h“, we get the equation of geodesic deviation for 


the GCFS, with C^ a = 0, C£ a = 0, in the form 


2/-2 


DX 

ds 2 


( S (n a l)v + VU^)bV bX + + 


* * h b\, cd * dx^dCdx 8 

+ r H ,S, ) r l a c a d ) — — — 


= 0. 


11.5 Conclusions 

(a) We derived the gravitational field equations in spaces whose metric tensor 
depends on spinor variables. Equations ( |11.15|) and (|11.27|) are generaliza¬ 
tions of the conventional equations (|11.3| ) a) and ( |11.3| ) b). They are reduced 
to equations ( |11.3|) a) and ( |11.3|) b) when the coefficients 




Relations ( |11.32| ) and (|11.33|) give rise to new results. 

(b) Equations (F1)-(F4) represent the field equations on the GCFS 
(M, g^ix, £, £)). The solutions of these equations are the subject of further 
concern. They represent an application of the gauge approach, for spaces 
with the metric g(xX,0, studied by two of the authors in [|146|, |147 . 


(c) The vanishing of the curvatures S^^QabgaiQab (Theorem |11.3| ), re¬ 
duces the 6 spin curvatures of the theory of Y. Takano and T. Ono to the 
three ones Rabx^, PabXa , P a bx■ This simplifies considerably the study of the 
generalized conformally flat spaces. 
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Chapter 12 

Gauge Gravity Over Spinor 
Bundles 


12.1 Introduction 


The concept of the nonlocalized field theory has already been developed in 
recent years by Japanese authors (see, for instance, [[TiJ) in order to provide 
a unified description of elementary particles. In this approach, the internal 
variable is replaced by a spinor u = (£, £) (£ and its conjugate £ are considered 
as independent variables). 

The description of gravity through the introduction of variables uj a ^(x) 
as a gravitational potential (Lorentz connection coefficients) was proposed 
originally by Utiyama ||155j |38| . He considered the Lorentz group as a local 


transformation group. The gravitational field is described by the tetrad h^(x) 
viewed as independent variables. With the help of these variables we may 
pass from a general system of coordinates to a local Lorentz ones. 

The Einstein equation were derived in the context of Utiyama’s approach, 
but this was not satisfactory because of the arbitrariness of the elements 
introduced. Later T. Kibble |64|, [79], |87| introduced a gauge approach which 


enables the introduction of all gravitational variables. To achieve this goal it 
is important to use the Poincare group (i.e. a group consisting of rotations, 
boosts and translations). 

This group first assigns an exact meaning to the terms: “momentum”, 
“energy”, “mass” and “spin” used to determine characteristics of elementary 
particles. On the other hand, it is a gauge acting locally in the space-time. 
Thus, we may perform Poincare transformations for a physical approach. 
Hence by treating the Poincare group as a local group, we introduce the 
fundamental 1-form field p M taking in the Lie algebra of the Poincare group. 
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In our present study the basic idea is to consider a spinor bundle with a 
base manifold M of a metric tensor g fiu (x, £, £) that depends on the position 
coordinates x k and the spinor (Dirac) variables (£<*,£“) G C 4 x C 4 , where 
is the adjoint of £ a , an independent variable, similar to the one proposed by 
Y. Takano ||152|| , and Y. Takano and T. Ono ||121| , |122| . |123| , |124| | . The spinor 
bundle S^(M) is constructed from one of the principal fiber bundles with a 
fiber: F = C 4 . 

Each fiber is diffeomorphic with one proper Lorentz group (which is pro¬ 
duced by Lorentz transformations) and it entail a principal bundle 5X(4, C) 
over M, (SL(A, C) consists of the group of ratations and boosts of unit de¬ 
terminant acting on a four-dimensional complex space, which is reducible to 

(SL( 2,C)). 

The consideration of the d-connections that preserve the (hv)-distribution 
by the parallel translation (cf. [|109|, |116||, in relation to the second order bun¬ 


dles S 2 (M ) = M x C 2 ' 4 enables us to use a more general group G^ called 
a structured group of all rotations and translations that is isomorphic to the 
Poincare Lie algebra. Therefore, a spinor in x G M is an element of the 
spinor bundle S^ 2 \M). 

£,,£“) e S< 2 >(M). 


A spinor field is a section of 

Moreover, the fundamental gauge 1-form field mentioned above in con¬ 
nection with the spaces that possess metric tensor g /J , l ,(x, £, £) will take a 
similar but more general form than that proposed by other authors |97| . We 
shall define a nonlinear connection on S^ 2 \M) such as, 

T(S {2) M) = H(S { ' 2) M) ®F {1) (S {2) M) ®F {2 \S {2) M) : 


where H, IF { ' 1 \ represent the horizontal, vertical, and normal distribu¬ 
tion. In a local base, for the horizontal distribution H(S^M) we have: 

/yOd £, 0 = \u; ab j ab + h;(x, £, t)p a , 

where J a &, P a are the generators of the four-dimensional Poincare group sat¬ 
isfying relations of the form: 


[Jab 5 Jcd\ TlbcJad bdJac "f" TladJbc ^lacJbdi 

[Jabi Pc] T^bcPi ^acPbi [P'ai J*b\ 0, J a b P Jba 0. 

The quantities uj^ ab represent the (Lorentz) spin connection coefficients 
and are considered as given, n a b is the metric for the local Lorentz spaces 
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with signature (H-). 

These are connected with r/ /t „ by 

a„„KK = «„i,, 9'“' = 

where /i^ represents the tetrads. Similarly, for the vertical and normal distri¬ 
butions PV(SWM), the fundamental 1 -forms ( a , ( a are given 

by 

Ca = le^Jat + KP*, 

C = + #“p„ 

where t/i“ are the spin tetrad coefficients, and 0 a ' >ab , 0 ^ aab are the 
given spin connection coefficients which are determined in such a way that 
the absolute differential and the covariant derivatives of the metric tensor 
9 fj.v( x ,£,,0 vanish identically. 

We use the Greek letters \,n,v... for space-time indices, \,/3 ,7 for 
spinors, and the Latin letters a, b,c,... for the Lorentz indices. 

The general transformations of coordinates on S ® (M) are: 

s'" = ( 12 . 1 ) 


12.2 Connections 

We define the following gauge covariant derivatives 

£)(*) — _A_ 4. —cc ( *)“ 6 J' 1 

^ 8 x* + 2 ** ab) 

D (*)a = JL + !©(*) ^J a6 , 
2 

A 1 

n(*)« _ __ 1 _(4(*)“ b j , 

“ 2 a a6 ’ 


where 


5x^ 

5 

Wa 


d d 

dx^ afl d £ Q 


N° 


d 

Wa 


d 


n: 


a/3 


d 


d£ a ‘ ° 

N a \, iV“, IV^ are the nonlinear connections which we shall define below. 
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The covariant derivatives of the metric tensor g^ u are all zero: 

D^g KX = 0, D^ a g KX = 0, DU 9kX = 0. 

The space-time frame S / bx M and the local Lorentz frame 6/ Sx a are connected 
with 


Sxv M bx a ' 


Similarly, the spin-tetrad coefficients 0“ and adjoint 0“ a connect the spin 
frames, d/di a , d/d£ a with d/dx a : 


d 

d£a 


0 ““ 


d 

dx a ’ 


—_ = 0 “-. 

d£ a a dx a 

The absolute differential of an arbitrary contravariant vector X v is given by 

DX V = (D^dx* + D^ a X u )d£ a + (D^X u )dC. 

12.2.1 Nonlinear connections 

We give the nonlinear connections N = {Np^, Np a , N® 0 , N@, IVq", N^} in 
the framework of our consideration in the following form: 

Np, = \^ ab J ab ip, N°p a = IeW- b J a6 ^, (12.2) 

Nip = lo { : )ab J ab fa Ng = -±uWj ab £t l , 

K 0 = -\® { * )aab J ab e, Nl = - l -eUP\j oh ^. 

The differentials of D^ a , Di a can be written, after the relations (|12.2| ), 
in the form: 


= dip + N° a pdi a + Np a di a + Np tl dx'\ (12.3) 

D~i si = d^ + N* a di a - Ntdi a - N^dx'S 


The metric in the second order tangent bundle is given by the relation 
G = g K \dx K dx x + gijby l by + g a pbu a bvP , 
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and the adapted frame 


d 8 d \ 
du a ’8 y l ’ du a ) 

where 5/8y l = d/dy l — Lfd/du a . 

Furthermore, the dual frame is 

8 Z A = ( dx K , Sy l + N[dx x , Su a = du a + L^dy i + M«dx x ). 


d 


dZ A 


8 


d 


8 x x dx x 


Nl 


d_ 

dy i 


M\ 


The metrical structure in the bundle will be defined as follows: 


G = g^x, 6 l)dx> t dx v + g a y(x, 6 £)D£ a D£*P + g^D&DQ 

an analogy with the previous adapted frame, a local adapted frame on a 
spinor bundle S^ 2 \M) will be defined as 

( d \ _ f 8 5 5] 

wv 

8 d d - d 

- —-1— ]\J \ - — /V5* ——— 

8x x dx x “ < 96 * x dC, a ’ 

A = A_/\^ a A 

56* <96* 0 


8 ( A = {dx K ,D^,D^}, 

where the expressions D£p,D£@ are given by (|12.3| ). If we consider the con¬ 
nection coefficients T4 r . given in the general case, then in the total space 
S^(M) we have 

pA Jp(*)M r 1 A 4 PfJ-a p(*)7 /Vy a Ay 7 p(*)9 p-p \ 

1 BC l 1 up i U i/ ) 1 fj\ W(3 ; ^p A i b a/3/' 

Considering that the connections are d-connections |109| , |116|| in an adapt¬ 
ed base, we get the following relations 

p 9 -r A 9 
Dd/dxC dx B iBC dx A1 


or, in explicit form, 
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D 


8/Sx p 


Ds/st, 


D$/Sx 
D, 
Dg/si 


8 

8x v 

8 

a fop 

8 


Sx/s 

d 


6 NO Qtp 

sic 


r(*b ^ 
vp 5xG 

r 

_____ 

v fop' 

f(*)/3 S 
X 7 <$£/ 
rn ® 

°/3a Qgy > 

fi0a ^ 

7 *£/ 


D 

D, 

D 

D 


-± = c p 6 

d/a t a 8x " ^ 

5 


fob ’ 


5 


- _ = r(*h_ 

d/d(a Sx v ua Sp’ 

9 .. r c : <y 9 

S/S^ a ^ cg ( - / /3 i 

8 _ 

7 


'dp 

8 


m ‘ Hf, 


The covariant differentiation of tensor and spin-tensors of arbitrary rank 
may be classified into three types: 


Va T£:; = 

8x x 

+ 

1 «A 1 V... 

+ ■■ 

1 z/A ^ «... ’ 

vT: : 

ST?;;; 

^a 

+ 


;; + • 

*) K,(A rp fj ,... 
-*«... ? 

v a T£: : 

orif 

d£ a 

■ + 



^ VOL ' L «... ’ 

Va (|> S::: : 

*n.:: 

8x x 

— 

p(*b <£«... 
i /3A V 7- 

— • • 

• + *yr‘f +.. 


S£s 

— 

°/3 ^7 

■■ — • 

• • + + 

v^::: : 

d£ 5 

■ — 

°/3<5 ®7- 

■ — • • 

■+ kpY +■ 

vt'K”;- . 

sv?:r 

8xv 

■ + 

foib *c.. . 

+ •• 

■ - u^vtr. 

v Wa K?'." : 

svtr 

■ + 

C\(*) aa t / 6 . 
*c.. 

+ • 

■ ■ - &* )ab V£;;-, 

vL’V";" ■ 

dV"; 

8£ a 

- + 

C\(*) a T/fe.. 
W e*6 'c... 


. — P\(*) b v a --- 

U OC V b... ■ 
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12.2.2 Lorentz transformation 

We can get the Lorentz transformations of linear connections u }^ ab , 

©(*)a 6 - n f 0 H 0 W i n g form: 


/(*)a6 _ 


U A 
0 (*)'aa 6 




L a c L b d u ( ; )cd + 
c d M • 

L a r L b O ( * )0cd + — £ -L b ,n cd 


A — la 
A /3 > 


Q(*)'ab _ j^/3 


T a r b r\(*) cd , jb cd 

L c L cN>I 3 + Q^ L d R 


Similarly, the Lorentz transformation law of nonlinear connection is given 
by: 


where 


1 


SL° 


Nft. = ^; )ab J^c.L a f +-n^L b d J ai AJ& 


2 M 


1 Af a 

= iV Qlt A“ +-n cd ^ 


iVj Q 


N° 

A a/3 


N 0 

V 




N^ A l + }_ n cd SL c rb v 


sgWabW'r 


A 


— la 


= A' 


1 f)T a 

5 i n w + 

i ST a 

ivra\l-p cd 0 c rb ji £7 A-1/3 

iV /i A a 2 H J^C ljdJab0 ’ 7 ’ 

i a r a 

]\f'r s1 n cd01jc T b T' \~ 10 
iV o A 7 2 ^ H^^ dJab1 ^ 


A- 1 " 

) 


< = A? 


1 /}/' a 

ACU;/ - 




where J' & = LILtJrd, 


J b Jcd' 
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12.3 Curvatures and torsions 


From the covariant derivatives d\*\ D^ a , Da ^ we get six curvatures and 
torsions: 


a) 

[0<->, £><*>] 


pa 

^[AV 


■nab 

K [AU 

6) 

[O'-Nl 


pab 
r pa 


pa 
r pa. 

c) 

[d ( ;\ Di»] 


paba 
r P 


paa 
r [ia 

d) 

[d£\dW] 



e) 



Q 


ab 

a(3 


W 1 - N ) d ( : > = ri v p, + -<■/« 


8x u 


, ,,(*) a h b , S*) a h b 

+ ll u ~ u ub V 


''[AIS^ 


8u 


(*)ab 


Scu. 


(*)ab 


8x v 


Sx 1 * 

ab 




V [Ip 


pa p _|_ pao j 

r aa r a ' ua u abi 


fia " a 1 2 " 

se { : )ab 

8x v 


i p)(*)6,,,(*)a _ o(*K ,(*)cfi 
' w q;c v ac “'u ’ 


8i[)\ 


8x» 8$, 


dJ; )ab 
SR* 
dh a 

11 +VN c c.-e> t *KX 


C 

OLC" J P‘'> 


paa p _-_ paba j 

r [i r a i c^ r p 

e^\(*)c»;a6 

dfc/Q; 


8ui? )ab 


8xv 8£, 

8R% a 8h“ 

8x^ 8£° 


+ 0W a6 wW ac - 0W“a ; { ; )cb , 


+ wgT - 0(* )aa ^ 


M’ 


Q/?a p _i_ 1 Qa&/? t 
-'a i 2 0q: 

8R$ a 8 i/j° 


S£ a Stp 

dQfab dQ V) ab 


dR 


S& 


+ O^Rab - 

+ 0«“0«^ cb _ 0(*)6 ac 0' 3oa , 


dl(jg 


dC 


d < + e i*)‘" fc _ e<,*>«V w , 

+ e'*i“e<- ) ‘’ i - e‘.)6„ c e«“, 


<9£ Q <9^ ' ^ 

<9#i* )afc <9^* )afe 





12.4. FIELD EQUATIONS 


223 


/) [£>(*)“,£>(*)£] 

ga/3a 


Q 


aba/3 _ 


g a/3a Pa + 2 Q aba0J ab, 

^0 _ _j_ q(*)/3 ba^a _ Q(*)a6a^/3 

stnaab 

uu _j_ 0(*)/3a60(*)o;a _ Q(*)abQ/3ca 


si 


dip 


12.4 Field equations 

We derive the field equations using the spin-tetrad frames in the Lagrangian 
form: C(h, u/*\ i/>, ©(*), "0, @W). The method of derivation of equations is 
similar to Palatini’s one. 

We get the Lagrangian 

C(h, W w i,e w ,^0 w ) 


or 


5 M i/> A = h{R + P + P + S + Q + Q), (12.4) 


where 




,5 / 6 <5 <5 \ 




* = kkKi 

P = KWP* 
Q = QaP^b, 
S = 


P = K^i,Pf, 

Q = Q° bal> <Paa'P l % 


The Euler-Lagrange equations are written in the form: 

SC _ dC _ dC 

Sz M d(6 M ^ A) ) di/)0) 
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From the relation (|12.4|) , the variation of £ with respect to h u b yields the 
equations 

(K + pZ + K)-1(R + p + p)K = o, 


m - -hip = o, 
m 2 ^ 


where 


c = p; = ^p^, K = h\: r±, 


and 


h; = r; + p“ + pz, h = r + p + p. 

From the variation of £ with respect to uj^ ab 


dC 


dC 


5 dC 


Sul: 


(*)ab 


<5£a 

dC 


\d (4r^ )afc ) ) ^ 


(*)a6 


= o, 


we get 


D { 2\h(KK - KK)] + GlHKti - *»?)] 

+D^[h(hy al - Kr a )) = o. 

The variations with respect to 0^“*, QM aab yield the relation 


d C 


5x^ 


d 


snM 
8x p 


+ 


dC 


$£,a Q 


m(*) 

<5£a 


5 

+ Ty 

S£° 


dC 


d 


snM 

<5£ Q 


dC 


= 0 , 


with 


Q(*) — jQOM^ Q(*)aab j 

which gives us the equations: 

D£\hhX)-ri;\2hW$)~2DW(h^i, llb ) = 0 , 
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Finally, the variation of C with respect to the spin-tetrad coefficients 0“, 0"“ 
derives the equations: 



12.5 Bianchi identities 

From Jacobi identities, 

Q{xyz) 


= 0, 


we get 18(3 x 6) relations of different types. For each relation we derive two 
identities, namely 36 ones in total. Taking into account that 

D (*) = -A_ . 

" 5x» + 2 " a6 ’ 


where 




l.jv.l 

<9£ 0 


AT 


,1 

50° 


— /pp _/v T" a P -A^ q T“P =A a P 

11 /i 1 a ±y fia^ 1 a iV ^ ^ a 1 cl a? 


k = K^N m r a -N« p a = 


d 

dx a ’ 


we can get 

hw,pw,r>Pi 


i 

2' 


+ pp 5 ., 


(12.5) 


+\A )abR ^[ J ^ u + \A )ab Kx\x t , Pol 


The hrst term of the right hand side of (|12.5|) by straightforward calcu¬ 
lations is written in the form 


A c »Pc, 2 B&Jat 


1 SR 


ab 

KX J ab + Rl^P a 


2 5x» ~ uu ' * bKX “ 

Similarly, the second, third, and fourth terms of (|12.5|) yield the relations 
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where we used the fact that [P c , P„] = 0 Also 


so the relation (|12.5|) is written as 


£><•>, [£>'•>, D<*>] 


1 MU. 

2 Sx M 


+ JT )ac R 



V Jab + 


SR 


K X 


Sxv 


+ Rbn\A 


+ -^kA^ 


(*)“ 

fib 


Pa 


Dehning 


D,Kx 

D,K A 


l^A 
2 Sx^ 
l ^A 
2 


+ ^ + yUV, 


( 12 . 6 ) 

(12.7) 


we have the relations: 


AXa + + £>*i# = 0, 

D V R k\ + + -°A = 0. 


In the similar way, from 



= 0 


we get for the Q-curvature and torsion the identities below: 

D a Q*+D l 3 Q*+D 1 Q'*= 0 


and 


D a Q% r + D p Q^ a + D 1 Q^ = 0 , 


ab 


D a Q firy 

DaQly 


1 

2 d£ a 

dQh 


+ ©i* )fi 


Y)b 

A clS'f! 


d£ c 


+ Qbd'f^a 


i rp o(*) a 


where we put 
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12.6 Yang-Mills fields 


In this section, we study Yang-Mills fields and we derive the generalized 
Yang-Mills equations in the framework of our approach. In such a case we 
consider a vector field A 


( 12 . 8 ) 


F^v — D^A U — D V A p + i[Afj,, A v \ 

represents the Yang-Mills field, A M is given by 

A, a = A\n, [Ti , Tj] = CfjTk, ( 12 . 9 ) 

the elements r* are the generators which satisfy the commutation relations 
of the Lie algebra, and Dp represent the gauge covariant derivatives. 

Using ( |12.8l ), ( |12.9l ) of the matrices A M we find that 

F = F i t- 

1 Alt' 1 fiu 'll 

where the field strengths are given by 

Ft^D.At-D^ + ^AiC*. 

Moreover, the generalized gauge field is defined by the quantities F X y, Y, Y = 
{fi, v, a, /?}, that is 

\Dfn D a ] = [D^, D a ] + iF^, 

[D r] D“] = p„D“] + i^, 

[Dai Dp] = [Den Dp\ + iF^, 

[Da, D 13 } = [D a ,D P ]+iF a p, 

[D a , i)P] = [D a ,DP]+iF a0 , 

with 

F^a — D^A a — D a A^ + i[A^ Aa\, 

F« = D^A a -D a A^i[A„A% 

Fi = D a A^-D^A a + i[A a ,A% 

F a p = D a Ap — DpA a + i[A a , Ap\, 

pap = jj«a 0 - D?A a + i[A a ,A 0 }. 

In our space the Yang-Mills generalized action can be written in the 

form 


S GF = I d 4 xd 4 £d 4 £h(trF f _ w F^ + trF^ a + trF a/3 F a0 + trF£F%), 


( 12 . 10 ) 
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where F 0, represent the internal quantities in the base manifold, Fg the held 
in the tensor bundle and Fa/3 the internal quantities in the internal space. 

In order to derive the generalized Yang-Mills equations we get the La- 
grangian 


£ym(Ax, D x A y ), 

where A x = {A^, A a , A^} and D x Ay represent 

D x A y = {D^Av, D a A„, D a , D a A p , D a A p , D,A a , D,A a }. 

Varying the action ( |12.1()| ) and taking into account the Eulcr-Lagrange 
equations 


D 


x 


dC 


YM 


dC 


YM 


= 0 , 


d(D x A Y ) J dA Y 

obtain the generalized Yang-Mills equations in the following form: 


( 12 . 11 ) 


b>‘F tlv + D a F av + D a F? = 0, 

+ D a F af} + D a F£ = 0, 
b lt F» + D a Fg + D a F al3 = 0, 

we used the trace properties of the operators r a with the normalization con¬ 
dition 

tr(r a r p ) = i 5 a0 . 


12.7 Yang-Mills-Higgs field 

In this last Section we shall give the form of Yang-Mills-Higgs held in a 
sufficiently generalized form. The usual case has been studied with the ap¬ 
propriate Lagrangian C ... the corresponding Euler-Lagrange equations. 

Here, we get a scalar held 0 of mass m which is valuated in the Lie algebra 
Q of consideration and is defined by 

0 : M (4) xC 4 xC 4 ^g 




... is in adjoint representations, its covariant derivatives are given by 
D u 0 = D „0 + [A„ 0], D a (j) = D a( p + [A a , 0], b a (f> = D a <t> + [H Q , 0], 
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The first of these relations, after taking into account (|12.9|) , becomes 




( 12 . 12 ) 


for D a (f) : D a (j) similar relations are produced. 

The generalized Lagrangian is given by the following form: 

C = Cym ~ ^tr(D^cf)) - ^tr(D a cj))(D a (j)) + ^m 2 tr(j) 2 . 


Using (|12.12| ) and getting (|12.11| ) for this Lagrangian 
Yang-Mills-Higgs equations are as follows: 


£, the generalized 


D >L F lw + D a F av + D a F« + [0, b v ctl\ = 0, 
b„F^ + D a F a3 + D°F% + [d, D p (p\ = 0, 
+ D n F« + b a F aP + [d, b 0( jj\ = 0. 


These equations defines a Poincare like gravity theory on spaces where the 
metric tensor g tlL , ( x , a;) depends on internal independent variables u = (£, £) . 
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Chapter 13 

Spinor Bundle on Internal 
Deformed Systems 


13.1 Introduction 


It was formulated [ |14(J| , |148|| the concept of a spinor bundle S^M and its 
relation to the Poincare group. This group, consisting of the set of rotations, 
boosts and translations, gives an exact meaning to the terms: “momentum”, 
“energy”, “mass”, and “spin” and is used to determine characteristics of the 
elementary particles. Also, it is a gauge, acting locally in the space-time. 
Hence we may perform Poincare transformations for a physical approach. In 
that study we considered a base manifold (M, g fiu (x, £, £)) where the metric 
tensor depends on the position coordinates and the spinor (Dirac) variables 
G C 4 x C 4 . A spinor bundle S^(M) can be constructed from one 
of the principal fiber bundles with fiber F = C 4 . Each fiber is diffeomorphic 
with one proper Lorentz group. 

In our study we apply an analogous method as in the theory of deformed 
bundles developed in ||144|| , for the case of a spinor bundle S^M = MxC 4 ' 2 
in connection with a deformed internal fiber R. Namely our space has the 
form S^M x R. The consideration of Miron d - connections ||109|| , which 
preserve the h— and v —distributions is of vital importance in our approach, 
as in the previous work. This standpoint enables us to use a more general 
group G ^ 2 ', called the structural group of all rotations and translations, that is 
isomorphic to the Poincare Lie algebra. A spinor is an element of the spinor 
bundle S^(M) x R where R represents the internal fiber of deformation. 

The local variables are in this case 

0^, A) G S (2) (M) xR = S {2 \M), A G R. 

The non-linear connection on S^ 2 \M) is defined analogously, as for the 
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vector bundles of order two 


111 , 120 


T(£ ( 2 ) M) = H(S 2 M) © F (1 \§( 2) M) ® f {2 \S (2) M) ® R, 


where ,IF^ 2 \R represent the horizontal, vertical, normal and deforma¬ 

tion distributions respectively. 

The fundamental gauge 1-form fields which take values from the Lie al¬ 
gebra of the Poincare group will have the following form in the local bases 
of their corresponding distributions 




(13.1) 

Ca = 

\f>i * ) “ 4 i + <Pa 

(13.2) 

C = 

+ i>“‘Pa 

(13.3) 

Po = 

C?J ab + L° 0 P a 

(13.4) 


where, J a b, P a are the generators of the four-dimensional Poincare group, 
namely the angular momentum and linear momentum, u^ ab represent the 
Lorentz - spin connection coefficients, T“ a , T“, 9a' >ab , are the given 

spin-tetrad and spin - connection coefficients, and L° 0 deformed tetrad coef¬ 
ficients. We use Greek letters A, fi, u,... for space-time indices, a, (3, 7 ,... 
for the spinor, a, b, c,... for Lorentz ones, and the index ( o ) represents the 
deformed variable; A, a, a = 1,... ,4. The general transformations of coordi¬ 
nates on S^M are 


x'“ = x"V),& = £,(&•?«"'“ = ?“(?,&), A' = A 


(13.5) 


13.2 Connections 


We define the following gauge covariant derivatives 

(a)vM = ffi + i (b) ©<*>“ = 

M®<* ) = i + i 

(d)vM = L +U fj ab 


s 


+1 


(13.6) 
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where, 


S 

5x^ 

5 

Wc 


d 

dxv 
d 

d£a 


K 


d 




-U°— 

a J ^ dX 


~Alf 


d d 


= LI 


d 


’ d\ ° dx* 1 


(13.7) 


The nonlinear connection coefficients are defined further. The space-time, 
Lorentz, spin frames and the deformed frame are connected by the relations 


( , * 

(a) T- 

' 5x M 

< 

(-4 


h"± 

"Si" 

- d d 


= li 


dx a 
d 


d£ c 


a dx a 


° dx v 


(13.8) 


The relation (|13.8| a) is a generalization of the well - known principle 
of equivalence in the total space of the spinor bundle S^M. In addition, 
the relations ( |13.3| a, b , b', c) represent a generalized form of the equivalence 
principle, since the considered deformed spinor bundle contains spinors as 
internal variables. 

The absolute differential of an arbitrary contravariant vector X v in S^M, 
has the form 


VX V = (V^X^dx* + (£> ( * )Q jsr)df a + {V% ) X v )d£ a + {V^X v )d\ (13.9) 
The differentials T>£ a , £>£ a , V\ can be written 


where 


V^ + AfC/lt a - Af^d^ - jc^dx 1 - 1 

V Q \ = d\ + Af°dx K -tf?d£ a -M'Zd£ a , 


U = {Arx, A />„, Afg a , ATP Afg 01 , Af 0 t Af° K , Af£, Af°} 


(13.10) 


represent the coefficients of the nonlinear connection which are given by 

= \4 Kb j a £ P , yf = 

vr = Hf = H‘; = TfXtVn.iij 

Ke = ML = Op** Jjf>, = la,f J^ a . 
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The metrical structure in the deformed spinor bundle S^M has the form 
G = g^(x,£ 1 £,\)dx 11 ®dx u + g afS (x,£,£,\)VC + 

+g aP (x, £, l X)VCa ® VCp + goo(x, C l \)V\ <g> V\ (13.12) 

where denotes Hermitean conjugation. The local adapted frame is given 
by 

5 _ r 5 5 d d 1 

6C 1 ~ d£ a ' dX 

and the associated dual frame 

5( a = {Dx K = dx K , V£ g , VC 3 , V 0 X}, (13.13) 

where the terms ^x, -^-,V Q X, Vx K , V£p, V^P, are provided by the relations 

(B, (hd, mm- a 

The considered connection in S^ (. M ) is a d-connection, having with re¬ 
spect to the adapted basis the coefficients 

■pA _ f r(*)M p(*)M ~p(*) Q VP V/ 3 a p (*)/3 

1 BC l 1 i 'pi '-'1/ P uo ) 1 / 3 A 1 '-'cry) ^7 ) 1 07 1 

■p (*)/3 pi7 pyyoi r (*)o pioa /~<o ro 1 

1 qi/ Mp a Mp MpoPofi Mo MoaMooJ 

defined by the generic relations 


V 6 -r A 5 


d d 


5z A \ 5xv ’ 5^ a ’ <9£ Q ’ d\ 


(13.14) 

(13.15) 


It preserves the distributions H,J r( ' 1 ' > , IF^jR, and its coefficients are de¬ 
fined by 


V 5 — 

— r(*V ^ 

v.±- 

CH’. 5 

SxP fox" 

v>) dxv ’ 

8i a 5x v 

1/0 5x0 

V s — 

r 

V a — = 

p(*)M ^ 

5 (a 6x V 

u 5x0 

9A 

1/0 5x0 

v,A 

j=,(*)a $ 


-- CP — 

Sx^ O^Q, 

^ Sp 

S?Q 

ai 5& 


C<Pol ® 


_ _ p(*)/3 ^ 

S Z<* 0^/3 

7 S& 


_ d 

T) 8 —— 

— r(*)/3 ^ 

2A 9 - : 

d 

_ „ 7 L/ 

Sx u 

" o u 


~P a d^o 

d 

d 

d 

d 

V 5 


V a ~ 


Ha d£P 

p dc< ’ 

axd^P 

P °’ 


_ d 

TX_S_ — 
d X 

^ d 

D_d_ — 

8 A dX 


r(*)° ® 

dX 

L° A 

00 dx' 


d-d d d 

— = C °o a 7N V Mwr = C° OQ —, 

Ka dX dX s«“ dX dX 
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The covariant differentiation of tensors, spin-tensors and Lorentz - type 
tensors of arbitrary rank is defined as follows: 

fiTV- 

rpp... _ V... | 

VK J V... — ^ K ' L pK ^ V... ' ■ ■ ' L l/K ^ p... 

V'V:;;; = + C^T?;;; + ... - CTT*;;; 

dTv- 

w TV- = -••• -l- n.v T K -- 4- — D K TV- 

\/ Oi-L I/,,, r\ j. . ^ kcm-*- 1 / * ’ * C' urx tc 


VoT?;;; = 


oe 

dr?;;; 

d\ 

sn- 


I fMMT'*- _ I p(*)KT^4 

' X KO * * * ' isn ^ k 


VO K... 


aq... _ 0... _ r(*)7*a... _ , < f,7-- p(*)a... 

- SxK L 0n ^7- ••■ + ^/3.. i 7« 

, 5<& a n - ~ c 

r-,°/hai- _ P- p7»*a... | ^7...-oai5 

V ®/?.„ - ££ °/3 ® 7 ... • • • + 


(13.16) 


vX::: = + 

Vo*?::: = ~st~ r SX:: - • • • + *£hf 
vfV”;;- = + • • • - 

v ( * ,a v“;: = df- +... + #+vt + ...- t>£ l vt: 

Oc,a 


V 

v« 


f)\f a ••• 

Wp a - _ c --- i n(*) a Td>... i — n(*) b v a - 

a V c... ~ gF ' U ob V c... ' ■ ■ ■ V h 


' OLC v b... 


(*)ya... - + (*)ay6... + by a... 

n v r,.. 1 ^ob v c... 1 v h 


The covariant derivatives of the metric tensor are postulated to be zero: 

» y «A - u. (13.17) 


v^g KX = o M* )a g*x = = 0 . 


13.3 Curvatures and Torsions 


From the relations (|13.6[) we obtain the curvatures and torsions of the space 

S^M 


[pp. pP] = p? ) pt ) - NT:’ = KT + 


(13.18) 
















236 CHAPTER 13. SPINORS ON INTERNAL DEFORMED SYSTEMS 


with their explicit expressions given by 


-** 711 / 


R a i = 


*7 w 


R ab = 


pU 


6x v 

dJ; )ab 

5x u 


Ra 

U O 1 , ,(*) a ub A 
faL +UJ nb h v~u vb V 


,(‘Ki 


5J; )ab 
Sx p 


+ LO ( * )ap lX ( * )b 

1 fl Up 


(*)pa (*)6 


6u>. 


(*)ab 


Six), 


(*)a& 


Sx" 


6x p 


+ U)(*' )ap u i * )b - a; ( * )pa a; ( * )fe 

' ^ u ^ up ^U ^ UP ? 


pp 



(13.19) 


pah _ 


//a 


/xa: 


pa 
r pa. 


69, 


(*)a& 


5^ 


dco ( ; )ab 

dt 


1 /n(*)fe (*)ac _ o(*)a (*)cb 

' w ac ^ll w ac ^ ll ? 


pa _ 


Sp, 


6x p 

H’a 


dh “ 

<9£° 

dh r ; 


+ 


0 )“ 


53d 1 d£ 


+ ^ uc 
a P c 


Po 


a(*) a h c 

w ac li p’) 

9 { :) a h c ... 


Similarly to ||148|| , the other four curvatures and torsions result from the 
commutation relations 


[d { ;\d“\ 

_ paa p 1 ^ paba t 

— r fj. r a T J a b 

(13.20) 

pw DW' 5 ] 

_ C 0 a p , ^ cia6/3 t 

— °a r « + 2 °“ Jab 

(13.21) 

po, o<'>] 

= QapPa, + 2 QapJab 

(13.22) 

[£)(*)« ; £)(*)£] 

= Q° Pa Pa+ l -Q aba0 Jab. 

(13.23) 


The contribution of the A - covariant derivative T>o 7 provides us the fol¬ 
lowing curvatures and torsions 


na 

K op 

■nab 

^op 

nab 

op 



6X 

sJ; )ab 


6h a (*)a 


T b _, ,(*) a ub 

^o ^bo "p) 


SX 


5oj* )ab 

6x p 


+ u(* )ap u(* )b 

1 ^ P ^op 


(*)pa (*)& 

^ o PP ’ 


5a; 


(*)afe 


5a;, 


(*)a6 


5A 


5^ 


+ a/* )ap a/* )6 - u/* )pa o; ( * )b 

' ^ p ^op ^ O PP 1 


pp 


(13.24) 
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[Di*\vW]= 0 , 


Ko = 0 , 


Ko = o. 


(13.25) 


[P(*),X> ( *)«] = P““P a + -P 0 ab “J ab 


(13.26) 


paa _ 

4 - n 


R 


aba 


p 


aba 


<9?7 




3A P + 

Q0i*)aob Sui' )ai 


d\ 5£ a 

d Q{*)* ab SuJ (*)ab 


d\ 


S£a 


+ 0(*) ab ujM ac - ei* )aa cui* )ab , 

+ 0 (*)“ b u;W“ c - 6(* )aa u(* )ab , 


\ T)W T)(*)l = P a P 4- _ P a6 / , 
L^o ’ J r oa r cl i c^ r oa^ob) 


pa _ 


—^ - ^2 + a; ( * )a -0 c - 0 W 
<9A oc ^ 

(*) afe Su>^ ab 


arc 

oc 'f' a v ac ? 


pab _ 


<90, 


p»afe _ 


dX 

de { : )ab 

dX 


<5e 

<5^* )afe 

<^ Q 


_|_ a(.*) b ,,,(*)ac _ ff(*)a X*)cb 
' w ac ^ o w ac ^ o ? 


i f)(*) b , ,,(*) ac _ /j(*)a. ,(*)cfi 

■ 17 ar L '/'vr 


(13.27) 


13.4 Field Equations 

In the following, we derive by means of the Palatini method the field equa¬ 
tions, using a Lagrangian of the form 

jC = h(R + P + P + Q + Q + R 0 + P Q + Po) (13.28) 

which depends on the tetrads and on the connection coefficients, 

C(k a ,5 m k a ) = C(h, 


where, 




Sm — 


SA 


5 d d 


5z M [SxU 5£ a ’ d^°’ dXj ’ 


z — (z 


M\ 


9 { * )aab (z),oj^ ab (z))}, 

= (^,e«,r,A) (13.29) 
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and 


R = h£h«R \) K , P = h> J i^P; la , 


c fia ? 


P = lCip ac P^ a , 


Q = Q = Q aba13 = Mpb, s = tw&sw, 


Ro = L° K h£h K a R a 0 c P a = L° r Xi) ac P ( 


aca 
o J 


P 0 = L%hffiP£. 


The Euler-Lagrange equations are generally given by 

SC _ f dC \ DC _ f 

SkO) M \d(dM^ A ^)J dtA A ) 


(13.30) 


with d M = g^r e 


d d d d 
dxH 5 S^ a 5 d£ a ’ OX ^ 

From the relation ( |13.30|) , the variation of C with respect to the tetrads 
hi gives us the first field equation 


d„ 


DC 


+ d c 


dC 


+ 9a 


DC 


+ d Q - 


dC 


dC 


fi d(d fJ ,hl) d(d a h y b ) a d(d a h v b ) ° d(d Q hl) dh b 

where we denoted d 0 — jh. Finally, after some calculations we get, 


= 0, (13.31) 


H h v - -h b v H = 0, 


(13.32) 


where we put, 


H = R + P + P + Q + Q + S + R 0 + P 0 + P 0 , 

Hi = 2R b u + Pl + Pl + Rl + P b ou + P b o)u , 

T)b _ T.KTDbc JDb _ n/.Ot JDbc TDb _ TOUKTDb I TOL.LLT)bc 

rc *VOL’> ^ov ' ^ J v" j C*' j OIL'> 

P >6 n i. TDbca TDb TOJ, jDbca ]Db Toj.aiDbc 

V VotC-Li, 5 +OIJ ^vVaC-Lo 1 ^OV I c ^oa 


The equation (|13.32|) is the Einstein equation for empty space, in the 

framework of our consideration. Also, the variation of C with respect to 


(*)ab 

Ul gives, 


d u 


dC 


d(d u J; )ab ) d(d«u; { ; ,ao ) ~d(d a u y ; ,ao ) du 


+ d° 


dC 


(*)ab 


+ d a 


dC 


dC 


( *)ab\ 


,0 )ab 


= 0 . 


(13.33) 


From this relation we get the second field equation in the following form, 

dMKK - KK)\ - nhh“M - 0.1&W] - 3o{hKK\- 
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-% 'AUU ++V’«c , “)+ 


(*)c 


3 (*)aeN 


+AS(C»i*i ,i + = 0, 


(13.34) 


where the parantheses () and [] are used to denote symmetrization and anti- 
symmetrization respectively. 

The variation of C with respect to -0“ provides the held equation 


n dC | *0 dC 9C |p 9C 9C 

Ov cur, , „ N + O + 0/3 7T77TTTT + C'o- 


d{d v ^%) ' ~ d(d /3 ij) i i 
having the explicit form 

1 


d(dp1> a 


d(do^a) d^° c 


= 0, (13.35) 


</?« + -PtK + Q?“</v = o. 


2 T c ^ (3 a 1 2 l- La ' 

From the variation with respect to 'i( aa 
a dC DC dC 

dvruc 7„„N + d TTTT^TTIT + d/3 rue T„,„, + <9o 


(13.36) 


<9£ 


d(d u i> c 


d (dP'ijj 0 


d(d^ c 


d(d 0 ^ aa ) ch/> c 


we get the fourth held equation 


\u°k+ + mu =o- 


= 0 . 

(13.37) 


(13.38) 


Finally, we write down the other three held equations which are derived 
from the variation of C with respect to the connection coefficients 9a ' ,ab , 

Q(*)a ab d (*)ab 
(°) 


d,j 


dC 


^(^nw) 


+ ^( 


dC 


d{dPQW) 


+ d p{ 


dC 


d{dpQW) 


+ do{ 


dC 


d(d o Q(0) 


= 0 
(13.39) 


with e {6r*' iab , 0 ( *^ aab , oj^'h}, which have the corresponding detailed 


forms 


du{hh v M + fy(WiW) - d^(h^y pb ) + d 0 (hL° K h K JZ)- (13.40) 

+ °b )Pd ^(a^d)P + K^ob ^(dC)] = 0, 
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d v (hti$a b )+ d /3 (h'i/j a[f3 'ilj a]b )+ dp(hi>fy ab )+ 

< do(hL°hW ab )- h[u$ d hfap a ]a+ 9^ a d ^ b]a + 

2 9^ hd 'ip l[d ip b]a + L° K (h^ aa u;^ >d - i) ad hlu ( oa d )} = 0 

' hL'MhfrW- hffiu8 d + W2 C - 

< e { :l d ^K+ h K J ac e ( * )ac - e { : )ad $ ab h«\+ 

k dA hL °K h bK}+ d A hL °nK^}+ d 0 [hL o K h^ b } = 0 


(13.41) 


(13.42) 



Chapter 14 

Bianchi Identities, 
Gauge—Higgs Fields and 
Deformed Bundles 


14.1 Introduction 


In the works [|148|| , [|143|1 the concepts of spinor bundle S^M as well as of 


deformed spinor bundle S^M of order two, were intorduced in the framework 
of a geometrical generalization of the proper spinor bundles as they have been 
studied from different authors e.g. pi , |[204|| , f 


The study of fundamental geometrical subjects as well as the gauge co¬ 
variant derivatives, connections field equations e.t.c. in a deformed spinor 
bundle S^M, has been developed in a sufficiently generalized approach. 

ITS] In these spaces the internal variables or the gauge variables of hbration 
have been substituted by the internal (Dirac) variables u = (£,£). In addi¬ 
tion, another central point of our consideration is that of the internal fibres 
C 4 . 


The initial spinor bundle F), n : S^M —» M was constructed 

from the one of the principal fibre bundles with fibre F = C 4 ( C 4 denotes the 
complex space) and M the base manifold of space-time events of signature 
(+, —, —, —). A spinor in x E M is an element of the spinor bundle S^M 





(^, £«,£“) e S^M. 


A spinor field is section of S^M. A generalization of the spinor bundle 
S^M in an internal deformed system, has been given in the work |143|| .The 
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form of this bundle determined as 

£ (2) M = S {2) M x R 


where R represents the internal on dimension fibre of deformation. The 
metrical structure in the deformed spinor bundle S^M has the form: 

G = g^(x,£,£)dx li ®dx u + g a0 (x,£,£,\)DC ® D£* 0 + 

+g al3 (x, £, £, A )D£ a ® D§ + g 0 ,o(x, £, £, A)DA ® DX (14.1) 

where denotes Hermitean conjugation. The local adapted frame is given 
by: 

<5 _ r <5 6 6 d , 

and the associated dual frame: 

K A = {Dx K = dx K , D(,.Dlx. D<*} 


(14.2) 

(14.3) 


where the terms tA 


(6)-(7) of |l43 


6£ a 


D 0 \, Dx k , D£p, D^P are provided by the relations 


The considered connection in S^M is a d-connection [ 109|| having with 

Q )■ 


respect to the adapted basis the coefficients(cf. 


BC 


_ rp(*)/x /~<p, fipot -p(*)M ~p(*) a /— */3 rifta 

\ L up i '- y uai ^v i 1 12 O i 1 /3\ ) U 7 ) 

p(*)/3 p(*)/3 sY1 (~i~i a (~<ol p(*)0 P^iOa s~i0 r0 \ 
1 cry 1 1 oil/ > ( -'/3cO'“'/t ) ( - y /3(n 1 Op ) ) u 0a) ^00/' 


(14,4) 


The metric G of relation (|14.1|) could be considered as a definite physical 
application like the one given by R. Miron and G. Atanasiu for Lagrange 


spaces [ 1111 for the case of spinor bundles of order two. According to our 


approach on S^M the internal variables £, £ play a crucial role similar to 
the variables y^,y^ of the vector bundles of order two. 

The non-linear connection on S^M is defined analogously to the vector 
bundles at order two (cf. ||111|| ) but in a gauge covariant form: 


T(S {2) M) = H(S^M) © F (1 )(£(2 ) M ) © F (2) (£ (2) M) © R (14.5) 


where H, F^\ F^ 2 \ R represent the horizontal vertical normal and deforma¬ 
tion distributions respectively. 

In the following we study the Bianchi identities and Yang-Mills-Higgs 
fields on S^M bundle.. 
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14.2 Bianchi Identities 

In order to study the Bianchi Identities (kinematic constraints) it is necessary 
to use the Jacobi identities: 


S ( *y Z )[oM [£« DW]] = 0 


(14.6) 


There are forty-eight Bianchi relations derived from twenty-four different 
types of Jacobi identities. Two of these relations are identically zero. There¬ 
fore remain forty-six Bianchi relations. We will give now some characteristic 
cases of the Bianchi identities. 

Similarly to our previous work ||143|| , the gauge covariant derivative will 
take the form 


here 


or 


fj (*) — _A_ _l Iwda&j 
^ ~ 5x» 2 ** ab 


d 


Sx R dxv 


N, 


0.(1 


_d_ 

d£a 


N° 


,_d_ 

d£° 


iV°— 
" 8\ 


(14.7) 


with 


_— P 

5x» R a 


A“ = A 


K L oLl Pa = 


d 


" dx a ’ 

K = K-N a ,r a -R;r a - 


After some calculations we get: 


pw.lcM, £><•>]] = + RlxK + ^' ll K>,)P< 


dxv 
, 1 5R ce 


+(oufr + A M fli.A)^ 


'2 dx fl 


(14.8) 


and represent the Lorentz-spin connection coefficients. We deffiie also: 

(14.9) 


D,Kx 


^ ^Pk,\ I , ,(*)cd r>e 
- 2^ + “" R " 
SR 


d;k x = 


dn A 


Sx f + RLA + ‘4T b R c - 


K, X 


(14.10) 
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By cyclic permutation of the independent generators J ce , P a we get the 
following Bianchi identities, 

D„Kx + PP$„ + D X R^ = 0 (14.11) 

bj& + + £>= 0 (14.12) 

Using the Jacobi identities fli^)[Da\{D^\ D^]\ = 0 the Bianchi 
identities with respect to spinor quantities produce the relations, 


DaQfy + -D/jQ“a + DlQ% = 0, (14.13) 

D a Ql f + b,qi i0 + D y Q a a/} = 0. (14.14) 

The new Jacobi identity, due to A, has the form 


[D ( *\[D^,D^]}= 0 


(14.15) 


which yields us no Bianchi identity. 

Bianchi identities of mixed type give us the kinematic constraint which 
encompass space-time, spinors and deformed gauge covariant derivatives. In 
that case from the Jacobi identities 


Q^opW, p«, £<*>]] =0 


we get the relations 


,s Pi, 


Pi*', pM £>{,*>]] = (-Jf + P d a A‘ + J;> d PSo)p d 

1 SP cd 

i I 1 r 0a | , ,(*)c r>ad\ j 

+ ^ 2 lDT + lia F ° a > Jcd 

f) pd 

Pi* 1 . PU p 1 ;’]] = (■ -gp -+k + 

i f)P cd 

i P i , ,(*)c r>ad\ j 

+ ^2~d^ + aa ^o> Jcd 


)(*) 

0 

. 1 d-Pm/ 


<9P± 


[pW, pw, £>«]] = (-^ + P c Vo + uSTPZJP, 


a b I ,(*)c pad\ J 
2 “r %a r afi) J cd 


(14.16) 


(14.17) 


(14.18) 
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where, 


nM = 

M Sx^ 


s + dm = Y + 


n(*) — 

u o — 


T\ + Y-U -fx = L ^ K ’ W = <P “ 


Now we put, 


n P d — 
- L> V- r 0a — 


f) P d — 

- Ly «- r ^t0 — 


= 


Xp d 

Oa i pd ac , (*)d pa 

' jr cuQ^ ± u ' w aa itzO’ 


Sx* 1 -^o M 

dP d r> ~ , , s. ~ 

_Hi _i_ 4 C _L p a 

^ ' w cm -*uO> 

fipd 

“A* i /t c | ,(*H r>a 

“ r r ca ^0 "r ^Oa - r o/i- 


'aa jL/O’ 

(*)d pa 
J aa 1 fiOi 


111 


virtue of (|14.14|) , (|14.15|) and ( |14.16|) we get the identity 


DfiP 0a + D a P^ o + D 0 P afl — 0 


Similarly we define 


f) P cd 
f) P cd 


DnP 


cd 

afi 



2 dxv 



1 dP$ 

2 <9£“ 


+ a; 


(*)c pad 
aa ;LiO J 


1 dP cd 

x ^ a/i 

2 <9A 


+ a; 


(*) c pad 
0a r otfi' 


From ( |14.18| )- (|14.20|) we get 

D,P^ + D a P% + D 0 PZ = 0 


(14.19) 

(14.20) 

(14.21) 

(14.22) 

(14.23) 

(14.24) 

(14.25) 

(14.26) 


14.3 Yang-Mills-Higgs equations. 

The study of Yang-Mills-Higgs equations within the framework of the geo¬ 
metrical structure of 6n 2 ) (M)-bundle that contains the one-dimensional fibre 
as an internal deformed system can characterize the Higgs held which is stud¬ 
ied in the elementary particle physics. In our description we are allowed to 
choose a scalar from the internal deformed fibre of the spinor bundle fv 2 )(M). 
Its contribution to the Lagrangian density provides us with the generated 
Yang-Mills-Higgs equations. 
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In the following we define a gauge potential A = (A M , A a , A°, p) with 
space-time and spinor components, p : R —» g which takes its values in a 
Lie Algebra g. 

A : S(M) — g 

A x = A l x r h [n, Tj] = C^Tk 

A x = {An, A a , A a , p} 

where the elements Tj are the components which satisfy the commutation 
relations of the Lie algebra. Then A is called a g-valued spinor gauge po¬ 
tential. 

We can define the gauge covariant derivatives: 

Dfj = Dfj, + iAn 

D a = D a + iA a 

D a = D a + iA„ (14.27) 

In virtue of the preceding relations we get the following theorem: 

Theorem 14.1. The commutators of gauge covariant derivatives on a 
S^M deformed bundle are given by the relations: 

a) [Dp, D v ] = [Dp, Df\ + iFp V 

b) [Dp,D] = [Dp,b a }+iF2 

c ) [D a ,D] = [b a ,D] + iF^ 

d ) [D a , Dp\ = [D a , Dp\ + iF af) 

e ) [Dp, D a \ = [Dp, B a \ + iFpa 

Cl a Cl (3 CL a CL (3 — o(3 

f) [D ,D] = [D ,D]+iF (14.28) 

The curvature two-forms F X y , -r 1 , Fy , X, Y = {a, f3, n, u} are the g-valued 
field strengths on S^M and they have the following form: 

Fp U = DpA„ — DyAp + i[Ap, A v \ 

Fpa — DpA a — D a Ap + i[A a , Ap] 

K = D a Ad-DA a + i[A a ,Ad] 

~Fp = DpA a -D a Ap + i[Ap,A a ] 

F a g = b a Ag — DpA a + i[A a , Ag\ 

F = D A 13 - D A a + i{A a ,A p ] 


(14.29) 
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The appropriate Lagrangian density of Yang-Mills(Higgs) can be written 
in the form 

~ ~ ~ ~ ~ liol ~ ~ ol(3 ~ d ~ a 

L = tr(F^F^ +tr(F^F + tr(F a pF +tr(F a F 0 

- ^M(AyO(£ )/ V)] - \tr[{b a v)(b*ip)\ (14.30) 

In our case the Yang-Mills (Higgs) generalized action can be written in 
the form 


I Y m(h) = / Cdfxdr^dr^dX 


(14.31) 


From the Euler-Lagrange equations 


5L 


= D 


dL 


x\ 


5 A y d(D x A Y 

the variation of L with respect to A\ is 
dL . ~ , dL 


-)- 


dL 


dA 


= 0 


(14.32) 


Y 


I), 




+ D P {- 


dL 


dL 


= 0 


'd(D k A x )' ' d(D p A x )' ' 'd(DpA x ) dA x 
and it will give us after some straightforward calculations the equation: 


(14.33) 


D k F kX + DpF x P + D^Fp + [<p, D x tp\ = 0 


(14.34) 


Similarly from the variation of L with respect to A a and A 13 we associate 
the equations: 


D k F k ^ + D 5 F^ + D s F^ + [p,DM = 0 , 

D k F^ + DfiF^ + D^Ffiry + [<P, Dry(p\ = 0. 

So we can state the following theorem: 


(14.35) 

(14.36) 


Theorem 14.2. The Yang-Mills-Higgs equations of S^M-bundle are given 
by the relations (\lf.3(\ )- (\14.31{ ). 


14.4 Field Equations of an Internal Deformed 
System 

Considering on the deformed spinor bundle S^M x R a nonlinear connection 
and a gauge d-connection, the authors obtain the equivalence principle and 
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the explicit expressions of the held equations corresponding to a Utiyama 
gauge invariant Lagrangian density produced by the corresponding scalars of 
curvature; these results extend the corresponding ones for S^M. 


The concept of a spinor bundle S^M and its relation to the Poincare 

148|| . This group, consisting of the set of rota- 


group were introduced in 
tions, boosts and translations, gives an exact meaning to the terms: “momen¬ 
tum” , “energy”, “mass”, and “spin” and is used to determine characteristics 
of the elementary particles; also, it is a gauge, acting locally in the space-time. 
Hence we may perform Poincare transformations for a physical approach. In 


140|| , the metric tensor of the base manifold (M, g^{x, £,£)), depends on the 
position coordinates and on the spinor (Dirac) variables (£<*,£“) € C A x C 4 . 
A spinor bundle S <k1 \M ) can be constructed from one of the principal fiber 
bundles with fiber F = C 4 . Each fiber is diffeomorphic with one proper 
Lorentz group. In this study we apply for the space S^M x R an analogous 
method as in the theory of deformed bundles developed in [6], for the case of 
a spinor bundle S^M = Mx C 4 ' 2 in connection with a deformed internal 
fibre R. The consideration of Miron d - connections ||109|| , which preserve the 
h— and v —distributions is essential in our approach, as in the previous work: 
this standpoint enables using a more general group G ^, called the structural 
group of all rotations and translations, that is isomorphic to the Poincare Lie 
algebra. A spinor is an element of the spinor bundle S^(M) x R where R 
represents the internal fibre of deformation. The local variables are in 
this case 


0^, r, A) e S (2) (M) x R = A (2) (M),A e R. 


The non-linear connection on (M) is defined analogously, as for the vector 

m 


bundles of order two 111 


T(S^M) = H(S 2 M ) © F {l \S {2) M) © F [2 \S {2) M) © A, 


where 7represent the horizontal, vertical, normal and deforma¬ 
tion distributions respectively. 

We introduce the fundamental gauge 1-form fields which take values from 
the Lie algebra of the Poincare group and denote by J a b , P a the generators 
of the four-dimensional Poincare group (namely the angular momentum and 
linear momentum), by Uj^' ab - the Lorentz - spin connection coefficients, T aa , 
9a^ ab , Q(*') aab - the spin-tetrad and spin - connection coefficients, and 
- the deformed tetrad coefficients. We use Greek letters A, n, is,... for space- 
time indices, a, (3, 7 , ... for the spinor, a,b,c,.. . for Lorentz ones, and the 
index (o) represents the deformed variable; A, a, a = 1,... ,4. The general 
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transformations of coordinates on S^M are 

x'“ = x"V), & = c((e. ?). e”= ?'"(?. &), a' = a 


Like in ||140|, |148|| we define the following gauge covariant derivatives, 


including the new derivative corresponding to the deformation-parameter. 

The space-time, Lorentz, spin frames and the deformed frame are shown 
to be connected by a set of the relations which generalize the well - known 
principle of equivalence in the total space of the spinor bundle S^M. 

The deformed spinor bundle S^M is endowed with a metrical struc¬ 
ture.The considered connection in is a d-connection; it preserves the 

distributions ‘H,J-' l ' 1 \j- ( - 2 \R, and is assumed to be metrical. 

The covariant differentiation of tensors, spin-tensors and Lorentz - type 
tensors of arbitary rank is defined as in ||140|, |148||; also, are present the 


supplementary derivation laws relative to the deformation component. 

From the anticommutation relations of the adapted basis, we obtain the 
curvatures and torsions of the space S^M 


rya, 7~>a& JD a b lD a 
-^Luy) uc 


f.iai 


and, similarly to [|148|1 , other four curvatures and torsions. The contribution 


(*) 

of the A - covariant derivative T> 0 y provides us the following curvatures and 
torsions 


T)CL ~D a b Dftfe _ n _ Pi TD a( A TDCiboi ~pa TDCib 

Ofl’> ^'OO ^5 ^OO <O ? OOL’t * OOL’ 

In the following, are derived the field equations, by means of the Palatini 
method, using a Lagrangian of the form 


L — h(R + .P + .P F Q F Q + R 0 + P 0 F Po) 


which depends on the tetrads and on the connection coefficients, 
C{k a , 8 m k A ) = C{h, a;«) 


where, 




8 f 8 5 d d \ 

8^ G dp dAJ ’ 


* = (*") = (a ^, A) 
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and 


' R = KKRl,, 

Q = QtgKi’l 

T) _ T O UUL.K, TDaC 

K 0 — L K n c n a ix 0 ^ 


p = h^pc a , 

Q = Q aba p = ■0 ao '0 )gb , 

P 0 = L%h^ ac PT, 


P = h^ ac P™, 

s = r a ^ b s a ji 
p 0 = KKr c PZ 


The Euler-Lagrange equations are generally given by 

sc ( DC \ _dc_ 

Sk^A m \d(dM^A) J 8 k( a ) 


■arUli r) — & C / d d d d 1 
Wltn Om dz M fc | Q X R > 5£ a ) g^c, ) d\ J • 

The variation of C with respect to the tetrads h v h gives us the first field 
equation 

Hi - \h b T = 0, 

where we put, 


H = 

Hi = 

R b u = 
P b = 


R + P 

lb 


P + Q 


Q + S + R 0 + P 0 + Po j 
2 K + Pi + PI + Rl + Pi + P^ 

KRll Pi = r c Pll Rl = KhARl + LlKRl 

/ pbca pb _ to 7 pbca pb _ ro japbc 

Yac 1 u i 1 ov uYac 1 o i 1 ov J -'uYc 1 oa• 


'Of! 1 


The equation ( |14.4| ) is the Einstein equation for empty space, in the 

framework of our consideration. Also, the variation of C with respect to 
JP ab gi ves the second field equation 

dMKK - KK)} - d a [hhy ab ] - d a [hhM - d 0 [hL°X)- 

-Mdthys’+ KPPI + ^Jt >ac )+ 

+K($<& + Yp ]ad ) - K^%h" a] = o, 

where the parantheses (... ) and [... ] are used to denote symmetrization 
and antisymmetrization respectively. 

The variation of C with respect to provides the field equation 

+ \p%K + = o. 
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From the variation with respect to -0 aa we get the fourth held equation 

\pUK + \i’i><’Sl + r i Q *U = o. 

Finally, are obtained the explicit expressions of the other three held equa¬ 
tions, by means of the variation of C with respect to the connection coeffi¬ 
cients da' iab , 0 ( '*' >aab and 
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Chapter 15 

Tensor and Spinor Equivalence 
on Generalized Metric Tangent 
Bundles 


15.1 Introduction 


The theory of spinors on pseudo-Riemannian spaces has been recognized by 
many authors, e.g. [|128| . [39], |203|| for the important role it has played from 


the mathematical and physical point of view. 

The spinors that we are dealing with here, are associated with the group 
SL( 2, C ). In particular SL( 2, C) acts on C 2 . Each elements of C 2 represents 
a two-component spinor. This group is the covering group of the Lorentz 
group in which the tensors are described [P|. The correspondence between 


spinors and tensors is achieved by means of mixed quantities initially intro¬ 
duced by Infeld and Van der Waerden. 

The correspondence of tensors and spinors establishes a homomoerhism 
between the Lorentz group and the covering group SL(2,C). 

In the following, we give some important relations between spinors and 
tensors on a general manifold of metric g, JV . 

Let a : S 0 S —> V 4 be a homomorphism between spinor spaces S, S and 
four-vectors belonging to the V 4 space, then the components of a, which are 
called the Pauli-spinor matrices , are given by 


0 

i / 

1 0 \ 

1 

a AB' 

y/2 \ 

,0 1 )' 

a AB' : 

2 

1 / 

' 0 i \ 

3 

a AB' 

y/2 ' 

O 

•cS> 

1 

y 

°AB‘ 


1 

7 ! 


0 1 
1 0 

-( 0 
y/2 \ 0 —! 


(15.1) 
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The hermitian spinorial equivalent notation of a AB , is given by a AB , = a BA , = 
o B , A . Greek letters fi, v, ■ ■ ■ represent the usual space-time indices taking 
the values 0,1, 2, 3 and the Roman capital indices A, B, A ', IV are the spinor 
indices taking the values 0,1. The tensor indices are raised and lowered by 
means of the metric tensor, whereas the raising and lowering of spinor indices 
is given by the spinor metric tensors £aci £b'C' which are of skew-symmetric 
form. Thus, for two spinors C, A , n A we have the relations, moreover we have, 

i A n A = i A n B £ B A = -£, A £AB'n B = -£, B n B . 

For a real vector its spinor equivalent it 

Rab' = Vfj,a AB/ , (15.2) 

where cr AB , are given by the relation (|15.1|) . Also, the following formulas are 
satisfied, 


u uAB 1 _ nv u AB' _ ™ 
a AB' a — 9 ) < 7 AB' Cr v — °V- 

The spinor equivalent of a tensor T /lL/ is given by 

rp AB'CD'rp 

a v 1 AB , CD' 

and the tensor corresponding to the spinor T A b'CD' is, 


TaB'CD' — cr AB' a CD'Tiu'- 

The relationship between the matrices o v and the geometric tensor g IJU , 
as well as its spinor equivalent are 

g^AB^CD' = £ac£b>d>, (15.3) 

9AB'CD' = CT AB' a CD'9flu = £AC£B'D'i 

AB'CD' AB' CD' nu ^AC B'D' 

y ° n ° v y t t . 

The complex conjugation of the spinor Sab 1 is 

Sab 1 = Sa'b- 

Furthermore, for a real vector V jL the spinor hermitian equivalence yields 
Vb'a = V A b'- If a vector y k is a null-vector, 


y k yt = 9k\y k y x = 0 , 


( 15 . 4 ) 
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then its spinor equivalent will take the form 

nAnB' 

V ~ a AB' U U > 


(15.5) 


where, 8 A , 0 B ' represents the two-component spinors of SL(2,C) group. 

In the Riemannian space, the covariant derivative of ^-dependent spinors 
will take the form 

D cA _ , lA CB D FA' _ , jA! FB' 

~ + L BuS i ~ q x}l + L b ,^ , 


Du£a = 


dx» Bp 
®£a t b 


d^A' f B' ~ 


L A^B: D^a' ~ TT— + 


p A dx> 1 /j.-ssi q x11 

where £ A , , £a' represents two-components spinors and L Bfi ,L B , p are the 

spinor affine connections. In the case that we have spinors with two indices, 
the covariant derivative will be in the form 

acAB' 

AB' ai i , t A t CB' , f B' cAC' 


D,r ri = 


d^ 


+ L A c„e a + L%,£ 


Applying this formula to the spinor metric tensors £ac, £ b'C' we get 


D a £ ab — 


9eab tC _ T c 


dx^ 


L a £ cb ~ L b e AC . 


(15.6) 


If 


D^ab = 0, 


we shall say that the spinor connection coefficients L B ^ are metrical together 
with the relations 


D R a AB' = 0, D^£ AB = 0, D^aib' = 0, D p £ A ^ = 0. 


A'B' 


(15.7) 


From the relation (|15.6|) we immediately obtain 


where we used the relation 


Lra.. — L. 


Lab ■„ - L c b £ C a- 


Also from the relation (|15.7|) we have 

A*°ab' = d^a AB , + L u pp a p AB , — L^a v CB , — L B , a AD , = 0. 
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15.2 Generalization of the Equivalent of Two 
Component—Spinors with Tensors 


The above mentioned well-known procedure for SL( 2, C ) group between 
spinors and tensors in a pseudo-Riemannian space-time can be applied to 
more generalized metric spaces or bundles. For example G. Asanov 0] ap¬ 


plied this method for Finsler spaces (FS), where the two-component spinors 
n(x,y) depend on the position and direction variables or n(x l ,z a , with za 
a scalar for a gauge approach. Concerning this approach some results were 
given relatively to the gauge covariant derivative of spinors and the Fins- 
lerian tetrad. In our present study we give the relation between spinors of 
SL( 2, C ) group and tensors in the framework of Lagrabge spaces ( LS ). 

The expansion for the covariant derivatives, connections non-linear con¬ 
nections, torsions and curvatures are the main purpose of our approach. 

In the following, we shall study the case that the vectors of LS are null- 
vectors and consequently fulfill the relation ( 15.5 ). In Finsler type space-time 
the metric tensor gij(x,y ) depends on the position and directional variables, 
where the vector y may be identified with the frame velocity (0 ch. t). So, 
a vector v l will be called null if 


gij(x, v)v l v J = 0 . 

In this case there is no unique solution for the light-cone PO, ES 


(15.8) 
The problem 

of causality is solved considering the velocity as a parameter and the motion 
of a particle in Finsler space is described by a pair (x,y). The metric form 
in such a case will be given by 


ds 2 = gij(x,v)dx l dxL 


When a particle is moving in the tangent bundle of a Finsler (Lagrange) 
space-time its line-element will be given by 

da 2 = G a bdx a dx b (15.9) 

( rjj>OL \ 

u a = -J t -) , 

where the indices i,j and a, f3 taking the values 1, 2, 3,4 and 


6y a = dy a + NfdxL 


Thus we have 
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Theorem 15.1. The null-geodesic condition ( | 15. is satisfied for a parti¬ 
cle moving in the tangent bundle of Finsler space-time of metric da 2 ( \15.t\ ) 
with the assumption, the velocity v is taken as a parameter of the absolute 
parallelism 


Sy a = 0. 

The previous treatment of null-vectors in Finsler spaces can also be consid¬ 
ered for Lagrange spaces involving Lagrangians which are not homogeneous 
im , W\f The introduction of spinors 6,6 of the covering group SL( 2, C) 
in the metric tensor g(x,9,9) under the correspondence between spinors and 
tensors in LS, 


( x , y) -> (x, V AB ' -> (x, 9 A , 9 a ') 


preserves the anisotropy of space with torsions, in this case all objects de¬ 
pend on the position and spinors, e.g. the Pauli matrices a AA ,(x,9,9). Such 
an approach can be developed for a second-order spinor bundle applying the 
method analogous to j ljJjf . In virtue of relation ( | 15. 2\) , a null vector in spinor 
form can be characterized by 


Qaa'bb 


, 9 a 9 a '9 b 9 b ' = a i 


AA' 


a BB'9ijO A 6 A '9 b 9 b ' = 0 . 


(15.10) 


Proposition 15.1. In a tangent bundle of metric (Finsler, Lagrange) 

G = g ij {x,y)dx l dx 3 + h ab (x,y)5y a 5y b , 

if the vector y is a null, then the corresponding spinor metric of the bundle 
will be given in the form 

G = g A A'BB'd9 A d9 A ' d9 B d9 B ' + h AA ' BBI 5(9 B 9 B ')5(9 A 9 AI ) (15.11) 


or equivalently 

G = g AA ' BB 'd9 A d9 A ' d9 B d9 B ' + h AA > BB >8y AA 'Sy BB ', 
where y AA ' = 9 A 9 A ', when y is null vector (cf. m 

Proof. The relation Ql5.ll ) is obvious by virtue of ( 15.3 ) and ( 15.5|) . 

Remark. A generalized spinor can be considered as the equare root of a 
Finsler (Lagrange) null vector. 
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15.3 Adapted Frames and Linear Connecti¬ 
ons 


In the general case of a LS, the spinor equivalent to the metric tensor 


9ij 



is given by 


„ ~AA'~BB' 

9ij — a i (T j 9 aa'bb' • 

The corresponding Lagrangian will be L : M x C 2 x C 2 —> R, with the prop¬ 
erty L(x,9,9) = L(x,y), where L represents the Lagrangian in a Lagrange 
space. We can adopt the spinor equivalent form of the adapted frames and 
their duals in a LS, 


5 _d_\ _ (_6_ _d _ d_\ 

Sxv ’ dy l ) \ Sxv ’ dd A ’ dQ A ') 


(dx^^y*) -»• {dx»,89 A ,89 A ') 


as well as the spinor counterpart of the non-linear connection A/"* of a LS, 

The geometrical objects 89 A , 89 A ' are given by 

88 A = dd A + N A dxQ 89 A ' = d.8 A ' + N A 'dxC (15.12) 

In virtue of ( |15.2| ), the bases d^, Baa 1 are related as follows 

d y. = d AA 'd A A /, (15.13) 

where d^ = and d AA ' = 

Theorem 15.2. In a Lagrange space the spinor equivalent of the adapted 
basis (8/Sx 11 , d/dy a ) and its dual (dx^jSy 0 ) are given by 

a) A = »P'd A d A , - N*d A - N*d A , (15.14) 

b) d P ap A ' = d AA! , P = {i, a} 

c) dx M = a AA ,d9 A d9 A ' 

d) 8y a = ( 8 A 'd9 A + 9 A d8 A ')d a AA , + {9 A ‘N A + 9 A N A ')a\ A ,d9 B d9 B ' 
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Proof.The relations ( |15.14| ) are derived from (|15.12|) and ( |15.13| ) 


Proposition 15.2. The null-geodesic equation of spinor equivalence in a LS 
or FS is given by 

dy a = d a AA ,(9 A 'd6 A + d A dO A '), Nf = a a AA ,{6 A 'N A + 9 A N A '). (15.15) 

Proof. The relation (|15.15|) is obvious because of ( |15.14| ) d). 


Proposition 15.3. The null-geodesic equation of spinor equivalence in a LS 
or FS is given by 


0 A ' d9 A (df A ,N A d9 A ' + 1) + 0 A d0 A ' {ai A ,N A ' d6 A + 1) = 0. 


(15.16) 


Proof. In virtue of relations (|15.10| ) and (|15.14|) c,d) we obtain the 
relation (|15.16|) . 

Affine connections and affine spinor connections are defined in the frames 
of LS by the following formulas 


D 


S/Sx^ 


D. 


5 

8x v 

d 

' S / Sxli \ -QffF 

d 


= L 




D, 


= L 


Sx k ’ 

B' 9 

A c d e B ^ 

d 


S/Sx p 


d 

dO 1 


= L 


B 


d 


A v d e Bi 


D 


d/oo A 


_ yOP 


Dd/oeA ( qqb' J C b'aqqc' 1 ^d/ae A ' qqb j ^ba' qq C ■> 


D d/d§ A ' {jfQB^j ~ CB ' A 'dQC’ D d/d6 A ^ 

D3 '" a ' (j^) = C » A 'JE' 


9 N _ r c 9 

— O 


d0 B 


3 BA 


de c ' 


(15.17) 


We can give the covariant derivatives of the higher order generalized 
spinors C ba’( x > 9), 


A,C^' = 
A Etffi = 
A z<= 


°SBA'... 

8x /l 

ftfAB'... 

U SBA'... 

de E 

as-AB'... 

°S>BA' ... 

86 Z 


, tA /-CB' , r B' /-AC'... t u /-aw... t o' /-aw... 

“t ^C/iSBA'... + ^CfiSBA’... ~ ^BfiSCA'... ~ b /iASbC'... 


C /-AB'... fC' /-AB'... 


, (~lA /-CB'... , wiB' /AC"... r<(J /-AB'... j^<U' /-AB'... 
~r ^CE^BA'... ~r ^C'ESBA'... BESCA'... ^ EASbC'... 


SB' /-AC... 


C /-AB'... 


-~iC' /-AB'... 


f~ + Cqz'Cba 1 ... + Cc 1 z'Cba'... ~ ^z'A'Cbc'...- (15.18) 


iB' /-AC'... 


C' /-AB'... 
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Proposition 15.4. If the connections defined by the relations \15.l7j) are of 
the Cartan-type, then the spinor equivalent relations are given by 


6 


A ' seA + L A k e c s A ' 


8x k 


n A$v 7 A' AC' n A 

+ 0 A —- + l a qC aA 


8x k 


c k ^0 A = 0, 

A A qAC 


(a AA )~\9 A A e 9 a + 9 a A e 9 a ) = 1, 
(a AA ')-\e A ' A z 9 a + 9 a A z , 9 a ') = 1. 


(15.19) 


Proof. Applying the relations (|15.18|) to a null vector y with the Cartan- 
type properties 2 /^ = 0 and y a \p= Sf ||116| , pL 4 |] and taking into account 
the ( |15.2| ) a), (|15.5|) we obtain the relations (|15.19|) . (As we have mentioned 
previously the y-covariant derivative has corresponded to the spinor covariant 
derivatives). 


15.4 Torsions and Curvatures 

The spinor torsions corresponding to the torsions of LS are given by an 
analogous method to that one we derived in [ |144|| for a deformed bundle. 
The torsion tensor field T of a H-connection is given by 

T(X,Y) = D X Y - D Y X - [X,Y] 


Relatively to an adapted frame we have the relations 


a) 

b) 

c) 

d) 


T 


T 


f) 

g) 


J_ _ 8 _ 

Sx k ’ 8x x 
d 6 


d9 A ’ 8xv 
d 5 


. r rV _ 

Afc fi xfl 

8 


T 


T 


T 


T 


d9 A ' ’ 8xv 
d d 


T‘ _ 

» A bx v 
8 


JL + t aJL + t a 'J_ 

)x» Xk 89 A Xk d9 A> 

8 . mR 8 


d9 A ’ 80 B 
d d 
~d9 A '~d9 B ’ 
d d 

aP 7 ’^ 

d d 


i r B — 4- t B ' u 

vA S0B ^ uAqqb, 
rpu ^ I rpB ^ I rpB' ^ 

uA'8x" txA 'd9 B » A 'd9 B ' 

rpll U JJj rpC ^ i Ac. rpC' ® 

BA 8xv 


(JL JL\ — 6 l T c 3 I T c ' 9 

\d9 A ’ d6 B ) ba 8x^ ba d9 c BA d9 c ' 

( d d \ 8 m r d d 


rjifi $ , T c & , rpc ® 

b ' a 8x» + B ' A d9 c + B ' A d9 c ' 

rpfi $ , T c ® , rfc' d 

ba '8x» + BA 'd9 c+ B ' A d0 c ' 

W 7 ’ W 7 J = Tb ' a 'J^ + TB ' A 'd9c + ^'^W 7 ' 


(15.20) 
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The torsion ( |15.20| ) a) can be written in the form 


D 


S/Sx^ 


Sx b 


-D. 


S/Sx" 


8xv 


Sxv ’ 8x v 


(15.30) 


T A _rA _nA ^ 

"W pv 8x x "' v dQ A 


- V 


8 


where the brackets have the form 

[8/8x p , 8/8x v ] = R i 
and 8/8x p , R A , V A are given by 


8 


A _ 

,w de A 


' J [IV'< r [IV 

6x k 

tdA _ 

1Xj [±V 


8 rA 8 
~8x k ~ ~89 A 

w A w* 


+ v A ^^, 

,1V 89 A ’ ’ 


8 


^ QQA 1 1 
8 


- Nu - 

k dd A " 


(15.31) 


(15.32) 


8x v 


8x^ 


V A = 

[IV 


8N 


A' 


8N 


A' 


8x v 


hxT 


The terms R A U , V A v represents the spinor-curvatures of non-linear connec¬ 
tions N A , N a '. In virtue of the relations ( |15.20|) , ( |15.3C|) , ( |15.31| ) we obtain 


rr\A _ r A 

[IV [IV 


rpA _ 

J V[±’> V[± - LV [±V') J ‘ V[1 v [IV ’ 

Similarly from the relations ( |15.20|) b)- g), comparing with the torsion in the 
following form, 


-IT 


rpA! _ 

V[± 


-V. 


A 1 


= D, 


k 8Y p ’ 5YQ 

we can obtain the relations 


rp\ 

A[i 
iA' 


r x 


s / syP 8YQ ~ 
a 8N A 

rjiA _ f 

B r - QQB 


D 


5/SYQ 


^Bft 


8Y P 


8Y P ’ 5YQ 


(15.33) 


Tt. = -Y 


A' 


- A[i 

rnl _ 

1 AB ~ 


rpA 
1 [i A’ 


-iB 


A[i"> 


rpX _ rpX 

1 AB 1 AA’ 


C l AB ~C 
8N A 
~~de Ar ' 

iB 


BAi 


rpA 1 _ T)A ' 

-‘-AB ~ n-ABi 


rjl A _ /-l\ 
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So, we obtain the following: 
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Proposition 15.5. In the adapted basis of a generalized metric tangent bun¬ 
dle the spinor equivalent of coefficients of the torsion T of a D-connection, 
are given by the relations ftl5.3t\) - (\15.33j) . 


Proposition 15.6. D-connection has no torsion if and only if all terms of 
the relation (\15.33j ) are equal to zero. 

The curvature tensor field R of a D-connection has the form 

R(X, Y)Z = [D x , Dy)Z - D [XtY ]Z VX, Y, Z e X(TM). 

The coefficients of the curvature tensor and the corresponding spinor curva¬ 
ture tensors in spinor bundle are given by 
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So we have 


Theorem 15.3. The coefficients of the curvatures of a D-connection are 
given by the relation ( | 15.34 )- 


Theorem 15.4. In a tangent bundle a D-connection has no curvature if and 
only if all the coefficients \15.dJ\) of the curvatures are equal to zero. 

Finally, we note that the gravitational field can be described by virtue of 
the corresponding spinorial form of the metric tensor equivalent to the spinor 
bundle. This will be the object of our future study. 
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